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Preface 


This book originated from graduate topics courses given by the first author at 
Yale University and at the University of California, Berkeley. Since then, the 
exposition has grown to include some recent research results in the field. Our book 
is intended as a bridge between the traditional university graduate courses and 
research-level mathematics in representation theory. It is therefore appropriate for 
both an advanced graduate student entering the field and a research mathematician 
wishing to diversify and expand their knowledge. 

The unifying theme of this book is the structure and representation theory of 
infinite-dimensional locally reductive Lie algebras and superalgebras. The first six 
chapters are foundational, while each of the last four chapters represents a research 
specialization in this large field, and for the most part can be studied independently. 

A locally reductive Lie algebra is a direct limit of finite-dimensional reductive Lie 
algebras. This property is an essential difference from the well-studied Kac-Moody 
algebras of finite rank (see [K5]), which have finite-dimensional Cartan subalgebras 
but are not direct limits of finite-dimensional Lie algebras (unless they happen to 
be finite dimensional). An important class of locally reductive Lie algebras, namely 
root-reductive Lie algebras, can be considered as Kac—Moody algebras of infinite 
rank; however, they do not come with a choice of simple roots. Moreover, the 
representation theory of these Lie algebras exploits essentially the fact that they 
admit triangular decompositions that are not of Kac—Moody type. 

An outline of the book is as follows. Chapter 1 is a fast-paced review of the 
structure theory of finite-dimensional Lie algebras, as needed for later chapters. 
In Chap. 2, we discuss finite-dimensional Lie superalgebras with more attention 
to detail for the unfamiliar reader. In Chap. 3, we introduce the central object 
of this book: root-reductive Lie algebras, which are defined as direct limits of 
finite-dimensional reductive Lie algebras with compatible root decompositions. In 
Chap. 4, we consider two generalizations, namely classically semisimple infinite 
rank Lie superalgebras and a class of direct limits of finite-dimensional reductive 
Lie algebras in which the root decompositions are no longer compatible. 
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Chapters 5 and 6 are devoted to the structure theory of the most basic root- 
reductive Lie algebras: sl(oo), o(oo), and sp(co). More precisely, we describe 
Cartan subalgebras, Borel subalgebras, and parabolic subalgebras in maximal 
generality. A key notion for this is the notion of a generalized flag. This notion is 
specific to the Lie algebras we study and is not borrowed from the theory of classical 
finite-dimensional Lie algebras or Kac—Moody algebras. 

In Chap. 7, we turn our attention to the representation theory of the Lie algebras 
sl(0o), 0(00), and sp(oo). The category of tensor modules is a very natural analog of 
the category of finite-dimensional representations of a classical Lie algebra (with the 
exception of spinor modules for 0(00)). In contrast with the latter category, which is 
semisimple, tensor modules over sI(oo), 0(00), and sp(oo) form a non-semisimple 
Koszul category. We also briefly discuss tensor modules for Lie superalgebras. 

In Chap. 8, we present some general results on weight modules. Since these 
results are not so widely known, even for finite-dimensional Lie algebras, we also 
discuss this case. For sl(0o), o(co), and sp(oo), we pay special attention to recent 
results about simple bounded weight modules. 

Chapter 9 is a brief review of generalized Harish-Chandra modules. These are 
modules with a locally finite action of a fixed subalgebra which, in contrast with 
the classical case considered by Harish-Chandra, does not have to be symmetric. 
Our main tools here are the Fernando—Kac subalgebra of a representation and the 
functor of cohomological induction, or the Zuckerman functor. Again, these results 
are not so widely known for finite-dimensional Lie algebras, and so we present them 
in some detail. In the case of sl(oo), 0(co), and sp(oo), the theory of generalized 
Harish-Chandra modules has only made its first steps. 

Finally, in Chap. 10, we turn to geometry. We take up a jewel in classical 
representation theory, namely the Bott—Borel—Weil theorem, and discuss its known 
analogs for the Lie supergroups and locally reductive ind-groups. For convenience, 
we begin with presenting an explicit version of Demazure’s proof for the Lie group 
GL(V). 

The necessary background for Chaps. 1—6 is just a standard introductory course 
on Lie algebras and their representations, while Chaps. 7 and 9 require some 
homological algebra, and Chap. 10 assumes basic knowledge of algebraic geometry 
and sheaf cohomology. Lie superalgebras appear only in Chaps. 2, 4, 7, and 10 
and do not require prior knowledge beyond Lie algebras. Most chapters should 
fill several hour-long sessions if one decided to give a course based on the book. 
Exercises of various levels of difficulty are interlaced throughout the book to add 
depth to reading comprehension. 

We see our exposition as an invitation to a wide open research area in the form 
of a guide, and our objective would be more than achieved if we have succeeded in 
confronting the reader with a thought-provoking complex mixture of mathematical 
ideas. 


Preface Vii 
Acknowledgments 


The first author thanks Yale University and the University of California at Berkeley 
where a first version of this book originated. Both authors thank the Weizmann 
Institute where this book was expanded and brought into its current form. The 
second author thanks Jacobs University, Bremen, for hosting while working on the 
book. 

We express our gratitude to Alexander Baranov, Ivan Dimitrov, Karl-Hermann 
Neeb, and Gregg Zuckerman for useful discussions of the emerging invariants of 
locally simple locally finite Lie algebras, and to Herbert Gangl, Georgi Simidchiev, 
and Bogdan Vioreanu for help in the exploration of the open problems concerning 
supernatural numbers related to s{(i, adj). In addition, we thank Kevin Coulembier, 
Elizabeth Dan-Cohen, Ivan Dimitrov, Dimitar Grantcharov, Siarhei Markouski, 
Todor Milev, Alexander Voronov, and Pablo Zadunaisky for reading drafts of the 
manuscript and making comments that helped improve the presentation. We are 
grateful to Ann Kostant for valuable guidance during the process of preparing this 
book for publication. Last but not least, we thank Mel de Veccio and Todor Milev 
for typing assistance. 


Bremen, Germany Ivan Penkov 
Haifa, Israel Crystal Hoyt 


Contents 


PartI Structure of Locally Reductive Lie Algebras 


1 


Finite-Dimensional Lie Algebras .......................:e cece ee eee cena ees 3 
Tes Lae Algebras 22 scriic ot cere tc een te deds saa ciedeyscnteenreesten teres eed 3 
1.2. Cartan Subalgebras and Root Systems ........................ eee 5 
1.3. Borel Subalgebras and Sets of Simple Roots ....................... 7 
Finite-Dimensional Lie Superalgebras ..........................0ce eee ee 11 
2.1 “Lie Superalgebras:viic.ec.iedetsentesciaaevionsnce dese es ev vicnbnoev sees 11 
2.2 Classical Lie Superalgebras.............. cece cece ee 14 
221 DEAMIMONS eovniei seve nase evie dv eeseb eee bedweseteneuieey 14 
2.2.2 Invariant Bilinear Forms .................... cece cece eee 17 
2.3 Simple Lie Superalgebras................ 0c eee eee eee eee 18 
2.4 Semisimple Lie Superalgebras............. 00.0... eee e cece ee 20 
2.5 Cartan Subsuperalgebras and Root Systems ........................ 21 
2.6 Borel Subsuperalgebras and Sets of Simple Roots ................. 25 
Root-Reductive Lie Algebras ................... ccc ce cece cence een ee eeaees 31 
Sel“ DefMUONSs.59. eee seokaetpeseseetpe ieee tebeine waa yeauyleeeanpets 31 
3.2 Locally Simple Root-Reductive Lie Algebras ..................... 33 
3.3. Description of Root-Reductive Lie Algebras ....................... 36 
3.4 Generalized Root Decomposition ........... 0.0.0... cece eee eee eee 37 
3.5 Characterization of Root-Reductive Lie Algebras .................. 38 
Two Generalizations ................. 00. ce eee e eee e cence ee eneeeenaeeeenanes 41 
4.1 Root-Reductive Lie Superalgebras ....................e cece eee eee 41 
4.1.1 Definitions v..84..0. 8 ei eke idee e ee Gee seas beg ces Seas oe 41 
4.1.2 Classically Semisimple Lie Superalgebras ................ 42 
4.1.3. The Finite-Dimensional Case .....................e cece eee 44 
4.1.4 Classical Locally Simple Lie Superalgebras .............. 45 

4.1.5. Description of Classically Semisimple 
Lie Superalgebras.......... 0... c. ccc eee essere essen eeeenees 46 


Contents 


4.2 Locally Simple Lie Algebras ................ cece cece eee eee 
4.2.1 Diagonal Locally Simple Lie Algebras.................... 
4.2.2 Supernatural Numbers................. cece cece e cece eee eee 
4.2.3, Non-diagonal Locally Simple Lie Algebras............... 


Splitting Borel Subalgebras of sI(00), 0(00), sp(oo) 
and Generalized Flags ...................c cece eee cence tence eeeneeeenaees 


5.1 Splitting Borel Subalgebras.............. 0. cece eee eee 
5.1.1 Splitting Borel Subalgebras of s{(0o) ...............0.000. 
5.1.2 Splitting Borel Subalgebras of o(00) and sp(oo) ......... 
5:2. “Generalized Plags:..:is.ciiietaneesediden cecesaced tech sees sintinoec sees 
5.2.1 Finite-Dimensional Flags .................. 0 cess ee eeeee eee 
5.2.2 Generalized Flags.......... 0.00... cee eee eee cece eee ee eens 
5.2.3. Maximal Chains and Parabolic Subalgebras of sl(oo).... 
5.2.4 The Case of 0(00) and Sp(00) «0... eee eee 


General Cartan, Borel and Parabolic Subalgebras of gI(co) 
ANAS (CO) siiscis ies eign eed eta de vada Oe Ge edly iva wes § aa St Ca SpE eS 


6.1 Cartan Subalgebras of sl(oo) and gl(OO) ... eee cece scene eee eee 
6.1.1  Toral Subalgebras........... 0... eee eee eee 
6:1:2. 1 Dial:SVStEMSis2s.c2s is. orsreeteyseaserey seep eteeeeiteaeeeas 
6.1.3. Cartan Subalgebras ..........0.. 2c cece eee eee 
6.2 Borel and Parabolic Subalgebras of s{(oo) and gl(oo) ............. 
6:3. ~Closing Remarks. sd5.ccaceivesy casa taisah ieee See een ota aaa Bes 


Part II Modules over Locally Reductive Lie Algebras 


7 


Tensor Modules of s(00), 0(00), SP(O0)...... cc cece eee ee cece eeeeeeeeee es 
7.1 Structure of Mixed Tensor Products ..................ce eee eeee ee eee 
7.2. The Category Tg i .soicrsivovwites coy senceid sbiveubsuieenhsstinewleds 
7.3 Injective Objects in Ty .......... ccc cence eee e ene 
7.4 Vanishing Theorem for Ext in Tg ...............c cece cece eee e eens 
7.5 Koszulity of the Category Tg ......... 0... cece eee e cece eee e eee es 
7.6 Koszul Self-duality of the Ring Agi(o0) «0... cece cece nee e nee e nee en ees 
7.7 Equivalence of the Categories To(90) and Tsp(o0) «+ essence eens eee 
7.8 Categories of Tensor Modules for Lie Superalgebras .............. 

7.8.1 The Case of g = gl(Oo|00) .. eee cece eee 

7.8.2 The Case of g = oSp(0o|00) .... ee ee cece 
7.9 Further Developments............. 0.0.0... cece cece eee eee e ee eens 
Weight Modules.....................e cece ence eee ee eee ne ee eeneeetnaeeeenaees 
8.1 Preliminaries. 3.26.6 desea bse e eet Sev eek Sane ils Bene ges Saae cts 
8.2 Weight Modules for Finite-Dimensional Lie Algebras ............. 

8.2.1 The §-Support of a (g, h)-Weight Module ................ 

8.2.2 The Shadow Decomposition ..................... ee eee eee 

8.2.3 (g, h)-Modules in a Special Case ............... eee eee 


8.2.4 General (g, h)-Modules ............... cece eee eee 


Contents x1 
8.2.5 Fundamental Results for Reductive g...................... 136 
8.2.6 | Cuspidal Modules and Mathieu’s Coherent Families ..... 138 
8.2.7. Weight Modules for Lie Superalgebras.................... 140 
8.3 Weight Modules for Root-Reductive Lie Algebras ................. 141 
8.3.1 Main Differences from the Finite-Dimensional Case..... 141 
8.3.2 The Shadow Decomposition .................... cece eee 143 

8.3.3 Simple Bounded Weight Modules of sl(oo), 
0(00), SP(OO) «.c.th sedi vcesanereenpeemseeey eaea ayer eeaeyeas 145 

8.3.4 Simple Highest Weight Modules of sI(oo), 

0(00), sp(oo) with Finite-Dimensional Weight Spaces... 150 
8.4 Categories of Modules over Root-Reductive Lie Algebras ........ 155 
8.4.1 Categories of Integrable Modules......................0.45 155 
8.4.2 Categories Containing Non-Integrable Modules .......... 157 
8:5 /Closing Remarks) 03.05.06 sv eeiie ive scunen teed eed snc cev ed seeks 157 
9 Generalized Harish-Chandra Modules ............................00005 159 
9:1 Introduction .s.c:ci.jeciies doi deees reeciv ee eeechsev nee dase neeendes 159 
9.2 The Case where g is Finite Dimensional ..........................45 162 
9.2.1 Construction of (g, €)-Modules .......................0000. 162 
9.2.2 Reconstruction Theorems ....................eeeeeeeee ee eee 168 

9.2.3. Fernando—Kac Subalgebra of a Fundamental 
Series: Module se.ceccsesesigss Seg vies’. Seuuisie y's eg stele ee boing 173 
92:4. ~The Caset 2 SlQ) cisues ices civeccsigeiecens oevectieeenees 175 
9.3. The Case when g is Infinite Dimensional ........................... 177 
94 Closing Remarks 2.0) 60..03.cci ees eee dis eeesccisev ese dese taeeense’ 183 


Part III Geometric Aspects 


10 The Bott-Borel—Weil Theorem.................... 0... eeeee cence cence eee 187 
10.1 The Classical Bott-Borel—Weil Theorem .......................0045 187 
10.1.1 Introductory Considerations.................... cece eee 188 
10:12. “The Main. Results, .cccci vices corbin ha ees 193 
10.2. Toward a Bott—Borel—Weil Theorem for Lie Supergroups......... 199 

10.2.1 Preliminaries on Lie Supergroups and Flag 
SuUperManitOlds isco sede ese aetaved ines Sayeed 199 
10.2.2 Bott-Borel—Weil Theorem for Typical Weights........... 205 

10.3. Toward a Bott-Borel-Weil Theorem for Locally 

Reductive Ind-Groups .............. 0 cece cece eee eee eee eee eeee eens 211 
10.3.1 The Case of a Line Bundle..................... cece eee 211 
10.3.2 The Case of Growing Rank ................... 0 cee e essen 219 
10:4. -Open: Problems 's. : 2... 0..c26:ks8vecenwsgreeteeatyadayedoguanyereedeveas 225 
References) 22 as secshisectagns tag dsic ch deittaginatamara dae lott ht ocies seh deat Poe a tsiets 227 
Index of Notation ............... ccc cece ence cee e ee een teen nee ee eneeetnaee eens 233 


Notation and Terminology 


e The ground field is C. All vector spaces (including Lie algebras and superalge- 
bras) are assumed countable dimensional, except in Sect. 7.9. 

e Instead of N and N \ {0} we use, respectively, the unconventional but self- 
explanatory notations Z>o and Zs. 

e The sign C stands for a set theoretic inclusion that is not necessarily strict. 

¢ By a strict partial order or strict linear order < on a set S, we mean a respective 
order such that sj < sz and s2 < s, is a contradiction. 

* The symbol |_| stands for disjoint union. 

¢ The superscript * indicates (algebraic) dual space, and span = spanc, ® = @c. 

¢ The symbol & denotes outer tensor product. 

e The sign & stands for semidirect sum of Lie algebras and superalgebras: ina € 6, 
a is an ideal and 6 is in general merely a subalgebra. The sign © can mean a direct 
sum as Lie (super)algebras or as vector spaces, and should be understood from 
the context. 

e Subscripts and superscripts: whenever we consider a Z2-graded vector space, 
we use the subscripts 0 and 1 to denote its even and odd parts, respectively. If a 
sequence of vector spaces is indexed by subscripts from Z.9, then no Z-grading 
is implied. 

¢ Sign convention: If x is an element of a Lie superalgebra g = gp ® gj and 
the symbol x appears in an equation involving x, then x is assumed to be Zy- 
homogeneous and x € Zz is the parity of x, i.e., x € gz. 

¢ IfC is acategory, then we write X € C whenever X is an object of C. 
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Part I 
Structure of Locally Reductive 
Lie Algebras 


In this part of the book, we develop the structure theory of locally reductive 
Lie algebras, including Cartan subalgebras, root systems, Borel subalgebras and 
parabolic subalgebras. A locally reductive Lie algebra is a direct limit of finite- 
dimensional reductive Lie algebras. Naturally, the techniques used to study locally 
reductive Lie algebras rely on the structure theory of finite-dimensional reductive 
Lie algebras. 

Chapter 1 begins by recalling fundamental results about finite-dimensional Lie 
algebras. In particular, we define the classical Lie algebras gI(V), sl(V), o(V), 
sp(V). More generally, we recall the definitions of radical, semisimple part, Levi 
component, Cartan subalgebra, root system, simple roots, Weyl group and Borel 
subalgebra. We also list the root systems of all simple finite-dimensional Lie 
algebras. 

A Lie superalgebra is a generalization of a Lie algebra in the setup of Z-graded 
vector spaces. In Chap. 2, we recall the classification of finite-dimensional simple 
Lie superalgebras, with emphasis on the classical Lie superalgebras whose structure 
theory resembles that of finite-dimensional simple Lie algebras. We then discuss the 
structure of finite-dimensional semisimple Lie superalgebras (i.e., those with trivial 
radical) which is more complicated than that of semisimple Lie algebras. We define 
Cartan subsuperalgebra, root system, Weyl group and Borel subsuperalgebra. One 
new phenomenon is the existence of odd reflections which we introduce towards the 
end of the chapter. 

The main topic of this book, namely locally reductive Lie algebras, is reached in 
Chap. 3. We start more generally with locally finite Lie algebras, which are arbitrary 
direct limits of finite-dimensional Lie algebras. Then we move to root-reductive Lie 
algebras and present two structure results for this class of infinite-dimensional Lie 
algebras. 

Chapter 4 discusses two generalizations of locally simple root-reductive Lie 
algebras. The first one concerns a superalgebra analog of these Lie algebras: 
classically semisimple locally finite Lie superalgebras. The second one concerns 
general locally simple Lie algebras which are no longer root-reductive. Here 
supernatural numbers (or Steinitz numbers) come into play. 


2 I Structure of Locally Reductive Lie Algebras 


Chapters 5 and 6 are devoted to the structure of Cartan and Borel subalgebras 
of the Lie algebras gl(oo), sl(oo), 0(00), sp(oo). We start with discussing the 
most important class of splitting Borel subalgebras. We study the combinatorics 
of their roots and their simple roots. We then relate splitting Borel subalgebras to 
generalized flags in the natural representation. 

A detailed discussion of general Cartan subalgebras is postponed to Chap. 6. 
Here we go beyond splitting Cartan subalgebras, in other words beyond direct limits 
of finite-dimensional Cartan subalgebras. Finally, in the second part of Chap. 6, 
we study general Borel and parabolic subalgebras of gl(oo) and sl(oo) that do not 
contain a splitting Cartan subalgebra. 


Chapter 1 ®) 
Finite-Dimensional Lie Algebras epoch 


In this chapter we recall some fundamental facts about finite-dimensional complex 
Lie algebras. All the pertinent proofs can be found in [B], and the readers are 
strongly encouraged to familiarize themselves with the relevant parts of this classical 
treatise, which is an ideal basic reference for the subject. 


1.1 Lie Algebras 


Let g be a finite-dimensional Lie algebra (over C). There is a canonical exact 
sequence of Lie algebras 


0+ ty > 9 > gss > 0, (1.1) 


where tg is the (unique) maximal solvable ideal in g called the solvable radical (or 
simply the radical) of g. The quotient gs; = g/tg is called the semisimple part of g. 
The Levi—Malcev Theorem [B, Ch.I, §6, no.8] claims that the exact sequence (1.1) 
splits. In general, there is no canonical splitting, and fixing a subalgebra g,, of g 
isomorphic to gs; is equivalent to fixing a splitting. Any such subalgebra g,, of g 
automatically satisfies gz M tg = 0 (prove!), and is called a Levi component of g. 

The choice of a Levi component of g determines an isomorphism of Lie algebras 
g ~ tg € Qss, and in particular endows tg with a gss-module structure. The Lie 
algebra g is called semisimple if tg = 0. It is a classical result of H. Weyl that any 
(finite-dimensional) semisimple Lie algebra is isomorphic to a direct sum of simple 
constituents; by definition, a Lie algebra is simple if it is not abelian and has no 
ideals except for the zero one and the entire algebra. 
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4 1 Finite-Dimensional Lie Algebras 


If V is a finite-dimensional vector space, the general linear Lie algebra g\(V) 
is defined as the vector space End V = V @ V* with Lie bracket equal to the 
commutator of matrix multiplication 


[x1, x2] := x1 x2 — x2X1, (1.2) 


x1,x2 € End V. (More generally, this formula transforms any associative algebra 
into a Lie algebra.) The radical tgyy) equals the center Zgiy) of the Lie algebra 
g((V), and consists of all scalar multiples of the identity endomorphism of V. 
Furthermore, the Lie algebra gl(V) has a unique Levi component: this is the 
subalgebra s{(V) C gl(V) of all endomorphisms having trace zero (for the reader: 
please make sure you remember why two similar matrices have the same trace). 
Therefore gl(V) is represented canonically as the direct sum Zgyy) ® sl(V). 

It is a well-known fact that the special linear Lie algebra s\(V) is simple (and 
thus semisimple) for dim V > 2. The cornerstone of the theory of finite-dimensional 
Lie algebras is the Cartan—Killing classification of simple Lie algebras. It claims that 
there are four infinite series and five exceptional Lie algebras (up to isomorphism). 
The Lie algebras sl(V) form the series A. More precisely, if dim V = dim V’, then 
sl(V) and sl(V’) are clearly isomorphic. Therefore we can define A; fori > 1 to be 
the isomorphism class of s{((V) for some vector space V of dimension i + 1. 

The remaining series, B, C and D, are defined as follows. Let f: Vx V—>C 
be a nondegenerate bilinear form on V that is symmetric (i.e., f(v, w) = f(w, v)). 
Then the orthogonal Lie algebra o(V) is defined by setting 


o(V) := {x esl(V) | fx-v,w) = —f(v,x-w) Vv, we V}. 


A direct computation shows that o(V) is a Lie algebra. By definition B, is the 
isomorphism class of Lie algebras 0(V) for dimV = 2n + 1,n > 1, and Dy is 
the isomorphism class of 0(V) for dim V = 2n,n > 2. 

Now suppose that f : V x V > C is a nondegenerate bilinear form on V that is 
antisymmetric, (i.e., f(v, w) = —f(w, v)). Then the dimension of V is necessarily 
even, and the symplectic Lie algebra sp(V) is defined as 


sp(V) = {x esl(V) | f-v,w) = —f(v,x-w) Vu, w e€ V}. 


By C,, one denotes the isomorphism class of sp(V) with dim V = 2n forn > 2. 

In what follows we will refer to V as the natural representation, and we will write 
gl(n), sl(n), o(m) and sp(n) under the assumption that V is n-dimensional. We omit 
the explicit definitions of the five exceptional Lie algebras (the reader should look 
them up for instance in [HS]), but below we write down their root systems. 
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1.2. Cartan Subalgebras and Root Systems 


A Cartan subalgebra of a finite-dimensional Lie algebra g is by definition a self- 
normalizing nilpotent subalgebra. Every finite-dimensional Lie algebra g contains a 
Cartan subalgebra. Moreover it is a fundamental result, [B, Ch. VII, §3, no.2], that 
all Cartan subalgebras of g are conjugate under the group of inner automorphisms 
of g. 

A reductive Lie algebra is by definition a Lie algebra g whose radical tg equals 
the center of g. (The reader should compare this definition with [B, Ch.I, §6, no.4].) 
As in the case of gl(m), any reductive Lie algebra is canonically isomorphic to the 
direct sum Zg ® gss, where Zg stands for the center of g and gs is identified with 
the derived subalgebra [g, g] of g. In particular, the derived subalgebra of a reductive 
Lie algebra g is the unique Levi component of g. 

An important structural result claims that every Cartan subalgebra h of a reduc- 
tive Lie algebra is abelian and contains only semisimple elements, i.e., elements 
x € g for which the adjoint operator adx := [x,-]: g — g is semisimple. A 
subalgebra with this latter property is called toral. Moreover the Cartan subalgebras 
of a reductive Lie algebra are precisely the maximal toral subalgebras [B, Ch. VI, 
§2, no.4]. 

Every Cartan subalgebra h of g contains the center Zg, and the projection of any 
Cartan subalgebra h of g into gs, is a Cartan subalgebra of gs; (see [B, Ch. VII, §2, 
no.2] for stronger statements). Furthermore, if g is reductive, the adjoint operators 
adh with h € § form a system of commuting diagonalizable operators on g. Since 
g is finite dimensional, these operators are simultaneously diagonalizable, yielding 
the vector space decomposition 


0-50 (@e'). 


acd 


where each a is a linear functional on h, (i.e., a € h*), and A stands for the set of 
all nonzero functionals appearing in this way (which are called roots). Clearly A is 
a finite set, and by definition A is the root system of g. The spaces 


g” := {x €g| [h, x] =a(h)x Vh € 6} 


are one-dimensional and are called the root spaces of g. 

It is a fundamental fact that up to isomorphism any reductive Lie algebra g 
is determined by the pair {h*, A}, h* being considered just as an abstract vector 
space and A being a finite subset of nonzero vectors in h*. The pair {span A, A} 
determines g;; up to isomorphism and dim Zg = dim h*/ span A. 

The Cartan—Killing classification states that the following is a complete list of 
non-isomorphic simple finite-dimensional Lie algebras over C: sl(n) for n > 2, 
o(m) form > 7, sp(2n) forn > 2, G2, F4, Eo, E7 and Eg. 


6 1 Finite-Dimensional Lie Algebras 


In what follows, we give a list of the corresponding root systems. In each case, 
we specify a finite set A of nonzero vectors in the vector space C” in terms of 
the standard basis €1,..., &,, which is nothing but a fixed orthonormal basis for 
C” with respect to a (fixed) symmetric nondegenerate bilinear form. The standard 
coordinates are denoted respectively by a1, ..., dy. In the cases that span A 4 C”, 
we explicitly specify span A as a subspace of C”, since span A equals h* for the 
corresponding Lie algebra. The root systems of the Lie algebras sl(n), 0(2n + 1), 
sp(2n), 0(2n) are An—1, By, Cn, Dn, respectively. 


An-1: n>2, A={ej—e;|1 Si Aj <n}, 


n 
span A is the hyperplane with equation ys a; = 0; 
i=l 


1 nes, A= { ej + &;, ell <i<j<n}; 

n ne hey ej é;, 26 (Lai ey Sms 

7 n>4,A={ &j ep ltate7 aals 

Gy: n=3, A= {e;—e;, He; — ej —e) | 1 <i AF AK AI <3}, 


3 
span A is the hyperplane with equation Nc aj = 0; 
i=1 


Lsi<jsal; 


Fiin=4 =| &j, LE; fj 56 ej beng t e634 &4) 


5 
1 
Eo: n=8, A= | éj £ &€;, 5 8 —€7— € + Ye)" ex) 
k=1 


5 
14i<j <5, vk) =1,2, Sve 20} 
k=1 
span A is the 6-dimensional subspace with equations 


a6 — a7 = 0, a7 + ag = 0; 


6 
1 
EW nS 8, A= | Ej Ej, (€7 —_ Eg), £5 (67 — & + ) (a e)) 
k=1 


6 
Lee} 26,00) S152, Dewy sreag}, 
k=1 
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span A is the hyperplane with equation a7 + ag = 0; 


Eg: n=8, A= &j 


is) 
a 
Nile 
a 
— 
VY 
x 
~ 
= 
a 
isa) 
>= 


8 
1<i<j<8, vi) = 1,2, Yt 20} 
k=1 


1.3. Borel Subalgebras and Sets of Simple Roots 


Our last topic in this chapter is a quick recollection of Borel subalgebras. A Borel 
subalgebra of a finite-dimensional Lie algebra g is by definition a maximal solvable 
subalgebra. Recall that a subalgebra 6 of g is solvable, if and only if it contains a 
chain of subalgebras b = b, D 6,-1; D --- D bg = O such that each by_ is an 
ideal in 6; fork = 1,...,n and the quotient 6; /b,_, is abelian. In particular, a 
Borel subalgebra is a subalgebra of g that is maximal with respect to this property. 
Moreover every Borel subalgebra of g contains the radical tg. (Prove!) It is also 
an exercise to show that if g : g — g’ is a surjective homomorphism of finite- 
dimensional Lie algebras, the image of every Borel subalgebra of g is a Borel 


subalgebra of g’. 
If g is reductive, then any Borel subalgebra of g is of the form h D n, where 
h is a Cartan subalgebra (in this case, maximal toral subalgebra), and n := [b, 6] 


is an ideal in 6 containing only nilpotent elements. It is also well known that as a 
subalgebra of g, n is maximal with respect to this latter property. Furthermore, 6 
equals the normalizer Ng(n) of n in g, and n determines 6 uniquely. In addition, 
one can show that the correspondence b — n := [6, b] is a bijection between 
Borel subalgebras of g and maximal subalgebras of nilpotent elements in g. On the 
other hand, a Borel subalgebra 6 of a nonabelian reductive Lie algebra g contains 
infinitely many Cartan subalgebras, which are characterized by the fact that they are 
subalgebras h’ of 6 such that the sum of vector spaces h’ @ n equals b. 

Next we present the most common characterization of Borel subalgebras. For the 
rest of this chapter, we fix a reductive Lie algebra g and a Cartan subalgebra h C g. It 
is an exercise to prove that any subalgebra € of g that contains a Cartan subalgebra 
is a root subalgebra of g, that is it decomposes as § = h ®( @ _g”) for some subset 

acA 
Ate C A. In particular, any Borel subalgebra 6 C g with b 5 h is characterized 
by a (finite) subset Ag C A. It is a well-known result that all such subsets Ag are 


precisely the subsets of A that satisfy the following two conditions: 


(B1) Ag is additive within A, ie.,a € Ap, B € Ap, anda+ 6 e€ A imply 
a+BpeAg; 

(B2) for any a € A, exactly one of the following possibilities holds: a € Ag or 
—a € Ag. 
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Furthermore, such a set Ay is determined uniquely by the simple roots )°,, C Ap 
of 6. These are by definition the indecomposable elements in Ag, i.e., the elements 
in Ag that are not decomposable as the sum of two elements of Ag. 

The following is a deep classical result [B, Ch. VIII, §3, no.3]. Let 1, h2 C g be 
two Cartan subalgebras (allowing for the possibility h; = h2) and let bj D h, and 
b2 D h2 be two Borel subalgebras of g. Then there exists an inner automorphism ¢ : 
g — gsuch that y(b1) = h2 and g(b;) = ¢(b2). In addition, such an automorphism 
is automatically compatible with the simple roots, i.e., p() >, J= Ms 53 

This shows that instead of characterizing g by the pair {h*, A}, one can try to 
characterize g by the pair {h*, }°,,} for some Borel subalgebra b D h. Abstractly, the 
pair {h*, }°,,} is nothing but a vector space and a set of linearly independent vectors 
in it which certainly does not characterize g. However, h* is endowed with a scalar 
product defined via a (fixed) symmetric nondegenerate bilinear form (-, -), which 
is the bilinear form on C” from our explicit descriptions of the root systems. This 
form was not used above, but now we can use it to recover g via {h*, }°,}. Indeed 
it is an important classical fact that a reductive Lie algebra is characterized up to 
isomorphism by any pair {h*, }°,,} together with the matrix of all scalar products 
(o;, 0;) of simple roots oj, 0; € Sg: Traditionally, the latter information is encoded 
in the Dynkin diagrams of the simple Lie algebras (to the reader: please recall the 
definition of a Dynkin diagram), and dim Zg = dim h*/ span )°,. 

In the explicit realizations of the root systems given above, it is enough to specify 
Ms as a subset of A, since the scalar products (o;, 0;) are determined through the 
standard scalar product on C”. Here is a specific choice of simple roots for each 
isomorphism class of simple finite-dimensional Lie algebras: 


An—1! €1 — €2, €2 — €3,..+, En—-1 — En} 
By: &€| — €2, €2 — &3,..-, En—-1 — En, En} 
Cyt €1 — €2, €2 — €3,.--+5 En—-1 — En, 2En} 
Dy: €1 — €2, €2 — €3,-+-5 En—1 — Ens En—1 + En 


G2: €| — €2, —26; + 624+ 63; 


1 
Fa: €| — €2, €2 — &3, &3, Bier — €2 —€3 + &€4); 


E6: €1 — €2, €2 — €3, €3 — €4, €4 — €5, €4 + €5, 


1 
5 €] — €2 — €3 — €4 + €5 — &6 — 7 + €g); 

E7: & E2, E2 — €3, £3 — E4, E4 — E5, E5 — EG, E5S + &6, 
1 


(—e1 — €2 — €3 — €4 — €5 + & — €7 + Eg) 
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Eg: €1 — €2, €2 — &3, €3 — &4, €4 — €5, &5 — &, £6 — €7, 


€6 + €7, 5 &€] — €2 — €3 — €4 — €5 — €6 + £7 + €8). 
Note that our descriptions of the root systems F4, Ee, E7 and Es, along with their 
simple roots, are equivalent but not identical to those of [B, Ch. VJ]. 

Next we recall that a subalgebra p of g is called a parabolic subalgebra if it 
contains a Borel subalgebra. A parabolic subalgebra that is not a Borel subalgebra 
will contain more than one Borel subalgebra even for fixed §. Any parabolic 
subalgebra p is a root subalgebra of g with respect to any Cartan subalgebra h C p. 
Moreover, for a fixed Borel subalgebra b of g and Cartan subalgebra h C 6, the 
parabolic subalgebras containing b are in 1-1 correspondence with subsets of the set 
>=» of simple roots of 6: given any subset S C }°,, we define py to be the parabolic 
subalgebra generated by root spaces gg for a € >), U(—S). 

Recall that if g is a semisimple finite-dimensional Lie algebra and h is a Cartan 
subalgebra, then the Weyl group W is by definition the subgroup of the orthogonal 
group O(h*) that is generated by the reflections sy with a € A, where sg(v) := 

= wee for v € *. Since all Cartan subalgebras of g are conjugate by the group 
of inner automorphisms, the Weyl groups defined for different Cartan subalgebras 
are isomorphic. In fact, they are canonically isomorphic. It is a classical result that 
the Weyl group W of g acts simply transitively on the set of all sets of simple roots 
for the root system A of g. In the next chapter we will see how things can differ for 
Lie superalgebras. 


Chapter 2 ®) 
Finite-Dimensional Lie Superalgebras epoch 


The theory of finite-dimensional Lie superalgebras is a natural generalization of 
the theory of finite-dimensional Lie algebras, and it is far more complicated and 
less developed. Nevertheless the simple finite-dimensional Lie superalgebras have 
now been classified for more than 40 years, and their classification is a fundamental 
result, see [K2]. In this chapter we will go over very briefly the same topics for Lie 
superalgebras as we did in Chap. 1 for Lie algebras. 


2.1 Lie Superalgebras 


A Lie superalgebra is a Z2-graded vector space g = go ® gj equipped with an even 
(i.e., grading preserving) bilinear map 


[,-l:g9xg—> gq, 


called the supercommutator, with the properties 


(1) [x1, x2] = —(—1)* 2, x9, x4] ; (super anticommutativity), 
(2) (—1)"3[[x1, x2], x3] + (— 1)? [Lv, x1], x2] + (— 1) [Lx2, x3], 41] = 0 
(“Jacobi identity with signs’’). 


Here x; are Z2-homogeneous elements of g, and x; € Z2 = {0, 1} denotes the parity 
of an element x; (i.e., x; € gx,). This definition is completely analogous to that of 
a Lie algebra but has the remarkable additional signs. Note that gg is a Lie algebra 
and gj is a go-module. (Prove it directly from the definition!) 

Many notions such as nilpotency, solvability, simplicity, etc., carry over imme- 
diately to Lie superalgebras, with the additional assumption that all vector spaces, 
subalgebras and ideals are assumed to have a Z2-grading. The reader is encouraged 
to recover these notions on his/her own, or to find the relevant definitions in 
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[ChW, K2, Mu, Schl]. The latter, together with [P3], are our main references for 

this chapter. However the structure theory for Lie superalgebras is less complete 

than the one for Lie algebras, and below we will give an introduction to this theory. 
First let’s consider some examples. 


Example 2.1 Let M,,s denote the space of r x s-matrices. We can define a Lie 
superalgebra structure on the space Minin,m+n, With the Z2-grading 


A 0 
w-{(4 >) | A € Mam, De Mnal 


0B 
w={(2 a |Be Mann, Ce Mam 


by letting the supercommutator be given by 
[x1, x2] = xyx2 — (- 1D)? xy x2 


on Z2-homogeneous elements x1,.x2 € g, and then by extending it linearly to 
Mintn,m+n-. This defines the general linear Lie superalgebra gl(m|n). O 


The Zo-grading on gl(m|n) leads to additional sign changes in some common 
linear algebra formulas. The supertranspose of a matrix x; € gl(m|n) is defined to 


be 
ara (42 Fy fA ae 
TEND fT N BE Be of? 


where A’ denotes the usual matrix transpose. The supertrace of x; € gl(m|n) is 
given by 


strx; = str Ae = trA—trD. 
CD 


Example 2.2. The special linear Lie superalgebra sl(m|n) is the subsuperalgebra 
of gl(m|n) composed of all matrices that have the supertrace equal to zero. (To 
the reader: check that sl(m|n) is an ideal in gl(m|n) and in particular a Lie 
subsuperalgebra of gl(m|n).) When m ~¢ n and m,n > 1, the Lie superalgebra 
sl(m|n) is simple (check this!). The Lie superalgebra g = sl(n|n) is not simple, 
since it has a non-trivial (abelian) ideal spanned by the identity matrix J = span{id}. 
When n = 1, the quotient g/J is abelian, and moreover [g, g] = J = Zg implies 
that g = s{(1|1) is a nilpotent Lie superalgebra. When n > 2, the quotient sl(n|n)/T 
is a simple Lie superalgebra denoted psl(n|n). O 
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For any finite-dimensional Lie superalgebra g, the exact sequence (1.1) makes 
perfect sense, where tg is now defined as the maximal solvable ideal in the Lie 
superalgebra g. The quotient g;; = g/tg is by definition the semisimple part of g, 
and is semisimple, i.e., it has no nontrivial solvable ideals. An immediate difference 
from the Lie algebra case is that the sequence (1.1) does not always split for Lie 
superalgebras. We will give such an example below. 

A further drastic difference is that g;, is not necessarily isomorphic to a direct 
sum of simple Lie superalgebras, i.e., Lie superalgebras that have no nontrivial 
proper ideals. Here is an elementary example of a semisimple Lie superalgebra that 
does not decompose into a direct sum of simple Lie superalgebras. 


Example 2.3 Consider the Lie superalgebra 


d 
g = (sl(2) ® span{1, &}) € spant ie 


where & is an odd variable satisfying £7 = 0, and 4 is the corresponding odd 
superderivation: a =1; Ef + a8 = 1. Then g = go © gj. where gp = sl(2) 
and gy = (sl(2) ® span{é}) & span{ 4}. 

The restriction of the supercommutator [-, -] of g to sl(2) is just the usual 


commutator of s{(2). The elements € and te commute with sI(2), so for any 
X1,X2 € sl(2) we have the following relations: 


a 


[x1 €] =0. [11,22 © €] = [x1 x2] ®§, 
[nes #] =a, [+1 @ &, 2 @ §] = [a1, x2] @ £7 = 0, 
[s.a]=0 


As our notation suggests, § := sl(2) ® span{1, &} is an ideal in g. However, 95 = 
s((2) and thus §5 is not a solvable Lie superalgebra. The subsuperalgebra g; is an 
abelian (odd) subsuperalgebra of g, but it contains no nontrivial ideal of g. Moreover 
the radical of g is easily checked to be zero, and thus g = gs5, i.e., g is semisimple. 
On the other hand, g is not a direct sum of simple Lie superalgebras. Indeed, if 
g were the direct sum of two ideals g and g a. we would have gj = 0 or fig = = Oas 
Gq = sl(2). Assume go = 0. Then g would be an abelian odd Lie subsuperalgebra 
of g, and thus a Lie subsuperalgebra of span{ fe) or of sl(2) @ span{é}. However no 


such abelian subsuperalgebra is an ideal in g, hence g % § ® 6. O 


This example shows that semisimple Lie superalgebras are much more complicated 
objects than direct sums of simple Lie superalgebras. The Kac—-Cheng Theorem 
provides a complete and almost explicit description of all finite-dimensional 
semisimple Lie superalgebras. We will state this theorem below, but first we recall 
some basic facts about simple Lie superalgebras. 
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2.2 Classical Lie Superalgebras 


There are several families of Lie superalgebras whose definitions are completely 
analogous to those of the classical Lie algebras, that is these Lie superalgebras 
consist of endomorphisms of a vector space V that preserve some (additional) 
natural structure on V, (for instance, a bilinear form), except that now V has a 
Zo-grading, V = Vo ® Vj. 


2.2.1 Definitions 
The General Linear Lie Superalgebra gI(V) 
The vector space End V = V ® V* is Zo-graded with grading 
(VV @V")o = (Yo @ V5) B(V>@ VF)) and (V @V")7 = (YV@VF)G(Vi@V;)), 
and moreover has a natural Lie superalgebra structure with supercommutator 
[x1, x2] = x12 — (-D* x21 (2.1) 


on Z2-homogeneous endomorphisms x;,.x. € End V. (The product of endomor- 
phisms in the right-hand side of (2.1) is of course a composition of endomorphisms.) 
This is the general linear Lie superalgebra gI(V ). The even part of gl(V) is gl(V)5 = 
gl(V5) © gl(V7). With respect to a suitable basis, gl(V) consists of block matrices 
of the form given in Example 2.1, where m = dim V5 and n = dim Vy, and there is 
an obvious isomorphism of Lie superalgebras gl(V) = gl(m|n). 

The special linear Lie superalgebra sI(V) is the Lie subsuperalgebra of gI(V) 
determined by the equation str x = 0. In particular, sI(V) = sl@m|n) and sI(V)5 = 
sl(V5) ® sl(Vz) ® C. In addition, ifn = dim V5 = dim Vj, then idy € sI(V), 
and thus the Lie superalgebra psI(V) := sl(V)/span{idy} is well defined with 
psl(V)5 = sl(V5) © sl(V>). 

This latter construction shows in particular that the Levi-Malcev Theorem does 
not hold for Lie superalgebras. Indeed, consider the exact sequence 


0+ C- sl(V) > psl(V) > 0, 


where dim Vj = dim V;. Then this is nothing but sequence (1.1) for g = sI(V), and 
it is an exercise (please do it!) to show that this sequence does not split. 

The isomorphism class of s{(V) is denoted by Am —1j,-1 for dimVg> = m, 
dim Vj = n,m #_n, while Ap—1jn—1 1s the isomorphism class of psl(V) with 
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The Orthosymplectic Lie Superalgebra osp(V) 


Assume now that V is equipped with a nondegenerate even supersymmetric bilinear 
form, i.e., with a parity preserving nondegenerate pairing f : V x V — C such 
that f(v, w) = (=1)?" Fw; v) for Z2-homogeneous vectors v, w € V. The Lie 
superalgebra osp(V) C gl(V) is defined as follows. For i € Zz, let 


osp(V); := span {* € gl(V); 


f(x-v,w) = —(-1)*” f(v, x w), 
Vue V5, VweV , 


Then osp(V) = osp(V)> @ osp(V)z is called the orthosymplectic Lie superalgebra, 
and as the name suggests, osp(V) is a crossbreed between the orthogonal and 
the symplectic Lie algebras. The reader should check that osp(V) is indeed a Lie 
subsuperalgebra of s{(V) and that osp(V)5 = o(V5) ® sp(V7). It follows that the 
dimension of Vj is necessarily even. 

The orthosymplectic Lie superalgebras can be separated into three families 
according to the dimension of V5. We denote by Byy\, the isomorphism class of 
osp(V) with dim Vg = 2m + 1 = 1, dim Vj = 2n = 0, (m,n) 4 (0, 0). Similarly, 
Ci\n stands for the isomorphism class of osp(V) with dim Vo = 2, dimV; = 
2n => 2, and Dmn is the isomorphism class of osp(V) with dim V5 = 2m = 0, 
dim V7 = 2n = 0,m # 1, (m,n) F (0, 2). 

If g = osp(V) is of type Bmjn, then a basis for V can be chosen so that g has the 
block matrix form 


O p qtr s 
-q A BIW xX 
—p’ C -A'|Y Z |, (2.2) 


—s' -Z'-X'|D E 
ryt wt|F —p! 


where A is an (m x m)-matrix, B and C are skew-symmetric (m x m)-matrices, 
D is an (n x n)-matrix, E and F are symmetric (n x n)-matrices, W, X, Y, Z are 
(m x n)-matrices, p and qg are (1 x m)-matrices, andr and s are (1 x n)-matrices. 

If g = osp(V) is of type Cyn or Dmjn, then with respect to a suitable basis 
g consists of block matrices of the form (2.2) except with the first row and first 
column removed (where for type Cj, we take m = 1). 

The Lie superalgebra osp(2m + 1|2n) is defined to be the Lie subsuperalgebra of 
gl(2m + 1|2n) consisting of all matrices of the form (2.2), and the Lie superalgebra 
osp(2m|2n) is the Lie subsuperalgebra of gl(2m|2n) consisting of all matrices given 
by the form (2.2) with the first row and first column removed. 
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The Lie Superalgebra p(V) 


Next let V be equipped with a nondegenerate odd supersymmetric bilinear form, 
i.e., with a nondegenerate pairing f : V x V —> C satisfying 


f (V5, Vo) = 0, F(V7. Vz) = 0, and f(v, w) = f(w, v) for all v € Vo, w € Vj. 


Note that the existence of such a form f implies that dim V5 = dim Vj. 
The linear transformations of V that are invariant with respect to f form a Lie 
subsuperalgebra p(V) C gl(V). Explicitly, this means that we have 


fe-v,w) = CD" fo, «+ w), 

Vv) = € gl(V); , 

PV); span { av); Vu € V5, Vw eV 

for each i € Zp. The reader should check that P(V) = p(V)5 © p(V); is a Lie 
superalgebra, and that p(V)5 = gl(Vp). 

With respect to a suitable basis, the Lie superalgebra p(V) consists of block 


matrices of the form 
A| B 
C\|—A’ )? 


where B is symmetric and C is skew-symmetric. Imposing the additional condition 
that tr A = 0 defines the Lie superalgebra sp(V), which is simple when dim V5 > 3. 


The Lie Superalgebra q(V) 


Finally, V may be equipped with a Il-symmetry, that is with an odd (i.e., parity 
changing) linear map I : V > V satisfying M1? = idy. For eachi € Zp, we set 


a(V); 2= span(x € gl(V); |x - (Tv) = 11 ((-*x-v) Wo eV}. 


A straightforward computation shows that q(V) = q(V)>j @ q(V)z is a Lie 
subsuperalgebra of gI(V) and that q(V)5 = gl(Vo). Furthermore, it is not difficult 
to verify that q(V)j ~ Vp ® Ve , and since Vp and V; are swapped by IT, we can 
identify q(V)7 with I1(V5 @ Ve). For x = x9 + x1 € q(V) with xo € q(V)po, 
x1 € q(V)z, we call otr(x) := tr(I1(x1)) the odd trace of x, and note that it makes 
sense to impose the equation trx; = 0. It is a key observation that this equation 
determines a well-defined Lie subsuperalgebra of q(V), which we denote by sq(V). 

An easy way to check that sq(V) is indeed a Lie superalgebra is to fix a 
homogeneous basis vj,..., Un, W1,..-, Wn in V = Vp @ V7, where n = dim Vp = 
dim V;, such that w; = II(v;). Then one can verify that in this basis q(V) consists 
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A|B 

B , 
where each block has size n x n. In this way the condition otr(x) = 0 becomes 
tr B = 0. Moreover, the observation that sq(V) is a Lie subsuperalgebra reduces to a 
trivial calculation showing that the supercommutator preserves the condition tr B = 


0. Finally, note that idy € sq(V), and therefore the Lie superalgebra psq(V) := 
sq(V)/span{idy } is also well defined. 


of block matrices of the form 


Classical Lie Superalgebras 


The Lie superalgebras of types gl, osp, p and q, together with their relatives sl, 
psl, sp, pq, sq and psq, are the classical Lie superalgebras. The Lie superalgebra 
pq, which we did not yet introduce, is defined in the same way as psq with sq(V) 
replaced by q(V). As we saw, the classical Lie superalgebras are remarkably simple 
generalizations of the classical Lie algebra gl, 0, and sp. The main difference is that 
for Z2-graded spaces, the notion of a symmetric even bilinear form generalizes both 
notions of a symmetric and antisymmetric form from the non-Z2-graded set-up, and 
that in addition, there are two more natural structures on a Z2-graded space V: a 
nondegenerate odd bilinear form and a Il-symmetry. These latter structures have no 
analog in the non-Z»2-graded case, and for this reason the Lie superalgebras of types 
p and q are sometimes called strange. 

In what follows we will sometimes denote the classical Lie superalgebras by 
gl(m|n), sl(m|n), etc., assuming that V = Vp @ V; with dim Vp = m, dim V; = n. 
In the cases of p, q, sp, Sq, Pq, psq, we write simply p(7), q(n) etc. for dim Vo = 


2.2.2. Invariant Bilinear Forms 


The Killing form of a Lie algebra is an important tool used in the proof of the 
Cartan—Killing classification of finite-dimensional simple Lie algebras. The Killing 
form allows one to reduce the problem of classifying simple Lie algebras to a 
geometric problem of classifying irreducible root systems via Dynkin diagrams. The 
definition of the Killing form naturally generalizes to the Lie superalgebra setting, 
namely one sets 


K(x, y) := str((ad x) o (ad y)), 


for x and y in a Lie superalgebra g, and the Killing form is an invariant supersym- 
metric bilinear form on g. However, contrary to the Lie algebra case the Killing form 
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of a simple Lie superalgebra can be degenerate, and hence equal to zero! In fact, the 
Killing form is identically zero for the Lie superalgebras psl(n|n), osp(2n + 2|2n), 
sp(n) and sq(n) [K2]. 

On the other hand if g is a simple classical Lie superalgebra that is not of type sp, 
then g admits a nondegenerate supersymmetric invariant bilinear form (-, -), which 
is even for types A, B, C and D, (i.e., (Vo, Vj) = 0 and (V7, V5) = 0), and is odd 
for sq, (.e., (Vp, Vo) = O and (V7, V7) = 0) [K2]. It is an exercise to show that any 
two such forms on a simple Lie superalgebra are proportional. 

To construct such a form for the cases A, B, C, D, we first define a nondegen- 
erate supersymmetric invariant even bilinear form on gl(m|n) by setting (x, y) := 
str(xy) for x, y € gl(m|n). The form remains nondegenerate when restricted to 
the Lie subsuperalgebras sl(m|n) for m ~ n and osp(m|2n) for arbitrary m and n. 
The identity matrix J is in the kernel of this form for sl(n|n). This enables us to 
define a nondegenerate supersymmetric invariant even bilinear form on psl(n|n) = 
sl(n|n)/I by setting (x +7, y+ J) := str(xy) forx +7, y+TJ € psl(n|n), where 
x,y € sl(n|n) are representatives of the cosets x + I, y + I, respectively (prove!). 

For q() the same idea leads to setting (x, y) := otr(xy) for x, y € q(n). Since 
otr is an odd linear map, we obtain an odd bilinear form which is easily checked to be 
invariant and nondegenerate. When restricted to sq(n) this form becomes degenerate 
with kernel equal to the span of the identity matrix, which allows us to define a 
nondegenerate odd invariant bilinear form on psq(7) by setting (x + 7, y+ J) := 
otr(xy) forx+J, y+J € psq(n). 

The Lie superalgebra sp does not admit a nondegenerate even or odd invariant 
bilinear form. (Prove!) 


2.3 Simple Lie Superalgebras 


In addition to the classical Lie superalgebras and apart from Lie algebras, there 
are two exceptional finite-dimensional simple Lie superalgebras which we denote 
by G2); and F3); (the common notations are G(3) and F’(4), respectively), as well 
as a 1-parameter family of exceptional simple Lie superalgebras D(2, 1; w). For the 
definitions of these exceptional Lie superalgebras we refer the reader to [K2]; below 
we only present their root systems. Moreover the classical and exceptional simple 
Lie superalgebras are precisely the simple Lie superalgebras g whose even part go 
is a reductive Lie algebra.! 

It is a remarkable fact that there is another way to construct simple finite- 
dimensional Lie superalgebras that have no analogs in the Lie algebra case, or 


' In order to avoid possible confusion, we point out that in [Mu], any simple Lie superalgebra with 
a reductive even part is called classical simple, while we reserve the term classical for the Lie 
superalgebras discussed in Sect. 2.2. These do not include the Lie superalgebras of exceptional 


type. 
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more precisely, whose Lie algebra analogs are infinite dimensional. Indeed, let 
x be a formal (even) variable. Then the derivations derC[x] of the polynomial 
algebra C[x] certainly form a Lie algebra (the Witt algebra), but this Lie algebra is 
infinite dimensional and thus it cannot appear in the Cartan—Killing classification. In 
contrast, if € is an odd variable (in particular €? = 0), then the Lie superalgebra with 
elements ag + Bee. a, B € C, and relations [Et Ef | = 0, ee fe! = ae 
Les a = 0, is clearly finite dimensional (its dimension equals 2) and is nothing 
but the Lie superalgebra W(1) of superderivations of the Grassmann algebra with 
one variable é. 

More generally, now let A(&1, ..., €&,) be a Grassmann algebra with n generators 
&1,...,&. Define a superderivation 


0: A(1,...,€n) > AG, .--,6n) 


of A(&1,..., &) to be a C-linear map that is the sum 05 + 0; of two C-linear maps 
satisfying the “Leibniz rule with signs” 


a:(ab) = a;(a) - b + (-1)4a - a:(b), 


where i € Zo,a € A(&,...,€:)a, 4 € Zo and b € A(&,...,&). Then the set 
der A(&1,..., &,) of all superderivations of A(&1, ..., &) forms a Lie superalgebra 
denoted by W(n). (For the reader: please verify that the supercommutator 0;0; — 


(-1)i/ 059; is a superderivation for i, j € Zp, and conclude that this defines a Lie 
superalgebra structure on W(n).) As an exercise, the reader should also describe the 
even part W(n)5 of W(n) and show in particular that it is not reductive. 

The Lie superalgebra W(n) is a Cartan-type Lie superalgebra and it is simple for 
n > 3. There are three more series of Cartan-type Lie superalgebras, S, S, and H, 
for whose definitions (as well as for the proof of the simplicity of W(7)) we refer to 
[K2] or [Sch1]. 

The following is the classification theorem of simple Lie superalgebras proved by 
V. Kac [K2]. As we mentioned at the beginning of the chapter, this is an important 
result and its proof is definitely worth studying (see [K2] or [Sch1]). 


Theorem 2.4 The simple Lie superalgebras of the form s\(V), osp(V), sp(V) 
and psq(V), together with the exceptional Lie algebras and the exceptional Lie 
superalgebras G1, F3\; and D(2, 1; a), as well as the simple Lie superalgebras 
from the series W(n), S(n), S(n) and H(n), exhaust all simple finite-dimensional 
Lie superalgebras. 
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2.4 Semisimple Lie Superalgebras 


We can now state the Kac-Cheng Theorem which characterizes (up to isomorphism) 
all semisimple finite-dimensional Lie superalgebras. First we need to define the Lie 
superalgebra der g of superderivations of a Lie superalgebra g. The definition is 
analogous to the above definition of superderivations of a Grassmann algebra. A 
superderivation d : g — g of a Lie superalgebra g is defined to be a linear map that 
is the sum of two linear maps dp and dj with the property 


G([x1, X2]) = [dj(x1), x2] + (-1)* Lx, d;(x2)] 


for i € Zz and any homogeneous x; € Gx, and any x2 € g. 

The superderivations of g form a Lie superalgebra der g. If g is a simple finite- 
dimensional Lie algebra, a classical result states that der g ~ g. (Prove the theorem 
yourself, or find and read its proof!) For simple Lie superalgebras this is no longer 
true, as we will see in the following example. 


Example 2.5 Since s\(V) is an ideal in gl(V), any x1; € gl(V) defines a superderiva- 
tion of sl(V) by the formula x1(x2) = [%1, x2], where x2 € sl(V). This yields a 
homomorphism of Lie superalgebras gl(V) — dersl(V). The crucial point is that 
this is a surjection, (see [K2] for a proof), and the kernel is spanned by idy . Factoring 
out by the kernel induces an isomorphism 


pgl(V) & dersl(V). 


If dim V5 4 dim V;, then the Lie superalgebra pgl(V) is isomorphic to sl(V) and 
we have dersl(V) = s((V). 

Now suppose n := dim V5 = dim V7. Then pgI(V) is not isomorphic to sI(V). 
Moreover, the Lie superalgebra pgl(V) is not simple, but it is semisimple when 
n > 2. (The reader should show that pgl(V) is not isomorphic to a direct sum of 
two Lie subsuperalgebras.) Finally, since der psl(V) = der sl(V), we conclude that 
derpsl(V) = pgl(V). O 


The fundamental paper of Kac [K2] contains a complete list of the Lie super- 
algebras ders for all simple Lie superalgebras s (the cases in which ders ¥ § are 
fewer than those in which ders = s). Furthermore, all such Lie superalgebras der 
are semisimple. (Prove!) Therefore, it is no surprise that the Lie superalgebras der s 
play an important role in the description of all semisimple finite-dimensional Lie 
superalgebras. 

Consider now the following class of Lie superalgebras. Fix simple Lie superal- 
gebras 5!,..., s’ and non-negative integers 71, ..., nj. Let A,, denote a Grassmann 
algebra with n; generators (Ag = C). Define the Lie superalgebra 


I I 
ders‘ @ An,) € (e win) (2.3) 


k=1 k=1 
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1 1 

by requiring that both @ (ders* @ An,) and €] W(nx) be Lie subsuperalgebras 
k=1 k=1 

and that 


I a = 
[d, )° se @ fel = (-1)*d(f) 


k=1 


for all d € W(n;), fe € An, and Z2-homogeneous elements s, € ders*, A 
straightforward verification shows that (2.3) is a well-defined Lie superalgebra. 
Furthermore, the Lie superalgebra (2.3) is always semisimple. 

The superalgebras (2.3) have natural subsuperalgebras of the form 


1 
QD (der s* @An,) Ed (2.4) 
k=1 


1 
where 0 is now an arbitrary Lie subsuperalgebra of 3 (W(n,;)). Finally, here is the 
k=1 
Kac—Cheng Theorem [Ch]. 


Theorem 2.6 Every semisimple finite-dimensional Lie superalgebra € is isomor- 
phic to a subsuperalgebra €’ of a Lie superalgebra of the form (2.4), such that 


l l 
Dis An) €2.C tC Piders* @ An,) Ed 
k=1 k=1 


for some s* and nx, with the condition that there are no d-stable ideals in any of the 
Grassmann algebras An,. In addition, all such subsuperalgebras €’ are semisimple. 


2.5 Cartan Subsuperalgebras and Root Systems 


As in the case of simple Lie algebras, we would like to list the root systems of 
(some) simple Lie superalgebras. Before that, we need to briefly discuss Cartan 
subsuperalgebras of Lie superalgebras. 

A Cartan subsuperalgebra h of any finite-dimensional Lie superalgebra g is by 
definition a self-normalizing nilpotent Lie subsuperalgebra. The following very nice 
result is due to M. Scheunert. 


Theorem 2.7 (Scheunert’s Theorem) The following conditions on a subsuperal- 
gebra h C g are equivalent: 


(1) 6 is a Cartan subsuperalgebra; 
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(2) h= 8h, = {x €g|dn: (adh; o---oadhn)(x) = 0, WAq,...,hn € Bo}: 
(3) bo és a Cartan subalgebra of gg and h = Bh, 


Theorem 2.7 appeared first in [Sch2] (for the proof, see also [PS4]) and it is 
important since it shows that the “g-approach” to Cartan subsuperalgebras (state- 
ment (/)) and the “gj-approach” (statement (3)) yield the same result. Furthermore, 
it is easy to show that all subsuperalgebras satisfying (3) are conjugate under the 
group of inner automorphisms of g. More precisely, all Cartan subsuperalgebras are 
conjugate under the group of so-called elementary automorphisms Aut,g5 see [B, 
Ch. VI, §3, no.2]. The reader can check that there is a natural embedding of Aut. 95 
into the group of inner automorphisms of g. 

For any finite-dimensional Lie superalgebra g and any Cartan subsuperalgebra 5, 
one has an h5-module decomposition 


g=be| Bor (2.5) 
aA 


with root spaces 


gn fres 


An : (adh; — a(hy)) 0--- 0 (adhy — a(hn))(x) = 0, 
Vhy,..., hn € 5 


where adh : g — g is the linear operator [h, -]. Statement (2) in Scheunert’s 
Theorem implies (prove!) that each g® is not only an §>-module, but is in fact an 
h-module. Therefore it is natural to call decomposition (2.5) the generalized h-root 
decomposition of g, or simply the generalized root decomposition of g, and to call 
the set 


A := {a € by | « A Oand g® 4 0} 


the -root system of g, or simply the root system of g. Thus we can write (2.5) as 


g=b® (e ) (2.6) 


acA 


We are now ready to write down the root systems of all simple Lie superalgebras 
of classical and exceptional types, as well as that of W(n). The Lie superalgebras 
of type Aj—jjn—1 are simple for (m,n) A (0,0), (0,1), (1,0), C1, 1); the Lie 
superalgebras of type By, are simple for (m,n) € (1,0), C1, 1), (3, 0), (3, 1); the 
Lie superalgebras of type Cj, are simple for n > 1; and the Lie superalgebras of 
type Dimjn are simple for (n,n) ¢ (0, 2). For g of type Am—1jn—1, Bmjn, Cijn, Dinin 
and for the exceptional Lie superalgebras, we let (-, -) denote a nondegenerate even 
supersymmetric invariant bilinear form on h*. 
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Fix the vector space Ct” with the trivial Z-grading (ie., (C"™"); = 0) 
and denote its standard basis by €1,...,&m,61,.--,65,, where for g = gl(m|n), 
osp(m|n) and the exceptional Lie superalgebras, (¢;,€;) = 5;j, (6:,5;) = —dij 
and (¢;, 5;) = 0. The standard coordinates are denoted respectively by aj, ..., dm, 
by,..., by. In all cases h* = span A, and spanA = C’"*" except for Am—1\n—1> 
G21, sp(V) and psq(V). Furthermore, in all cases except for A,,1, psq(V) and 
W(n), each root space g® has dimension 1. In addition, for A; ; and W(n), it is also 
true that (g*)5 = 0 or (g*); = 0 for any root a € A. So for g ¢ psq(V), we can 
define the even roots of g to be 


Agi= {ae A] G7 =} 


ol 


and the odd roots of g as 
AT ==f{aeA | (gp = O}. 
Here is a list of the root systems: 


Am—\|n-1 :mAén, A= Agu AT G Cay, 


Ag = {ei — ej, & —8e | 1 Si Aj <m,1<k4#el <n}, 


Aj = {4(ei — 5x) | LS ism, 1<k <n} 
m n 

span A is the hyperplane with equation > aj + > by = 0; 
i=l k=1 


An-ijn—-1 1 m=n, A= Aju A, C C"*"/ span{a}, 


where a is the vector with coordinates a; = 1, bj = —1 for 
1 <i <m. The sets Aj and A; are the projections of the 
corresponding sets defined above (where now m = n) into 
C+" / span{a}, and span A is the image of the hyperplane 
m 
with equation SiG + bj) = 0; 
i=l 


Brint AS AGU Are Cr 


AG => | Ej ej, Ej, Ok Oe, 26x 
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Cpt maT AS ABA ee, 
Ag = {6x + 8e, +25, |1<k <€<n}, 


Az = {te, £5 | 1 <k <n}; 
Dain: A= Agu A,;CCc™, 


Ag = {4ei tej, $5, + be, $25 | 1 <i< jm, 1<k<t<n}, 
Ap= (ep toe | Sei am, Lek <n}; 

Gy: m=3,n=1, A=AzuUA; CC", 
AGS lees Bea 21 es 2S 3}; 


Az = {+e + 41, +6, | 1 <i < 3}, 


3 
span A is the hyperplane with equation > a; = 0; 
i=l 


Fy: m=3,n=1, A=AgzUA;C CH, 


Ag = (tepde) bey bey || Pai <7 <3}, 


1 
AT= {ster tertes tan] 
D(2,1;a): m=3, n=0, A= AGU A;z, 
Aj = {#£2¢; | 1 <i < 3}, 
A; = {e1 ben + 63}, 


(A does not depend on the complex parameter a); 
sp(V): dim Vo = dim Vj = m = 3, n=0, 
A= Agu A; Cc C”/span{(1, 1,..., 1}, 
Aj= {2-2 |\1st4Ajsm); 
Ay = {4+ +8), 28 |1<i#j<m}, 
where &; is the image of e in C” / span{(1,..., 1)}; 
psq(V): dim Vo = dim Vy = m = 3, n = 0, 
A= {e,—e;|1 <i fj <m}, 
m 
span A is the hyperplane with equation ne ai = 0, 
i=l 


dim(g”)5 = dim(g”); = 1 Va € A; 
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Wn): m=0, A= AQuA; CC’, 


pee ene am 
Aj = : 
&j, + &i, +--+ + &, 


0<k <n,k odd, ij < in <--- < iz, 
1<j<n,j Hi, fort =1,...,k, ; 
1<r<n,reven,ij <i2 <::: <i, 


a ftitete tang 
: Ei, + big Doe + Gi, 


0<k <n,k even, i, < in <--- < iz, 
l<j<n,j #i, fort =1,...,k, 
l1<r<n,r odd,ij < in <--: <I, 


For a description of the root systems of the remaining simple finite-dimensional 
Lie superalgebras S(n), S(n), H(n), see [P3]. 


2.6 Borel Subsuperalgebras and Sets of Simple Roots 


We will complete this chapter with a short discussion of Borel subsuperalgebras of 
Lie superalgebras. The general question of finding a natural generalization of the 
notion of a Borel subalgebra of a finite-dimensional Lie algebra to an arbitrary 
finite-dimensional Lie superalgebra seems to be open. However for certain Lie 
superalgebras whose structure is sufficiently well understood, there is an established 
version of such a definition. It has been used for simple Lie superalgebras since the 
inception of the theory in the 1970s, and we describe it now. 

Let g be any finite-dimensional Lie superalgebra. Fix a Cartan subsuperalgebra 
5 = bo © 5; of g, and consider the generalized root decomposition 


s=50(@e'). 


acA 


Since A is a finite set, a generic hyperplane (i.e., a vector subspace of codimension 
1 in general position) in the real vector space spanp A is regular, i.e., it does not 
intersect A. Any regular hyperplane defines a decomposition of A into a positive 
and negative part A = A*LIA~, as the hyperplane cuts spang A into two connected 
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components. (Prove!) The designations + and — can be chosen arbitrarily. The (Z- 
graded vector space compatible) decomposition 


g=|@Darlene| Ba 


aca aeAt 


is by definition a triangular decomposition of g. 
As a working definition, one can think of the solvable Lie subsuperalgebras of 
the form b = ®( @ g®) as Borel subsuperalgebras of g, and in this case At = 


+ 
Ag. The obvious probieni with this definition is that it does not coincide with the 
definition of a Borel subalgebra for a general finite-dimensional Lie algebra that 
was given in Sect. 1.3. However for a reductive Lie algebra our working definition 
is clearly equivalent to the standard definition of Borel subalgebra. Moreover, for a 
classical or exceptional Lie superalgebra g % sp(n), the above working definition 
is equivalent to the characterization from Sect. 1.3 of a Borel subalgebra via their 
roots (see conditions (B1) and (B2). This equivalence will also hold for g = sp(n) 
after we replace (B2) by 


(B2') for any w € A such that —a € A, exactly one of the following possibilities 
holds: a € Ag or —a@ € Ag. 


Clearly, the so-defined Borel subsuperalgebras are solvable, but they are not 
necessarily maximal solvable. Here is the simplest example in which this appears. 


Example 2.8 Let g be of type Ai. Then § = hp is two-dimensional and 
A = {+(e — &2), £(€1 — 61), £(€2 — 51)}. The Lie subsuperalgebra p = h @ 


( Ba g”) is solvable and it properly contains the Borel subsuperalgebra 
aweA\{e2—€1,51-€1} 
b=hO( Ba g”). Indeed, here is a sequence of subsuperalgebras 


a=€)—€£2,€1—461,€2—6 
in p such that each subsuperalgebra is an ideal in the next one and all quotients are 
abelian: 


p’ i gl a) g Cc p" ta bh! ® p! Cc pl” = p" ® gl a) gh Cc pl” =p, 


where h’ = {h € § | €1(h) = O}. O 


Simple roots of Borel subsuperalgebras play as important a role in the theory of 
Lie superalgebras as they do in the theory of Lie algebras, but their nature is quite 
different. First of all with the above definition of a Borel subsuperalgebra b, a set 
> 5 Of simple roots for 6 is defined exactly as in Chap. |, ie., }°, is the set of 
roots a € A* that cannot be decomposed as the sum of two roots in AT. A new 
feature is that one and the same Lie superalgebra g can have Borel subsuperalgebras 
that are not isomorphic as Lie superalgebras and their sets of simple roots can differ 
significantly. This phenomenon is evident already when g is of type Aj—1\n—1, a8 
we will now see. 
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Suppose that g is of type Aj—{\,—1, and fix a Cartan subsuperalgebra § in g 
(equivalently a Cartan subalgebra h = ho in gg = sl(m) @ sl(n) © C), and let b’ be 
the Borel subalgebra of gg with roots 


{€i — Ej }i<i<jem U {5k — Sehi<kceen- 


Consider the set of vectors €1,..., €m, 61, .--, 5, as in the description of the roots of 
Am,n, and let k1,..., Km+n be any strict linear ordering of this set with the property 
that the orderings that it induces on the subset of “epsilons” and “deltas” are the 
initial ones, i.e., €],..., &m and 61,...,6,. Then the simple roots of an arbitrary 
Borel subsuperalgebra b C g with b> = 6’ are precisely the elements 


K] — K2, K2 — K3, «++, Kmtn—1 — Km+n 


for any such ordering. An immediate consequence of this is that A,,—1|,—1 will be 
described by many different Dynkin diagrams! In this book, we will not discuss the 
notion of a Dynkin diagram for a Lie superalgebra (it can be found in [K2] and in 
the physics literature); instead we will restrict ourselves to several comments on the 
other simple Lie superalgebras. 

The description of the simple roots for Borel subsuperalgebras of Lie superal- 
gebras of types Brjn, Cijm, and Dmjn 1s similar, but slightly more complicated. 
On the other hand, the description of simple roots for psq(V) is straightforward: 
here a Borel subalgebra b’ of gg determines a unique Borel subsuperalgebra b of 
g with b> = 6’, and the simple roots of 6 are just the simple roots of 6’. For 
the Lie superalgebra sp(V) a new phenomenon occurs, namely that not all Borel 
subsuperalgebras have the same dimension. Indeed, consider the following example. 


Example 2.9 Let g = sp(V), with dim V5 = 3. The Borel subsuperalgebra of 
sp(V) with simple roots {¢,; — &2,€2 — &€3, 263} has dimension 11, while the 
opposite Borel subsuperalgebra with simple roots {—e3 — €2, €3 — €2, €2 — €1} has 
dimension 8. €) 


Example 2.10 The case g = W(n) is most interesting. Here the root spaces can 
have dimension greater than 1. For instance the root space g*! equals 
0 0 
span ) 2, ..., &1&, =} 
| dé "8&n 


and consequently has dimension n — | (more precisely, dim(g*!)y = 0, dim(g*!); = 


n — 1). A Borel subsuperalgebra of maximal dimension in W(n) is the Borel 
subsuperalgebra with simple roots 


{€{ = €35;:69:— €35.0.8 nar Ens Ends 
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and its opposite Borel subsuperalgebra, with simple roots 


{-€n, €n — En—1, En—1 — En—-2-+ +, €2 — EI} 


has minimal dimension. We note also that, contrary to the case of simple Lie 
superalgebras of classical or exceptional type, for g = W(n) it is no longer true 
that if b is a Borel subsuperalgebra of g, then b> is a Borel subalgebra of go. O 


Whenever gg is reductive, we let W be the Weyl group of gj. The above 
examples show that one cannot expect W to act transitively on the sets of simple 
roots of a Lie superalgebra g, and generally this fails for g # psq(n), osp(1|2n). 
However, by introducing “odd” reflections, one can “move” between the various 
Borel subsuperalgebras of the classical and exceptional Lie superalgebras (that 
contain h), as we will explain here. 

We say that two Borel subsuperalgebras 6, 6’ of g are adjacent if 


(At (6) \ AF (6’)) C {a 2a} and (A*(6’) \ A*(6)) C {-a, —2a} 


for some a € A. Note that a@ is necessarily simple for b, and if —a € A, then —a is 
simple for 6’. In the case that a is even, wy(AT (6)) = A*(b’) where wy € W is the 
reflection at a. If 2w € A, then a is odd, 2a is even and w2g(AT(b6)) = At (6’). If 
a is odd and 2a ¢ A, then we define the odd reflection rg, by setting ra(At (6)) := 
At (6’) and rg(A*(6’)) := A*(6), and we say that the Borel subsuperalgebras 
At (6) and At (6’) are connected by an odd reflection. We call an odd reflection ra 
degenerate if —a ¢ A. 
The following is a well-known fact. 


Lemma 2.11 Let g be a classical or exceptional Lie superalgebra, and fix a Borel 
subalgebra 69 of 95. Any two Borel subsuperalgebras b, b’ of g containing bp can 
be connected by a chain of odd reflections. In the case of p(n) these odd reflections 
may be degenerate. 


Proof The proof is by induction on the number d of roots in 
(A*(6) \ A*(6)) U (AT (6) \ AF (6)). 


If this set is empty, then A*(b) = AT(b’), and we are done. Suppose it is not. 
Without loss of generality, we may assume A*(b) \ At (b’) 4 @. Then there 
exists a simple root 6 of A*(b6) such that B ¢ AT(b’), since otherwise we would 
have At (b) C At (6’). It follows that 6 is odd and that 2 is not a root of g as the 
even roots of At(b) and A*(b’) coincide by the assumption bj = b*. 
For g % sp(7), we define the odd reflection rg by 


(A* (6) \ {6}) U{—B} if —Be A, 


+ oo 
i | At (b) \ {B} if _B¢A 
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and claim that AT := rp (At (6)) is the set of roots of a Borel subsuperalgebra of g. 
Clearly, A* satisfies condition (B2’) as AT (6) satisfies (B2’). Since f is simple for 
At (6), to prove condition (B1) for AT, it suffices to show that if a € (A*(b6) \{B}) 
anda — 6 € A, thena— 6 € At. Asg & sp(n), every root is either a non-negative 
or a non-positive linear combination of the simple roots of At (6). So the claim 
follows immediately from expressing a as a (non-negative) linear combination of 
the simple roots of AT (6). Indeed, since 6 is simple for A* (6), if a — B € A, then 
a — B is (still) a non-negative linear combination of the simple roots of AT (6), and 
hence a — B € AT(b6) \ {B}. 

Now let g = sp(n). The root system of sp(7) is a subset of the root system 
of the Lie algebra sp(2n), where the parity is disregarded. This induces a 1-1 
correspondence between the Borel subsuperalgebras of sp(m) (containing a fixed 
Cartan subsuperalgebra) and the Borel subalgebras of sp(2n) (containing a fixed 
Cartan subalgebra). An odd reflection for sp(n) as defined above corresponds to a 
usual Weyl group reflection wg for sp(2n), and is degenerate when —6 ¢ A. Hence, 
if 6 is the i image of 6 under this correspondence, then we (A*(b)) i is the set of roots 
of a Borel subalgebra of sp(2n), and so rg(At(b)) := wp(At(b)) NA the set of 
roots of a Borel subsuperalgebra of sp(7). 

Clearly, in all cases of g, the cardinality of the set (At \ At (6’))U (AT (6’)\ At) 
is strictly less than d. Since A is finite and odd reflections are invertible, induction 
completes the proof. Oo 


Definition 2.12 For each Lie superalgebra g, we call the following set of simple 
roots and corresponding Borel subsuperalgebra standard [K2, Table VI]: 


Am-1\n-1 {e] — €2,+++,Em—-1 Ems Em 51, 61 62, ..+55n-1 — bn}, 


Binjn {51 — d2,..., dn—1 — dn, On — E1, €1 — €2,---, Em—1 — Em, Em}, 


Cin {€1 — 61, 61 — 52, ..., bn—1 — bn, 25n}, 


Dinin {5, — 62,..., bn-1 8ns On €1,€] £2, +++) Em—1 — Ems Em—1 + Em}, 


Go, = {6 + €1, €2, €3 — €2}, 


1 
F3) {501 ter+e +e), E1, €1 — €2, €2 eh. 


D2, l;a)  {e, + €2 + €3, —2€2, —23}, 
sp(n) {€] — €2,.--5 €n—-1 — En, 2En}, 
psq(n) {61 — €2,..., &n—-1 — En}. 
A parabolic subsuperalgebra » of g is by definition a subsuperalgebra of g 
that contains a Borel subsuperalgebra. Note that in contrast with the case of a Lie 


algebra, a parabolic subsuperalgebra may be solvable even if it properly contains a 
Borel subsuperalgebra: we saw this in Example 2.8. 
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We conclude this chapter with the remark that the theory of simple Lie 
superalgebras has some parallels to the theory of simple finite-dimensional Lie 
algebras in characteristic p. In particular, the Cartan-type simple Lie superalgebras 
are direct analogs of the Cartan-type simple Lie algebras in characteristic p, which 
are well known. Nevertheless, only a rough parallel between the representation 
theories of Lie superalgebras and Lie algebras in characteristic p seems to exist. 
Both these representation theories are currently very active subjects (which remain 
largely beyond the scope of this book), and interested readers may try to form their 
own opinions on the strength of this analogy. 


Chapter 3 Mm) 
Root-Reductive Lie Algebras oi 


In this chapter we introduce the main object of our study, the infinite-dimensional 
root-reductive Lie algebras. 


3.1 Definitions 


A Lie algebra g is locally finite if every finite set of elements x;,...,x, € g is 
contained in a finite-dimensional Lie subalgebra of g. If g is countable dimensional, 
then being locally finite is equivalent to being isomorphic to a union 


Ce (3.1) 


néeZso 


of nested finite-dimensional Lie algebras 


91 C 92 C++: C Gn C Gnt1 Cree. 


We call (3.1) an exhaustion for g. If gn = Gn+1 = Gnt2 =--- for some n, then g is 
finite dimensional, whereas if the g,’s do not stabilize, then g is infinite dimensional. 

The first thing that comes to mind when one wants to construct an example of an 
infinite-dimensional locally finite Lie algebra is to let g equal the union of nested 
subalgebras g, = sl(n) for n € Z so; in other words, g is the direct limit g = 
lim Gn for g, = sl(n). This case is indeed quite straightforward as any Lie algebra 
embedding of the form sl(n) C sl(n + 1) forn > 2 is conjugate to a lower right- or 


an upper left-hand corner inclusion of matrices, 
AR oe or At an : 
OA 00 
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and up to isomorphism, the Lie algebra obtained as this union does not depend on the 
particular choice of inclusions. (To the reader: as an exercise try to prove the latter 
statement on your own; we will give a proof later in this chapter.) The resulting Lie 
algebra is by definition the Lie algebra s[(0o). 

However, if one just relaxes a bit the condition on g, and requires g, to be 
isomorphic to sl(i,) for some increasing sequence of positive integers i, with 
im, in = ©, then the situation becomes much more complicated, and there is 


no classification of the resulting Lie algebras. The reason is that there are many 
non-equivalent (i.e., non-conjugate via an automorphism) embeddings of sl(i,,) into 
S$l(in+1) When in41 — in is large. By varying the embeddings of sI(i,) into sl(in+1), 
one can obtain a variety of non-isomorphic locally finite infinite-dimensional Lie 
algebras. We will discuss some of them in Chap. 4. 

In order to single out the simplest class of locally finite Lie algebras similar 
to sl(oo), we give the following definition. An injection of finite-dimensional Lie 
algebras € C g is called a root injection if for some Cartan subalgebra h of g, the 
subspace h’ := € is a Cartan subalgebra of € and each h’-root space €® is an 
h-root space of g, (i.e., & = g” for some &@ € h*). Somewhat informally we can say 
that each root space of € is being mapped into a (single) root space of g under the 
injection. 

A locally finite Lie algebra g is called root-reductive if it is isomorphic to a 
union os » Gn Of finite-dimensional reductive subalgebras with respect to root 
injections g, C Qn+1 for a fixed choice of nested Cartan subalgebras }, C Qn 
satisfying hy—1 = On AN gn—1 forn € Zo. 

The usual finite-dimensional reductive Lie algebras g are root-reductive for a 
stable sequence g, = g for all n. The Lie algebra s{(0o) is also root-reductive with 
respect to the lower right-hand or upper left-hand corner inclusions sl(n) C s(n + 
1). These same inclusions obviously extend to gl(7), i-e., gl(n) C gl(n+ 1), and the 
resulting infinite-dimensional Lie algebra does not depend, up to isomorphism, on 
the choice of lower right-hand corner or upper left-hand corner inclusions, to name 
just two possibilities. This Lie algebra is denoted by gl(oo). 

Since every finite-dimensional reductive Lie algebra g,, decomposes canonically 
as a direct sum of simple components plus a center, it is natural to ask whether 
the same result holds for root-reductive Lie algebras. The answer is “no”; however, 
a weaker version of the result does in fact extend to arbitrary root-reductive Lie 
algebras. Let’s look first at gl(0o). 

Somewhat counter-intuitively (but only at first glance), the Lie algebra gl(oo) is 
not isomorphic to a direct sum sI(oo) @ C, as the center Zgi(o0) of gl(oo) is trivial, 
L.e., Zgt(oo) = 0. This follows from the obvious remark that Zg{(,) does not map into 
Zgt(n+1) under the upper left- or lower right-hand corner inclusion. Consequently, 
no nonzero element of gl(oo) commutes with gl(oo). On the other hand, there is a 
canonical injection sl(oo) — gl(oo), as the derived Lie algebra [gl(oo), gl(oo)] is 
clearly isomorphic to s{(oo). Therefore the isomorphism 


gl(n) x sl(n) @ C, 
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when taken to the limit 7 — oo, becomes a non-split exact sequence of Lie algebras 
0 > si(co) > gl(oo) > C> 0. (3.2) 


This exact sequence (3.2) can be generalized to a description of arbitrary root- 
reductive Lie algebras. We will state this general description in Sect. 3.3. 

An immediate consequence of the definition of a root-reductive Lie algebra is 
that it has a root decomposition of the form 


9=be (Do), (3.3) 


acA 


where h := (J bn (hy being the fixed Cartan subalgebra of g,), and each g® is the 
n 


image in g of the direct limit of a sequence of root spaces gy”, each root space being 
mapped into the next via the root injections defining g. Clearly, dimg*® = 1 for 
every a € A; furthermore, o stands here for the inverse limit of the respective linear 
functions a, : 5, — C and is a well-defined linear function on h = U,, bn. By 
definition, A is the set of all linear functions on obtained in this way (which are 
automatically nonzero functions) and A is called the set of roots of g. Furthermore, 
clearly if w € A, then —a € A, and g® and g © generate an s(2)-subalgebra of g. 

An important structural remark is that any root-reductive Lie algebra that is 
generated by its root spaces is determined up to isomorphism by the pair {h = 
span A, A}. (The reader should give a precise proof using the corresponding result 
for finite-dimensional semisimple Lie algebras.) A substantial difference from 
the finite-dimensional case is that the converse statement does not hold, i.e., the 
isomorphism class of g does not determine a unique pair {span A, A} (even up to an 
isomorphism of pairs). This will become apparent below in the description of Boo 
and Da. 


3.2 Locally Simple Root-Reductive Lie Algebras 


Now consider the special case of a locally simple root-reductive Lie algebra 5 = 
U,, $n, in other words, a Lie algebra s that is the union of simple finite-dimensional 
Lie algebras under root injections. Assume that s is infinite dimensional. Then we 
can choose a subsequence $,, of 5, such that the injections 5, C Sn,,, are proper 
and all s,, are simultaneously of the same type, A, B, C or D. Indeed, one of the 
non-exceptional types A, B, C and D has to appear infinitely often among the $,,. 
Moreover s = |); Sn,- Therefore to study the isomorphism classes of arbitrarily 
locally simple root-reductive Lie algebras, it suffices to analyze sequences of root 
injections of simple Lie algebras of fixed type A, B, C or D. 

Consider a specific root injection 5) C $,+41. There exists a Weyl group element 
for $,41, understood as an automorphism of s,41, that identifies the image of sy, 
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with the root subalgebra of 5,41 whose roots are the same as those of Sp, i.e., for 
instance the root space $;!**? is mapped exactly into aig! This shows that for 
any fixed type A, B, C or D, all locally simple Lie algebras s constructed by root 
injections of simple Lie algebras of this particular type are isomorphic, as they 
correspond to the same pair {span A, A} (the condition that s is generated by its 
root spaces is obviously satisfied here). More precisely, this classifies the locally 
simple infinite-dimensional root-reductive Lie algebras up to a root isomorphism, 


i.e., an isomorphism 
u ! 
g:s—>s 


with o(h) = 6’ and g(s%) = sv (h and bh’ denoting the corresponding unions 
of finite-dimensional Cartan subalgebras in s and s’ respectively). These finer 
isomorphism classes are denoted by Ago, Boo, Coo and Doo. Less formally, we can 
think of Ago, Boo, Coo and Doo as Lie algebras with a root decomposition (3.3). The 
corresponding sets of roots are as follows: 


Ao: A={e—e;|1<iFj < x}, 
Bo: A= {te ej, te; |1 <i < j < o}, 


Co: A= {He tej, 2e; | 1 <i < j < wo}, 


Do: A= {tej tej,| 1 <i <j < o}. 


As an exercise, the reader should check that no vector space isomorphism of 
span A and span A’ sends A to A’, when A and A’ are two different sets of roots 
from the above list (hint: consider the additive properties of the roots in each 
system). Consequently, the root isomorphism classes Ago, Boo, Coo and Doo are 
distinct. It is also important to note that the indices of ¢; in the above infinite 
root systems can be chosen to belong to any ordered infinite countable set. In the 
formulas above, the choice of this index set is Zo, but in some examples it will be 
convenient to choose it as Z. 

A further important observation is that Boo and Doo are isomorphic as Lie 
algebras. To see this, denote by V a countable-dimensional vector space with basis 
€1, €2, €3,... and with bilinear form (., -): V x V — V satisfying (e;, e;) = 4;;. 
Let V, = span{ej,...,e,}. Then each V, is equipped with a nondegenerate 
symmetric bilinear form, and the inclusions V, C V,41 induce a chain of Lie 
algebra injections 


n Ln En 
sie —> O(Vq) —> (Vai) —> 0(Vnx2) “2 0(Va43) —> +o. (3.4) 


Clearly, {1 is not a root injection (as there is no root injection of o(V,,) into 0(Vin+1) 
for an odd 7); however it turns out that the composition n+] 0 Mn is a root injection 
for every n. This follows from the fact (which the reader should verify explicitly!) 
that any embedding of the form o(V,) — o(V,+2) is a root injection. Furthermore, 
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the direct limit of the sequence (3.4) (or, informally, the union of the images of the 
[Ln’S) 18 isomorphic to the direct limits of the two subsequences 


ec ata ES ona ES otal) ee (3.5) 


defined by taking n = 3 and n = 4. The latter limits are nothing but Doo and Boo. 
Consequently Dogo and Boo are isomorphic as Lie algebras. 

In what follows, we will frequently write 0(00) for the isomorphic Lie algebras 
Boo and Doo, and sp(co) for Coo, and we will refer to sl(oo), 0(00) and sp(co) as 
the classical locally simple Lie algebras. 

It is not difficult to prove that sl(oo), o(00) and sp(co) are pairwise non- 
isomorphic Lie algebras. Here is a proof of the fact that s{(oo) and sp(oo) are not 
isomorphic; the reader should extend the argument to the pairs sl(oo), o(oo) and 
0(00), sp(oo). Assume that sl(oo) = LU, sl(n), sp(co) = U,, sp(2n) and fix an 
ig € Zs. Then the adjoint representation of sl(co), considered as an sl(i9)-module, 
equals the union of the adjoint representations of sl(n) for n > ip, each considered 
as a sl(ig)-module. A more detailed look shows that there is an isomorphism of 
sl(ig)-modules 


sl(oo) ~ sl(in) B (S @ Vin) B(S@VZ) OT, (3.6) 


where V;, and ve are respectively the natural s{(i9)-module and its dual, and S and 
T are the countable-dimensional vector spaces with trivial s{(ig)-action. 

Similarly, the adjoint sp(co)-module, considered as a sp(2 j9)-module for some 
Jo = 2, is isomorphic to 


S?(Vojo) B (R ® Vrj9) ® X, (3.7) 


where Vj) is the natural sp(2jo)-module, and R and X are infinite-dimensional 
vector spaces with trivial sp(2j9)-action. (Note that S?(V2 jo) is nothing but the 
adjoint sp(2 jo)-module.) 

Assume now for the sake of a contradiction that g : sp(c) = sl(0o) is 
an isomorphism of Lie algebras. Without loss of generality, we may assume that 
g(sp(2jo)) C slo) for some ig, jo as above, ig > 2 jo. Since V2; is the only 
non-trivial simple sp(2 j9)-constituent of the adjoint representation of sp(oo) with 
infinite multiplicity, both V;, and ve must necessarily be isomorphic to a finite 
number of copies of V2; and a finite number of copies of the one-dimensional trivial 
sp(2 jo)-module. Then it is clear that A? (V2 jp) is a constituent of sl(i9) considered 
as an adjoint sp(2 jo)-module, hence (3.6) and (3.7) are necessarily incompatible. 
This shows that the existence of g leads to a contradiction. Hence the Lie algebras 
sl(oo) and sp(oo) are not isomorphic. 
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3.3 Description of Root-Reductive Lie Algebras 


We are now ready to give a general description of root-reductive Lie algebras as 
established in Theorem | in [DP1]. 


Theorem 3.1 The following two statements hold for any root-reductive Lie alge- 
bra g. 


(1) Let g' be the Lie subalgebra of g generated by all root spaces in the decompo- 
sition (3.3). Then g’ = [g, g] and there is a split exact sequence of Lie algebras 


0- gg ~g->a=g/g — 0, (3.8) 


where a is abelian. 

(2) g! is isomorphic to a direct sum of finite-dimensional simple Lie algebras, 
as well as of copies of s\(co),0(00) and sp(oco) with at most countable 
multiplicities. 


Theorem 3.1 provides an explicit description of the subalgebra g’ = [g, g] of g, 
or equivalently of any perfect root-reductive Lie algebra (recall that a Lie algebra 
is called perfect if g = [g, g]). Note that although the exact sequence (3.8) always 
splits, it is in general not true that there is an isomorphism of Lie algebras g ~ g/@a. 
For instance, as mentioned earlier, gl(oo)  g’ @ C as the center of gl(co) is trivial, 
while the Lie algebra g’ @ C has center isomorphic to C. The problem of giving 
an explicit description of all isomorphism classes of root-reductive Lie algebras 
arising from the exact sequence (3.8) is open. Here is an example that shows that 
this problem is not trivial. Let g = gl(oo) @ gl(oo) and let g be the subalgebra 
in g singled out by the equation trx; — trx2 = 0 where x = x; ® x2 € g. Then 
g/g’ = C, however the reader should prove that g % sl(co) @ sl(oo) @ C and 
3  gl(co) © sl(ov). 


Outline of the Proof of Theorem 3.1 Let g = U,, gn for fixed reductive Lie algebras 
Gn and root embeddings gy, C gn+1 for fixed Cartan subalgebras hy, C by+1. First 
of all, clearly [g, g] = U,,[9n, gn]. On the other hand, since every root space g® 
is a root space of all g, for large enough n, g’ is contained in the union of Lie 
subalgebras of g generated by the root spaces of g,. These latter subalgebras are 
nothing but [gn, Gn], hence g’ = [g, g]. Therefore g’ is an ideal and g/g’ is abelian. 
The fact that the exact sequence (3.8) splits (non-canonically) follows from the fact 
that any Lie algebra complement a of  M g’ in h is an abelian subalgebra of g that 
projects isomorphically onto a, and hence g = g’ € a. 

To complete the proof it suffices to show that g’ is a direct sum of locally simple 
root-reductive Lie algebras. Consider a root space g* C g’. By the definition of 
root embedding, g® singles out a sequence of simple direct summands $,(@) of gn, 
such that g® is a root space of each s,(@). Let us attach to a the locally simple 
Lie subalgebra sy := [),, $n(a) of g’. Clearly, if sy = sg for some root space 
ga’ Cg’, then s,(~) = $,() for large enough n. The Lie algebras s,, for varying 
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a, are locally simple root-reductive Lie algebras and are thus finite dimensional 
or isomorphic to sl(oo), 0(00), or sp(co) [Ba]. Let R be a set parameterizing all 
subalgebras Sq, 1.e., let {s” | r € R} be the set of distinct subalgebras among the 
Sq. Then 8’ Ns" = 0 forr # r’, and moreover the reader will check immediately 
that the sum )°..2 9” is direct. Finally, )>-p 8” C g’, and in fact }° ps” = g' as 
der &’ contains all root spaces of g. This proves the theorem. oO 


To summarize, we now have a description of arbitrary root-reductive Lie alge- 
bras, which is explicit modulo a description of the exact sequence (3.8). However 
note that so far all of our considerations have been based on sequences of root 
injections and have not been intrinsic in g. 


3.4 Generalized Root Decomposition 


In the remainder of this chapter, we will show that an approach based on the 
existence of an abstract root decomposition also leads to the class of root-reductive 
Lie algebras. We start with some definitions. 

A subalgebra € in a locally finite Lie algebra g is called locally solvable if every 
finite-dimensional subalgebra of € is solvable. The locally solvable radical tg of 
an arbitrary locally finite Lie algebra g is defined to be the unique maximal locally 
solvable ideal in g. (To the reader: please prove that tg is well defined by identifying 
tg with the sum of all locally solvable ideals in g). We call a locally finite Lie algebra 
g semisimple if tg = 0. 

Furthermore, for any Lie subalgebra € of a locally finite Lie algebra g, we set 


go = {x €g | SN: (adky o---oadky)(x) =0Vk1,..., kw € €. (3.9) 


We say that € acts locally nilpotently on a subalgebra a C g ifa C ig. If € acts 
locally nilpotently on itself (i.e., € C oy); then it follows that € is a locally nilpotent 
subalgebra, i.e., every finite set of elements in € generates a nilpotent Lie subalgebra 
of €. However the converse does not hold, as we will see in the following example. 


Example 3.2 Let g = sl(oo) = U,, sl(n), with the inclusions sl(n) C sl(n + 1) 

being upper left (or lower right) corner inclusions. Then any Lie subalgebra € of 

h = U,, bn has the property € C ay; and moreover if € = h, then we have an equality 

a = €. On the other hand, n := @ g*—*/ is a locally nilpotent Lie subalgebra that 

i<j 

does not act locally nilpotently on itself since a = 0. (Prove this!) O 
Now let g be any locally finite Lie algebra and let h C g be a subalgebra with the 

property h = op. For any nonzero linear functional a on the quotient h/[b, 6], set 


«fe eq |3N Gd — ah) 0-0 Gd hy = a(hw))@) = 0, 
el - Vhi,...,4n €5 
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Then the sum of all subspaces g of the form g® is direct (to the reader: please 
prove this), and h @ (@ g”) is an h-submodule of g. The spaces g” are called the 
generalized h-weight spaces of g, or generalized root spaces. We say that g admits 
a generalized h-root decomposition if 


g=h® Bsa}. (3.10) 
ae(6/[6,5])*\{0} 


Any root-reductive Lie algebra admits a generalized h-root decomposition (3.3) 
for 6 = U,, 5n. In addition, is abelian, all generalized root spaces are one- 
dimensional and those are simply root spaces, that is 


g° ={x €g| (adh —a(h))(x) =0VhA €E b}. 


In other words, the generalized root decomposition of a root-reductive Lie algebra 
has very nice additional properties. 

It is natural to ask what class of locally finite Lie algebras admits a generalized 
root decomposition. This is not a trivial question, as not all locally simple Lie 
algebras admit a generalized root decomposition. This we will explain in Chap. 4. 


3.5 Characterization of Root-Reductive Lie Algebras 


We are now ready to give an intrinsic characterization of root-reductive Lie algebras 
in terms of a generalized root decomposition. The following theorem is the main 
result of [PStr]. 


Theorem 3.3. Any countable-dimensional semisimple locally finite Lie algebra g, 
that admits a generalized root decomposition with respect to some } satisfying 
oy = , is root-reductive. Moreover, h necessarily equals \_),, \n for a choice of 
root injections Gn C Gn+1 of reductive finite-dimensional Lie algebras gy with fixed 
Cartan subalgebras §y. 


It is an immediate corollary of Theorem 3.3, that the semisimplicity of g together 
with the existence of a generalized root decomposition implies that all generalized 
root spaces g® are simply root spaces and that h is abelian. Moreover, since g is 
root-reductive, statements (/) and (2) of Theorem 3.1 apply to g. 

Note however that a root-reductive Lie algebra is not necessarily semisimple, for 
instance tg = C for g = sl(oo) @ C. A root-reductive Lie algebra g is semisimple 
if and only if its center Z,g equals zero. (Prove that the radical tg of a root-reductive 
Lie algebra equals its center!) 

It is easy to single out all semisimple root-reductive Lie algebras in terms of the 
exact sequence (3.8). Namely, those are exactly all g for which the sequence (3.8) 
has the property that if a C ais any subalgebra whose preimage g in g is isomorphic 
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to g’ @ a, then a equals zero. Equivalently, this means that g’ is a faithful a-module 
with respect to the a-module structure on g’ induced by the exact sequence (3.8). As 
an exercise, the reader can supply the proof. 


Outline of the Proof of Theorem 3.3 


Step 1 We first claim that if g = U,, gn is an arbitrary exhaustion by finite- 
dimensional Lie algebras of a locally finite Lie algebra g with ty = 0, then for 
any n there exists j(n) > n such that tg, M tg,,, = 0. This is an important 
general observation due to Yu. Bahturin and H. Strade [BS]. Indeed, note first that 
tg, Gn C tg, for any j > n, since tg, is the maximal solvable ideal in g,. Thus 
Ug i 1g, C tg) 1g, for any j’ > j > since tg NGF Cty). On the other hand 
we have {] tg; C tg, and since tg = 0, we also have () (tg, Ntg;) C [) tg; = 0. 


jon jon jon 
This, together with the finite-dimensionality of tg, , implies tg, tg ;,,, = 0 for some 
jJ(@™)>n. 


Step 2 We fix a generalized root decomposition of g, and will now choose an 
exhaustion ),, gn of g that is compatible with this generalized root decomposition. 
More precisely, let x;, x2, ... be an ordered basis of g such that each x; belongs to 5 


or to a generalized root space a; of g. Let Gn be the Lie subalgebra of g generated by 
X1,...+,X,- Fix a chain of subspaces 6, in § so that all linear functions that arise as 
generalized roots w corresponding to vectors x; € gy, are distinct when restricted to 


bh». Then define Gn to be the Lie subalgebra of g generated by In and §,. The reader 
should check that  M g, is a Cartan subalgebra of g,, and that for any a, g* M gy, is 
a generalized root space of g,, when g* 1 g, 4 0. 


Step 3 Since tg = 0, using Step 1 we choose a subchain §,, of the chain 
Cn C Bn Co 


such that tg, eo 0 for all n. Clearly g = U; gn;. 


Step 4 Consider now the injections 


Qn; > Onisi/TGn, 
for all i. The construction of g,; implies that those are root injections. However, 
Grist cane is a semisimple finite-dimensional Lie algebra and hence the image 
L 

Of 69 Gn.) 1M Gn; 4) [Tiny is abelian and all root spaces of Grist /Bn, are one- 
dimensional. Therefore } M g,, is abelian, and the generalized root spaces of gy, are 
one-dimensional. Hence h is abelian, dim g* = 1 for any root space, and moreover, 
for each root a, the linear function —q@ is also a root, and g*® and g-% generate an 
s((2)-subalgebra of g. 


Step 5 We are now able to choose an exhaustion of g by finite-dimensional 
reductive Lie algebras g; such that the injections g, C gn+1 are root injections. 
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To do this, it suffices to modify our choice of the subalgebras g, by letting gj, be the 
minimal semisimple Lie algebra containing all vectors x1,...,X%,. Then let g, be 
the Lie subalgebra generated by gj, and by hy, where (),, hn is an arbitrary fixed 
exhaustion of the abelian Lie algebra § by finite-dimensional subalgebras. This 
completes the proof. 

oO 


Here are a few final remarks. It is easy now to complete the proof of the fact that 
a Lie algebra g that equals a union |) sl(m) under arbitrary Lie algebra inclusions 
Vn : s(n) — sl(n + 1) is isomorphic to sl(oo). Indeed, by induction on n, we 
can build a sequence of Cartan subalgebras hy, C sl(m) with vy(bn) C bn+1. For 
this it suffices to notice that for any maximal toral subalgebra hy, C sl(n), its image 
Vn(bn) is a toral subalgebra of sl(n + 1), and can thus be extended to a maximal toral 
subalgebra 6,41 in sl(n + 1). (This is a very general remark which is not sensitive 
to the fact that we consider inclusions sl(n) C sl(n + 1)). The crucial observation 
now is that since the adjoint representation of s{(n) occurs with multiplicity 1 in 
sl(n + 1) considered as an sl(n)-module via v,, the inclusion v, is a root injection 
for any compatible choice of Cartan subalgebras by, bn41 with vp(bn) C Bn41. 
Consequently, g is a locally simple root-reductive Lie algebra and its root system 
is isomorphic to the root system of Ago. This implies that g is itself isomorphic to 
slo). 

As an exercise the reader could prove that it is not true that a union [),, gl(n) 
(for some inclusions gl(n) C gl(n + 1)) is always isomorphic to gl(oo). It can be 
isomorphic to sl(oo). Can it be non-isomorphic to both gl(co) and sl(oo)? In fact, 
the reader is urged to try to construct an example of a Lie algebra obtained as a 
union ),, gl() that cannot be embedded into glI(oo)! 

Note that it is a corollary of both theorems in this chapter that any generalized 
root decomposition of an infinite-dimensional locally simple and locally finite Lie 
algebra corresponds to a pair {span A, A}, where A is exactly one of the root 
systems Ago, Boo, Coo, and Doo. For the Lie algebras sl(0o), sp(oo), this assignment 
is unique, namely, Ago, Coo, respectively. However as we indicated earlier, the Lie 
algebra 0(00) can be represented both as Boo and as Do; hence, the isomorphism 
class of a root-reductive Lie algebra does not determine the pair {span A, A} up to 
isomorphism. 


Chapter 4 ®) 
Two Generalizations hegk for 


In this chapter we describe a superalgebra analog of the class of root-reductive Lie 
algebras introduced in the previous chapter. We then introduce a class of locally 
simple Lie algebras, which is more general than the class of locally simple root- 
reductive Lie algebras. 


4.1 Root-Reductive Lie Superalgebras 


4.1.1 Definitions 


Let g = go @ g7 be a countable-dimensional locally finite Lie superalgebra. 
Equivalently, g is isomorphic to a union 


U Gn 


neZso 


of nested finite-dimensional Lie superalgebras gy C gn+1. Note that the subscript n 
of gn should not be confused with the parity notation 0, 1. 

Let 5b = bp ® by C g be a locally nilpotent Lie subsuperalgebra satisfying the 
condition h = 8h,° where (as in Sect. 2.5) 


Oh, = {x eg |AN: (adh, o---oadhy)(x) =OVhy,..., hy € Do}. 
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We say that g admits a generalized h-root decomposition if g admits a (Z2-graded) 
vector space decomposition 


g=5 o( DB a”), 
a € (55/[bo. So )* 
a#z0 


into generalized root spaces 


x {x = | AN : ((adhy — w(hy)) 0-++ 0 (adhy — a(hy))(x) = 0, . 
Vhi,...,hn € bp 

The set of all nonzero linear functions a € (65/[h5, b5])* with g* 4 0 is by 

definition the set of roots of g, and we will denote it by A. 

The above definitions are direct extensions of the definitions from Chap. 3, 
and one may ask whether Theorems 3.1 and 3.3 generalize to Lie superalge- 
bras. In particular, one would like to have an explicit description of all simple 
countable-dimensional locally finite Lie superalgebras that admit a generalized root 
decomposition. As a first step toward accomplishing this goal, one needs a good 
supply of Lie superalgebras admitting generalized root decompositions. A natural 
way to construct such Lie superalgebras is as unions of simple Lie superalgebras 
under root injections. (The definition of a root injection extends in an obvious way 
to Lie superalgebras.) This leads to a more limited but still rather general problem. 

If s is an infinite-dimensional Lie superalgebra constructed as the union of simple 
Lie superalgebras under root injections, then as in the Lie algebra case, at least 
one series of classical or Cartan type will appear infinitely many times. Therefore 
it is enough to study unions of simple Lie superalgebras of a fixed classical or 
Cartan type. The characterization of all locally simple Lie superalgebras admitting 
generalized root decompositions is currently an open problem, as it has only been 
solved in the classical case, whereas a solution in the Cartan-type case would be of 
interest too. 

In fact, the above mentioned partial solution to the characterization of locally 
simple Lie superalgebras leads to a full solution of the original problem, subject to 
some additional natural conditions. In this chapter we will outline these results. For 
more details, the reader is referred to the paper [P4]. 


4.1.2 Classically Semisimple Lie Superalgebras 


We now discuss countable-dimensional locally finite Lie superalgebras g that are 
semisimple, where analogous to the Lie algebra case, g is called semisimple if the 
locally solvable radical tg equals zero (the locally solvable radical of a locally finite 
Lie superalgebra is by definition the unique maximal locally solvable ideal). 
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Consider more specifically the class of semisimple countable-dimensional 
locally finite Lie superalgebras g that admit a generalized root decomposition 
g = 6 @(A@ g?) that satisfies the following two natural conditions: 

acA 


(C1) the inherited root decomposition on the even part gy = hy ® (® 95) makes 
acA 


Qo root-reductive; 
(C2) gis generated by its generalized root spaces g*. 


We call such Lie superalgebras the classically semisimple (locally finite) Lie 
superalgebras. 

The main result of [P4] states that any classically semisimple Lie superalgebra g 
is isomorphic to a direct sum of classical locally simple Lie superalgebras. Before 
we introduce these simple Lie superalgebras, let us first discuss this result in the 
finite-dimensional case. 

If g is finite dimensional, we know that g being semisimple is not sufficient 
to imply that g is isomorphic to a direct sum of simple Lie superalgebras. Note, 
however, that any finite-dimensional Lie superalgebra admits a generalized root 
decomposition. (To the reader: please prove that any Cartan subsuperalgebra of g 
induces a generalized root decomposition on g.) Example 4.1 below shows that 
semisimplicity together with the assumption that g is generated by its root spaces 
(condition (C2)) is not sufficient to ensure that g is isomorphic to a direct sum of 
simple Lie superalgebras. In fact, already in the finite-dimensional case one needs 
both conditions in the definition of a classically semisimple Lie superalgebra g to 
ensure that g is isomorphic to a direct sum of classical or exceptional simple Lie 
superalgebras. 


Example 4.1 Let g = sl(2) @ An € W(n) for some fixed n > 3. Then tg = 0, 
as seen in Theorem 2.6. Furthermore, if (2) is a Cartan subalgebra of sl(2), then 
§ := (bsy2) @ ©) € span(é1 5, ar Eng) is a Cartan subsuperalgebra of g. 
(Check!) The Lie superalgebra g satisfies condition (C2) as the h-root spaces of g 
generate g, since one may check that they generate h. On the other hand, g does 
not satisfy condition (C1), as gg is obviously a non-reductive Lie algebra. (Please 
compute tg, as an exercise.) 

We observe now that g is not isomorphic to a direct sum of simple Lie 
superalgebras. It suffices to show that the ideal sl(2) ® A, is not a direct sum 
of simple Lie superalgebras. (Indeed, prove that if g is a Lie superalgebra that is 
isomorphic to a direct sum of simple Lie superalgebras, then every ideal in g is also 
isomorphic to a direct sum of simple Lie superalgebras.) However, this is clear as 
the radical of sl(2) ®@ Ap is sl(2) @ a where At is the subalgebra of A, generated 
by &; fori = 1,...,n. O 
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4.1.3 The Finite-Dimensional Case 


We now outline the proof of the main result of [P4] in the special case when g 
is finite dimensional. This case is not fully representative of the general case, but 
it is still quite instructive. We show that if g is a finite-dimensional classically 
semisimple Lie superalgebra, then g is isomorphic to a direct sum of simple Lie 
superalgebras that are of classical or exceptional type, thus motivating the term 
“classically semisimple.” 


Theorem 4.2 Suppose that g is a finite-dimensional Lie superalgebra that is 
classically semisimple. Then g ~ j,k, where sx are simple Lie superalgebras 
of classical or exceptional type. 


Proof By the Kac—-Cheng Theorem (Theorem 2.6), we have 


Digi @ An.) €9Cg C Pders @ An.) E 2 
k k 


for some simple Lie superalgebras $;, some integers ng and some Lie subsuperalge- 
brad C G, W(nx). It is easy to see that (s;)5 @ A C tg, and (8%); ® ee C tg, 
for any k. Furthermore, neither subspace belongs to the center of gp unless it is 
trivial. (Prove!) Therefore since gg is reductive (condition (C1)), for every k we 
have nz < 1, and ng = 0 for (5%); # 0. This implies that 0 is isomorphic to a 
subsuperalgebra of a direct sum of copies of W(1), and an immediate verification 
shows that the condition that g be generated by its root spaces (condition (C2)) 
forces 0 to equal zero. Hence we have 


Ds ogc Peersx. (4.1) 
k k 


Condition (C1) implies that the Lie superalgebras 5s, cannot be of Cartan 
type, since otherwise gg would have a non-reductive ideal (s,,)5. Furthermore, in 
Proposition 5.1.2 of [K2], there is a list of the Lie superalgebras der s for all finite- 
dimensional simple Lie superalgebras s. According to this list, for a classical or 
exceptional simple Lie superalgebra s, ders 4 s implies that s ~ psl(m|m), s ~ 
psq(m) or s ~ sp(m), and in these cases ders equals respectively pgl(m|m), pq(m) 
or p(m). None of the Lie superalgebras pgl(m|m), pq(m) or p(n) are generated by 
their root spaces, since the roots spaces of der s generate s. Therefore the assumption 
that g # @, sx immediately contradicts condition (C2). Hence g ~ @, sx where 
$; are simple Lie superalgebras of classical or exceptional type. Oo 


4.1 Root-Reductive Lie Superalgebras 45 
4.1.4 Classical Locally Simple Lie Superalgebras 


In order to state the main result for the infinite-dimensional case, we need 
to introduce the infinite-dimensional classical locally simple Lie superalgebras. 
By definition, these are the Lie superalgebras sl(oo|n), sl(co|oo), asp(oo|2k), 
osp(co|oo), osp(m|oo), sp(oo) and sq(oco). We will not carry out their constructions 
in detail, but will instead restrict ourselves to a few informal remarks. 

Any classical locally simple Lie superalgebra can be obtained as a direct limit of 
simple classical Lie superalgebras. To construct each of the above Lie superalgebras, 
one considers an appropriate chain of root injections, for instance, lower right-hand 
corner inclusions sl(i|n) <> sl(i + 1|n) fori — oo. The union is by definition the 
Lie superalgebra sI(co|n). To define sl(co|oo), one considers inclusions sl(i|i) 
sli + 1ji+ 1). 

In the case of osp(oco|2k), one has two natural choices for the inclusions 
osp(i|2k) — osp(i+2|2k) by taking i to be either odd or even. The resulting unions 
are denoted by Booj2x and Doo|2¢ respectively, and admit no root isomorphism. 
However, Boo|2% and Doo\2x are easily seen to be isomorphic as Lie superalgebras 
(essentially by the same argument as for Boo and Doo) and the common notation for 
this isomorphism class of Lie superalgebras is osp(oo|2k). The same remark applies 
to osp(co|oo). 

Another important observation is that the Lie superalgebras sq(n) forn € Zso 
are not simple; however, the union sq(oo) = LJ, sq() is simple. The proof is left as 
an exercise for the reader. An informal explanation is that the identity matrix does 
not belong to the union Unezs » 24(1), and therefore sq(0oo) is simple. The situation 
for sl(oo|oo) is very similar. 

A potential defect of the above ad hoc constructions is that one does not 
know a priori whether changing the root embeddings involved might produce non- 
isomorphic Lie superalgebras in the limit. However, as in the Lie algebra case, 
the answer to this question is no. More precisely, C. Oseledets has established the 
following result [O]. 

Let s be a countable-dimensional Lie superalgebra defined via root injections of 
classical finite-dimensional Lie superalgebras. Then if s is simple, s is isomorphic 
to sl(oo|n) for some n, sl(coloo), osp(co|2k) for some k, osp(oo|oo), osp(m|oo) 
for some m, sp(oo), or sq(00). 

The proof is purely combinatorial and is based on the same idea as in the 
Lie algebra case: if two Lie superalgebras constructed as unions of classical Lie 
superalgebras via root injections have the “same” root decompositions, they are 
isomorphic. The reader can already get a feeling for the relevant combinatorics by 
proving the result of Oseledets under the simplifying assumption that the finite- 
dimensional Lie superalgebras involved are isomorphic to s{(m|n) for varying m 
and n. 
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4.1.5 Description of Classically Semisimple Lie Superalgebras 


A precise statement of the main result of [P4] is now the following theorem. 


Theorem 4.3 Any classically semisimple locally finite Lie superalgebra is iso- 
morphic to a countable direct sum of copies of sl(oo|n), st(coloo), osp(oo|2k), 
osp(co|oo), osp(m|oo), sp(oCo), sq(oo) and finite-dimensional simple Lie superal- 
gebras of classical and exceptional type. 


Proof (Outline of the Proof) Similar to the proof of Theorem 3.3 for root-reductive 
Lie algebras, the first step is to choose an exhaustion of g 


§Cioc---cg=|(Ji 
n 


that is compatible with the generalized root decomposition. One then applies the 
principle of Bahturin—Strade (whose proof for Lie superalgebras is the same as for 
Lie algebras) that there exists a subexhaustion gn, with the property that 7a nN 
Gn; = O for all i (see the outline of the proof of Theorem 3.3). This enables one 
to conclude that (G,;)g has one-dimensional root spaces, as well as to apply the 
Kac—Cheng Theorem to the semisimple Lie superalgebras gp, / vn, * 

The core of the proof is a series of arguments (using all the conditions on g) that 
makes it possible to modify the exhaustion g,, to an exhaustion 


Oca Cmc---co=(m, 
n 


such that each g, is of the form 
Dn, Can C der sn, 
j j 


for some simple Lie superalgebras s,,; of classical or Cartan type, and each inclusion 
Gn C Gn+1 is a root injection. The result then follows by using arguments similar 
to the finite-dimensional case and applying the result of Oseledets [O]. More details 
can be found in [P4] and in the references therein. oO 


Before trying to extend Theorem 4.3 to more general locally finite Lie super- 
algebras with root decomposition, one should study unions of Cartan-type simple 
Lie superalgebras under root injections. No such study has yet appeared in the 
literature, but one can show that the obvious analog of the result of Oseledets is 
false in general. In particular, it fails for root injections of W(n;) into W(n;+1) 
for nj — co, i — o. The reason is that the Lie superalgebras of the form 
UneZso W(n) obtained by varying the root injections W(n) C W(n + 1) are not 
isomorphic. This can be shown using the fact that a union LJ; Zo GHni) 1s not 
necessarily isomorphic to gl(oo) (see Chap. 3). Nevertheless it is very likely that 
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one can find an appropriate generalization of Theorem 4.3, or at least classify all 
locally simple Lie superalgebras that are obtained through chains of root injections. 


4.2 Locally Simple Lie Algebras 


In the second part of this chapter, we discuss briefly the class of locally simple, 
locally finite Lie algebras which are not root-reductive. 


4.2.1 Diagonal Locally Simple Lie Algebras 


Let s = Cae Sn, Where 
$1 C $2°++ C Sy C Sy41 Cores (4.2) 


is a non-stabilizing chain of simple Lie algebras. Surprisingly little is known in 
general about the isomorphism classes of Lie algebras that are unions of arbitrary 
chains (4.2). Obviously, if s is infinite dimensional, one of the types A, B,C, D 
must appear infinitely often, so one can reduce to the case that all 5, are of the same 
classical type A, B, C or D. Of course, one has to address separately the problem 
of when two Lie algebras s obtained as unions of simple Lie algebras 5; of two 
different types are isomorphic (like Boo and Doo in the root-reductive case). 

Here is the first example of an inclusion $; C $9 that is not a root injection. Let 5; 
be isomorphic to Ay—1, By, Cy or Dy, and let $2 be isomorphic to Amy—1, Ban, Cmn 
or Din, respectively (so that s; and s2 are of the same type), and consider the 
inclusion $1 C $2 


where the matrix S is an element of s; and it is repeated m times on the diagonal of 
the matrix @»(S) € 52. We call @, the m-fold diagonal inclusion. 

An intrinsic and more general definition of a diagonal inclusion is an inclusion 
$1 C $2 of classical simple Lie algebras such that the natural representation of 52 
considered as an $;-module is isomorphic to a direct sum of copies of the natural s1- 
module, its dual, and the trivial one-dimensional 5;-module. This definition is due to 
A. Baranov and A. Zhilinski, [BaZ], and in particular, a root inclusion of classical 
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simple Lie algebras is a special case of a diagonal inclusion. Also, the canonical 
inclusions o(n) C sl(n) and sp(2n) C sl(2n) are clearly diagonal. 

Here is an example of a diagonal inclusion that involves both the natural 
representation of sl(i) and its dual: 


sli) © slQi+ 1), 


S 0 0 
SH> 10-S'0 
0 0 0 


By definition, we call a locally simple locally finite Lie algebra s diagonal if it 
admits an exhaustion s = Unez, » on where all inclusions $,) C $41 are diagonal. 


4.2.2 Supernatural Numbers 


In what follows, we introduce a nice invariant of an arbitrary locally simple, 
locally finite Lie algebra s : this invariant is an equivalence class Stz(s) of 
supernatural numbers. We first need some definitions. The multiplicative monoid 
of supernatural numbers, denoted by Stz, consists of all expressions of the form 
2 3253 7% 11% 13%... where aj € Zso U {oo}, ie., of all infinite products of 
primes raised to finite or infinite powers. Supernatural numbers are also known as 
Steinitz numbers. 

The (commutative) multiplication is defined in the obvious way, i.e., via addition 
of the respective powers. Zo is the submonoid of Stz, consisting of all mono- 
mials for which all powers of primes are finite and at most finitely many are 
nonzero. Moreover, any infinite product of nonzero natural numbers determines 
a well-defined supernatural number. We call two supernatural numbers S; and $2 
equivalent if mS; = nS» for some m,n € Zs0. 

Next we need to recall E. Dynkin’s notion of the index of a subalgebra [Dyn]. 
Let $; C $2 be an inclusion of simple finite-dimensional Lie algebras. We can 
assume that the Killing forms of $s; and s2 are normalized so that the length of each 
respective longest root equals ./2. The restriction of the Killing form of 52 to $1 is an 
invariant bilinear form on $1; hence, it is proportional to the Killing form of s;. The 
coefficient of proportionality arising from the so-normalized Killing forms is the 
index of 51 in $2. In what follows, we will denote the index by /.,,$ 1. For example, 
the reader should check directly from the definition of [5,51 that [5,@m(s1) = m for 
any simple Lie algebra s; embedded via the m-diagonal inclusion into the simple 
Lie algebra $2. 

The index has two crucial properties. The first, and obvious one, is that the index 
is multiplicative with respect to chains of inclusions $1; C $2 C $3, Le., [5,51 = 
I5,$115,52. The second, and non-obvious one, is that the index is always a positive 
integer. For the proof of this fact, see [Dyn, Th. 2.2]. 
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We need one more specific fact about the index. Let V be an irreducible 51- 
module of highest weight A (with respect to a fixed Borel subalgebra 6 C $1). Then 
there is a natural injection 


5, > sI(V), 


and Theorem 2.5 in [Dyn] states that 


ae 
Isv)s1 = oes A+ 2p), 


where 2¢ stands for the sum of positive roots of 6 and (., -) stands for the Killing 
form of s; normalized as above. We strongly recommend the reader to become 
acquainted with the classical work of Dynkin [Dyn]. 

Now let s be a locally simple locally finite Lie algebra. An exhaustion s = |); 5; 
of s yields the supernatural number | | /s,, ,5;. If we choose another exhaustion of s, 


L 
say s = ; 5;, and fix a large enough ig so that 5; C Si> then for any large enough 
j there exists k(j) such that 


$1 C$, C8; C Sj). 


Therefore Ts 5, divides Is yl = I, (Silat, . Si: If we set J,: $1 = mig, then 
0) 


I;,$1 divides Mil! bold, = mi s. By letting j go to oo, we obtain 


that Its Si divides Mig ITs, hs 3: By switching the roles of the exhaustions 


U; 3 and Uj 5;, we see that I, 5; divides nin IT ts $; for some nj € Zs0. 


i+l 


This implies (prove!) that ie supernatural aunberS iH Ig,,,5i and I Ty ie 3; are 


equivalent. Therefore to each isomorphism class of locally simple locally aie Lie 
algebras s, we have assigned an equivalence class Stz(s) of supernatural numbers. 
An important corollary of this construction is that if Stz(s) 4 Stz(0 for some locally 
simple locally finite Lie algebras s and [, then s and [ are not isomorphic. However, 
as we will see immediately, Stz(s) is only a rough invariant of s, and it can happen 
that Stz(s) = Stz(Q) for non-isomorphic s and l. 

We are now ready to look at some examples. Our first observation is that 
if $; C S92 is a root injection of simple finite-dimensional Lie algebras, then 
I5,5| = 1. (Prove this as an exercise!) Now, if 5 is a root-reductive Lie algebra and 
s=U keZ9 Sk is any exhaustion, then for all k sufficiently large, 5, C 5x41 is aroot 
injection [DP4]. Therefore, the equivalence class of supernatural numbers assigned 
to a locally simple root-reductive Lie algebra s is equal to the equivalence class Zo, 
ie., Stz(s) = Zso. This shows in particular that non-isomorphic algebras, such 
as $[(00), 0(co) and sp(oo), can have the same equivalence class of supernatural 
numbers. 
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Recall that a diagonal locally simple locally finite Lie algebra is by definition 
a Lie algebra s that equals U; s;, where all 5; C $j;+41 are diagonal inclusions of 
simple finite-dimensional Lie algebras. The paper [BaZ] of Baranov and Zhilinski 
gives a complete description of all isomorphism classes of diagonal locally finite 
locally simple Lie algebras. The result is beautiful but somewhat too technical to 
present here. We urge the interested reader to study the paper [BaZ]. We will restrict 
our attention to certain examples. 

The most basic class of diagonal Lie algebras is obtained by iterating the m-fold 
diagonal inclusions 


Qm : si) & slim) 
for varying m. If 6), 62, ...is an infinite sequence of elements of Z., then let 
sl(io; [] 6) ([[ 6 is a supernatural number!) denote the union of sl(i9; 4102 -- - 6) 


ri Ll 
under the inclusions 
Pk; : Sto; 0162 --- 6) —> sli; 0162 - - - Oj41). 


The question of when the Lie algebras sl(ig; [] 6;) and st(jo; [] 7 j) are isomorphic 


i j 
is a particular case of the classification problem solved by Baranov and Zhilinski. 
The main result of [BaZ] implies that sl(io; I 0;) and sl(jo; nj) are isomorphic 


if and only if the supernatural numbers io 114 and jo a nj are equal. Note that 


this claim is stronger than the statement that tis sipiivalonce classes of supernatural 
numbers corresponding to sl(i9; [] 6;) and sl(jo; [[ nj) are equal. We recommend 
i j 
the reader to extract the above claim from Theorem 4.1 in [BaZ]. 
Here is a very specific example. Consider the Lie algebras sl(2; 23°), 
s((3; 23°) and sl(7; 2°3°), defined respectively by the sequences 


sl(2) & (4) & 5112) & st24) & 572) 6... , 
513) & sl) & st(18) & st(54) & s1(108) & --- , 
sl(7) & s1(14) & 51(42) & s1(84) & §1(252) 6... 


Then according to the above, sI(2;2°3°°) and sl(3; 23°) are isomorphic, and 
both are non-isomorphic to s{(7; 2°°3°°). Can you prove this directly? (Hint: use 
an argument similar to the one used in the proof that sl(oo) and sp(oo) are not 
isomorphic, see Chap. 3, Sect. 3.2.) Note that all three Lie algebras have the same 
equivalence class of supernatural numbers. 
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4.2.3 Non-diagonal Locally Simple Lie Algebras 


In the remainder of the chapter, we discuss the most basic examples of non-diagonal 
locally simple, locally finite Lie algebras. Let sI(i, adj) denote the union 


AG cat] Pee =i Shes, (4.3) 


where each inclusion is induced by the adjoint representation of the corresponding 
subalgebra: sl(z) is considered as a subalgebra of the endomorphisms of the (7 2_ 1). 
dimensional vector space V of the adjoint s{(i)-module, and so on. Dynkin’s result 
about Is{(y)$1 allows us to easily compute the equivalence class of supernatural 
numbers associated with sI(i, adj). Indeed, consider the injection 


sl(i) C slG? — 1). 


Here s; = sl(i), V is the adjoint sl(i)-module, and the highest weight of V is 
dX = & — gj. A straightforward calculation shows that (A,A + 2) = 2i, hence 
Le(2-ysli) = i - 2i = 2i. The supernatural number determined by the 
exhaustion (4.3) is 


(21)(2G? — 1) (G2 -— 1)? - D)-:-. (4.4) 


This supernatural number 24!3°25%37“4 114 13... has the special property that 
ax = 0 or ax = © for each k. For instance, clearly aj = oo. More generally, if a 
prime p divides the k-th term j(k) of the sequence 


2 2H) BG Si 1), 2s. (4.5) 


then p also divides the (k + 2)-th term j (kK + 2) of this sequence, as 


i(k+2)=2 (2@) 1 -_ =2()' (20) 
J = 5 = : ; 


Therefore if p divides one term in (4.5), it divides infinitely many terms. This means 
that computing the supernatural number (4.4) is equivalent to determining which 
primes divide (4.4). 

Let’s think now for which i and j the Lie algebras sl(i, adj) and sl(j, adj) are 
isomorphic. Clearly, if j is a term of the sequence (4.5), or if i is a term of the 
sequence obtained from (4.5) by replacing i with j, we have sl(i, adj) ~ sl(j, adj). 
A very natural conjecture is that these are necessary and sufficient conditions for 
sl(i, adj) and sl(j, adj) to be isomorphic. A computer experiment (carried out by 
H. Gangl and then repeated by B. Vioreanu) confirms this conjecture for i,j < 
5000. In particular, for each pair (7, j),i < j, such that 7 does not belong to the 
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sequence (4.5), the computer program finds an explicit prime p that divides one of 
the supernatural numbers 


(21)(2G? — 1) Q(@? — 1)? -)---, 
(2j)(2G? — 1I))Q(G? — )* - 1)--- 


but does not divide the other. 

An interesting side question is: what are all primes that divide all supernatural 
numbers (4.4) fori € Z.0, i => 2? The answer to this question seems to be unknown, 
but computer experiments suggest at least four such numbers: 2, 3, 7 and 23. As an 
exercise, the reader can prove that indeed these four numbers divide the expression 
in (4.4). To summarize, for the class of Lie algebras of the form s = slI(i, adj), the 
equivalence class of supernatural numbers Stz(s) is an invariant which conjecturally 
determines s up to isomorphism. 

Here is a final example. For every i > 4, define the Lie algebra sl(i, A”) as the 
union 


iGi-1 i@i-l 
. i — 1) io). (HED — 1) 
sli) C sl a a Cc sl 5 Cr (4.6) 


where the inclusion s{(i) C si) is simply the inclusion 
sl(i) © sl(dim A*(V)) 


corresponding to the representation A7(V) of s{(i), where V is the natural represen- 
tation. This inclusion is iterated to produce the chain (4.6). The index sl(A2 (vy 3l@) 


equals iy (A,A + p), where A is the highest weight of A?(V). A direct 
i(i-l) 


computation yields (A,A + 9) = 2i —-2 — ‘, and hence Tea2(vyysl@) — 


2(i2—1) 
(2i — 2 +) = vai = i — 2. The supernatural number corresponding to the 
exhaustion (4.6) of s{(i, A) is thus 
i=) (i=) _ 
| ee a a Se, (4.7) 
l eee a 
2 2 


In contrast to the previous case, the supernatural number 241392587114... 
satisfies ax € Zso for all k > 1. Indeed, if for some prime p > 2, p divides 
the k-th term of the sequence 


ii=1) | (ii=1) _ 
i@-) , 2 V2 


, Dis. ses 
2 2 


4.2 Locally Simple Lie Algebras 53 


then p does not divide any (k + €)-th term for £ > 0, as the remainder of the (k + 1)- 
th term modulo p equals —1, and the remainder of all subsequent terms equals —2. 
It is a nice elementary problem in number theory to check that a; = oo. (Please do 
it!) The question of when two supernatural numbers of the form (4.7) are equivalent 
is open. Can you say something about it? 


Chapter 5 ®) 
Splitting Borel Subalgebras of s!(oo), ora is 
0(0o), sp(oo) and Generalized Flags 


Borel subalgebras play a prominent role in the representation theory of finite- 
dimensional Lie algebras and superalgebras, as well as of Kac—-Moody algebras, 
since Borel subalgebras are responsible for the very existence of highest weight 
modules. Therefore it is important to find a proper analog of Borel subalgebras for 
locally finite Lie algebras. This problem still awaits a comprehensive study, as even 
the case of root-reductive locally finite Lie algebras is rather nontrivial. We will 
discuss this latter case throughout this and the next chapter. 


5.1 Splitting Borel Subalgebras 


Recall that there are at least two approaches to Borel subalgebras of a finite- 
dimensional Lie algebra: as maximal solvable subalgebras, or via subsets Ag of 
the root system A satisfying the following conditions from Chap. 1: 


(B1) Ag is additive within A, ie, a € Ap, B € Ap, anda+ 6 e€ A imply 
a+ BeAp; 

(B2) for any a € A, exactly one of the following possibilities holds: a € Ag or 
—a € Ag. 


For the classical simple Lie algebras sl(n), o(m) and sp(2k) there is a third well- 
known approach via flags in the natural representation. More precisely, Borel 
subalgebras of sl(n) are exactly the stabilizers of all possible flags of maximal 
length in the natural (n-dimensional) representation. For o(m) and sp(2k), one has 
to consider isotropic flags of maximal length. 

All three approaches make sense also for finitary root-reductive locally finite Lie 
algebras, i.e., root-reductive Lie algebras that admit an embedding into gl(oo),! and 


' The theory of finitary root-reductive Lie algebras goes back to A. Baranov, [Ba]. 
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lead to interesting results. First, if g is an arbitrary locally finite Lie algebra, one can 
define a Borel subalgebra of g as a maximal locally solvable subalgebra of g. This 
definition is very general, and the main problem with it is that it is neither clear how 
to describe all such subalgebras, nor why they are useful. Nevertheless, in all special 
cases that we understand, this definition turns out to be surprisingly interesting. The 
other two approaches cannot be applied in this generality as a general locally finite 
Lie algebra admits no root decomposition and there is no accepted definition of a 
natural representation. However, if g is root-reductive, those approaches make sense 
too. Furthermore, in the latter case Theorem 3.1 from Chap. 3 allows us to reduce 
the problem to just the three simple infinite-dimensional root-reductive Lie algebras 
sl(0o), 0(00) and sp(co). We will first discuss the case of s{(oo) in more detail. 


5.1.1 Splitting Borel Subalgebras of s\(0o) 


It is a challenge to describe explicitly all maximal locally solvable subalgebras of 
sl(co). This was accomplished in [DP3], and we will present the solution briefly 
in the next chapter. In the meantime we will consider the root approach to Borel 
subalgebras for sl(oo). Throughout this subsection we let g := sl(oo). 

Recall from Chap. 3, that if h is any subalgebra of g with h = gh and such that g 
admits a generalized h-root decomposition (3.10), then there is an exhaustion 


gcgc-cUai=g, 
i 


where g; ~ sl(i), h = U, 6; for some fixed Cartan subalgebras h; C sl(i), and 
the inclusions g; C gj+1 are root injections. Furthermore, if V; is the natural 
representation of sl(i), clearly ); V; is a well-defined representation of s{(0o), 
which we call the natural s{(0o)-module. Furthermore, the subalgebra h :-= LU); ; 
acts diagonalizably on V (i.e., each element  € h is a semisimple operator on V 
and all operators h € h are simultaneously diagonalizable) with one-dimensional 
eigenspaces. Let the corresponding eigenvalue functions be ¢1, €2,...€ *. Then 


v=Qve (5.1) 


where each V“ is a one-dimensional h-eigenspace. Set 


Y= Cp(V") 


i 


By definition, V, is the direct sum of the one-dimensional spaces dual to V%, 
and V,, is a countable-dimensional subspace of the uncountable-dimensional space 
V*. The subspace V, depends on the decomposition (5.1). (Check this as an 
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exercise!) Clearly, (V*')* is an h-eigenspace with eigenvalue function —¢;. Hence 
Ve: Vv": 

Consider now the tensor product V ® V, which is an associative (non-unital!) 
subalgebra of End V. The Lie algebra corresponding to V @ V, via formula (1.2) is 
nothing but gl(oo), and in fact V @ V,, is identified with the algebra of matrices (q;;) 
that are “infinite down and to the right" (i.e., 7, 7 € Zo) and have only finitely many 
nonzero entries. More precisely, a nonzero matrix of the form (a;;) with a;; = 0 for 


i # io, j # jo, is nothing but a generator of the subspace V*0 @ v, in V @ Vx. 
The subalgebra of traceless matrices in V ® V, is then identified with our original 
Lie algebra g. In this realization of g, the subalgebra h C g is identified with the 
algebra of traceless diagonal matrices in V @ V,. 

Let us now turn our attention to the Borel subalgebras of g = sl(oo). The 
fixed subalgebra § is abelian, hence solvable, and is therefore contained (for 
instance, by Zorn’s Lemma) in some maximal locally solvable subalgebra 6 of g. 
The subalgebra 6 is of course not unique. (Think of the finite-dimensional case!) 
However, as we shall see in the next chapter, not every maximal locally solvable 
subalgebra of g contains an abelian subalgebra with respect to which g admits 
a root decomposition (3.10). In this chapter we will describe explicitly all Borel 
subalgebras 6 of g that contain the fixed subalgebra h. By definition, these are 
splitting Borel subalgebrasof g, where more generally, a splitting Borel subalgebra 
is defined as a Borel subalgebra containing the image of h under some (arbitrary) 
automorphism of g. 

The above identification of g with an explicit matrix algebra enables us to assume 
that § is the subalgebra of traceless diagonal matrices. As in Chap. 3, we have A = 
{e; —€; |i Aj € Zso}. 

Our main result in the first half of this chapter is the following statement. 

There are natural bijections between the set of (splitting) Borel subalgebras b of 
g containing b and the following two sets: 


¢ the set of all subsets Ag C A satisfying conditions (B1) and (B2); 
¢ the set of all strict linear orders on the set Zs. 


We start the proof with the following important (standard) proposition. 
Proposition 5.1 [fan b-module M is a direct sum of h-eigenspaces, that is 


M= QB 1 (5.2) 


AEh* 


where M* :={meM|h-m=d(h)m_ Whe 5}, then any h-submodule M' Cc M 
has an induced decomposition M’ = @ (M')* where (M')* = M’Q M*. 
AE b* 


A module with the decomposition (5.2) is by definition an h-weight module. 


Proof To prove Proposition 5.1 is the same as to show that any h-submodule M’ 
is also an h-weight module. Consider an arbitrary nonzero vector m’ € M and 


58 5 Splitting Borel Subalgebras of sI(00), 0(00), sp(oo) and Generalized Flags 


n 
decompose it as )~ m; for some n, where 0 4 m; € M”' and the linear functionals 
i=l 
Aj are pairwise distinct. Fix an element / € 6 such that the values A; (/) are distinct 
fori = 1,..., n. (To the reader: prove using linear algebra that such an element h 


always exists!) By repeatedly applying h to m’, one obtains the linear system 
n 
i=l 


n 
hem’ = So ai(hymi, 


i=l 


W"! ml! = YU Ai(h))"!mj 


i=l 
with unknown vectors m;. The matrix A of the system is 
1 1 wee 1 
A1(h) A2(h) An(h) 
(Ar(A))"—! (Az (h)y"! ... An (ayy! 


and we can write the system as 


m my 

h-m' m2 
= A 

h®—!. im! m 

n 


Since A is a Vandermonde matrix, it is invertible (to the reader: please refresh the 
Vandermonde determinant in your memory!), and we obtain 


m my 
h-m' m2 


-1 / 
h'—*.m My 


5.1 Splitting Borel Subalgebras 59 


This means that each m; € span{m’,h-m',...,h"~!-m'},i.e.,m; € M’ash*-m' € 
M for any k. Consequently 


M = QB (M’)*, 


AEb* 


and we have proved Proposition 5.1. oO 


Now let 6 D § be a Borel subalgebra. Then as 6 is an h-submodule of g, and g is 
an h-weight module, 6 is an h-weight module too. Furthermore, as dim g* = 1 for 
any a € A, we have 


6=h@(@ a”) 


acAy 


for some subset Ap C A. Since for each a € A, g* and g ~ generate a non- 
solvable subalgebra of g (which is isomorphic to s{(2)), the condition a € Ag 
implies —a ¢ Ag. In addition, the set Ag is clearly additive within A (ie., a, B € 
Ap anda+6 € A>a+f6 € Ag) as b is a subalgebra of g. Therefore Ag 
satisfies condition (B1) and a weaker version of condition (B2). In order to establish 
condition (B2), we need to prove that if -a ¢ Ay for some a € A, thena € Ag. 

To prove this latest statement, consider all roots ¢; — ¢; that belong to Ap. If 
we set i << j for ¢; — 6, it is clear that we obtain a strict partial order on the 
set of indices Z.9. Indeed, the additivity of Ay implies that the partial order << is 
transitive, and the fact that —a~ ¢ Ay fora € Ag implies that << is antisymmetric, 
ie., that i << j and j << i are contradictory. A key observation now is that any 
strict partial order on Z.9 can be extended to a strict linear order on Z.0. Here is a 
quick hint why this is true: denote by 1* all elements which are greater than | with 
respect to <<, and by 1” all elements which are smaller than | with respect to <<. 
Let ig be the smallest element in Z.9 with respect to the usual order which does not 
belong to 1* or 1~. Then define the extension < of << to preserve the usual order 
between | and ig, i-e., 1 <~ ig. One checks that this is obviously compatible with 
<<, and continues by induction. This defines ~< on all pairs (1, j) for j € Zo. One 
finishes the argument also by induction, defining ~< on all pairs (2, /), etc. 

We now have a well-defined strict linear order < on Z,9 extending <<. Consider 
the subalgebra h @ (@ g**/) of g. Clearly this subalgebra contains b and is 

I<] 

locally solvable. (Please prove this latter claim!) Therefore it coincides with b as, 
by definition, 6 is a maximal locally solvable subalgebra. The fact that Ag satisfies 
condition (B2) follows immediately. Indeed, if a = ¢; — ¢; € A, then (as the order 
< is linear) we have either i < j or j ~ i, i.e., either a € Ag or —a € Ag. 

In this way we have assigned to each Borel subalgebra b C g with b D h a subset 
Ay of A satisfying conditions (B1) and (B2), as well as a strict linear order on Z.9 
from which one can read off the set Ag. 
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Note now that the correspondence between strict linear orders on Zo and subsets 
Ag C A satisfying conditions (B1) and (B2) is a bijection. Indeed, given an order 
< on Zs, one puts Ay := {e; — €; | i < j € Zo}, and conversely given Ag, one 
puts i < j if and only if ¢; — ¢; € Ay. The conditions (B1) and (B2) correspond 
precisely to the fact that < is a strict linear order on Z50. 

To complete the proof, we need to see that the correspondence between (splitting) 
Borel subalgebras 6 > h and subsets Ay C A satisfying conditions (B1) and (B2) 
is a bijection. Let Ay be a subset of A satisfying the conditions (B1) and (B2). Then 


b=5@| @ a" 


acAy 


is a subalgebra of g (as Ag is additive within A, and since 6 is locally solvable as 
a € Ag implies —a ¢ Ag). Finally, b is maximal solvable. Indeed any subalgebra 
( Cc g with | > 6 is of the form h 6 (@ g%) for some subset Ay C A with 
acl; 
A, > Ag. This follows simply from the fact that [is a weight h-module. Condition 
(B2) ensures now that any subset A; C A in which Ag is properly contained has an 
element a such that —a € Aj. Hence [ cannot be solvable if b is a proper subalgebra 
of (. Thus 6 is maximal solvable, and the proof of the following theorem is finished. 


Theorem 5.2 The correspondence 
b<> Ab 
is a bijection between the set of splitting Borel subalgebras of s\(oo) containing h 
and the set of subsets of A satisfying conditions (B1) and (B2). 
Here are some examples of Borel subalgebras of (oo). 


Example 5.3 Consider the following strict linear order < on Zo; 
2~3~4K<...<1. (5.3) 
The corresponding Borel subalgebra 6 has roots 
Ao = {€ — €1,€ —€j |2 <i < jh. 


Note that the simple roots of 6 do not span Ag: indeed, for a splitting Borel 
subalgebra b’ C s[(oo), one can define a simple root as an indecomposable vector 
in Ag, ie., as a root a € Ag that cannot be obtained as a linear combination 
of other roots in Ag with coefficients from Zso. Then clearly the simple roots 
of 6 are ¢; — €;4, fori > 2, and they do not span Ag over Zso. (Check!) This 
shows in particular that splitting Borel subalgebras of s{(0o) cannot be described by 
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extending the usual Dynkin diagrams of s[(7) to infinity in a naive way to the left, 
to the right or in both directions. ©) 


The following important example will be used in Chap. 7. 


Example 5.4. Consider the following strict linear order < on Zs 
1~3~5~-:-~6<4 x2. (5.4) 


The corresponding Borel subalgebra 6 has roots 


Ap = {e241 — €2j41 li < J} LU fears — €2;} ) tea — 2; | j <i}. 


This Borel subalgebra is an example of a perfect Borel subalgebra of sl(oo) as 
defined in [PS9]. It has the property that both the natural representation V and 
conatural representation V, are highest weight modules with respect to this Borel 
subalgebra. Up to an arbitrary bijection of the set Z. with itself, these are the only 
perfect Borel subalgebras. O 


Here is another example. 


Example 5.5 Let g : Z.9 — Q be a bijection, and let < stand for the strict linear 
order of Z.¢ induced via g by the usual order on Q. Let b C g be the splitting Borel 
subalgebra with Ay = {e; — €; | i < j, i, j € Zyo}. Then the set of simple roots 
of 6 is empty! O 


We say that 6 is a Dynkin Borel subalgebra of g if it is generated by h and the 
simple root spaces, or equivalently, if the simple roots of 6 span Ag. 


Example 5.6 Each of the following 3 orderings 


1<~«2~3~«~4<x.-.-. 
1+ <~4<3<«~2<1 
1+ <6~4~2~1~3~5K.--- 


corresponds to a Dynkin Borel subalgebra of sl(0o). Moreover, up to an arbitrary 
bijection of the set Zo with itself, these are all the Dynkin Borel subalgebras of 


sl(oo). Oo 


5.1.2 Splitting Borel Subalgebras of 0(co) and sp(oo) 


It is time now to consider the other two classical locally simple Lie algebras 0(co) 
and sp(oo). Let g = o(co) or g = sp(oo), and let h C g bea fixed subalgebra with 
b= oy for which the generalized root decomposition (3.10) holds. As we know 
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from Chap. 3, the decomposition (3.10) is necessarily a root decomposition, h is 
abelian, and for the root system A, there are the following three possibilities: 


A = {+6 tej, £26; |i  j € Zso} for g = sp(oc), (5.5) 
A = {+6; + €;, +e; |i # j € Zso} for g = 0(00), (5.6) 
A= {te; tej |i Fj € Zyo} for g = 0(00). (5.7) 


The corresponding root-isomorphism classes of root-reductive Lie algebras are 
Coo, Boo and Doo. 

We claim that Theorem 5.2 also holds for Co, By and Dg with appropriate 
modifications. Namely, the combinatorial description of all sets A, through linear 
orders has to be modified as follows. In all three cases, one considers Z instead of 
Z 5. More precisely for By and Co, all splitting Borel subalgebras containing a 
fixed Cartan subalgebra h are in 1-1 correspondence with strict linear orders on Z 
with the additional property a < b < —b ~< —a. Given such an order ~< on Z, the 
corresponding subset Ay, C A for By is 


{ei — €j), &k + €e, —Em — En, Er, —Es | 1, j,k, fm, n, r,s € Zso, 


ixj,k+€<0,0<m-+n,r ~< 0,0 <5}, 
and for Coo is 


{ei — &j, &k + €¢, —Em — En, 2€r, —2€s | i, j,k, €,m,n,r,8 € Zso, 
ixj,k+€<0,0<~m-+n,r < 0,0 ~ 5}. 
For Doo one considers only strict linear orders on Z satisfying a < b = —b < —a 


and the additional condition that if the element 0 has an immediate successor, then 
this element belongs to Zo. To an order ~< on Z, we assign the subset 


Ab = {e;—-€;, EK+EL, —Em—En | i, jk, &,m,n € Zs, 1 ~< Ji k+€ s 0 ~< m+n}. 


of A. It would be a good exercise for the reader to prove the more general version 
of Theorem 5.2, based on the above correspondences. 


5.2 Generalized Flags 


In the second half of this chapter, we give another description of all splitting Borel 
subalgebras of the classical locally simple Lie algebras sI(oo), o(00) and sp(oo) as 
stabilizers of maximal generalized flags. But first, we consider briefly the case of 
sl(n). 
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5.2.1 Finite-Dimensional Flags 


If 6 Cc sl(m) is a Borel subalgebra and V is the natural representation of sl(n), 
then we can consider V as a b-module. As 6 is solvable, by Lie’s Theorem V has 
a one-dimensional irreducible submodule V; C V. Furthermore, the quotient V/V, 
also has an irreducible one-dimensional submodule. Denote the two-dimensional 
preimage of this submodule in V by V2. Then Vi; C V2 C V, and by continuing the 
process we obtain a b-stable maximal flag of subspaces in V: 


Vi C V2 C---C Vn-1 CV. (5.8) 


It is a classical fact that the flag (5.8) determines b. To see this, choose a basis e1, 
€2,..-, €, in V and consider the flag 


span{e;} C span{e), e2} C--- C spanf{ej,..., @n_1} C V. (5.9) 


Let o : V > V be an automorphism of V such that o(V;) = span{e,,..., e;} for 
1 <i <n -—1. The isomorphism of vector spaces 


a @0*:V@V*.>VeV* 


induces an automorphism of sl(7) (considered as a Lie subalgebra of EndV = 
V @ V*) and the image b’ Cc sl(n) of b under this automorphism is the subalgebra 
of traceless upper triangular matrices in V @ V*. A straightforward computation 
shows that b’ equals the stabilizer of the flag (5.9) (please carry out this computation, 
i.e., show that each subspace in the flag is a b’-submodule and that b’ is the unique 
maximal subalgebra of g for which this property holds). It follows then that 6 is the 
stabilizer of the flag (5.8). 

The above discussion leads also to the notion of compatibility between a basis of 
V and a flag of subspaces in V. We say that a basis vj, ..., Uv, of V is compatible 
with a flag 


VicV3c---CVicV 


if for every i, 1 <i <_s, there are j),..., j, such that v/ = span{vj,,..., U;,}, 
or in other words if every subspace V/ is a coordinate space for the basis v1, 
.., Un. Note that a fixed basis has only finitely many coordinate spaces and 
can thus be compatible with only finitely many flags; however, a fixed flag can 
be compatible with infinitely many bases. This is directly related to the fact 
that a Cartan subalgebra h C sl(n) is contained in finitely many (precisely in 
n!) Borel subalgebras of g, while a Borel subalgebra contains infinitely many 
Cartan subalgebras. Indeed, fixing a Cartan subalgebra h in sl(m) is equivalent to 
decomposing V as a direct sum of one-dimensional subspaces (prove this!), and 
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every Borel subalgebra b > 6 is the stabilizer of a flag of maximal length in V 
compatible with any basis that induces the decomposition of V determined by b. 

The decomposition of Borel subalgebras as stabilizers of maximal flags in the 
natural representation plays a crucial role in geometric representation theory. This 
theory relates the geometry of flag varieties with the representation theory of g. In 
Sect. 10.1, we will discuss the basics of the geometric representation theory of s(n), 
and in particular, the Bott-Borel—Weil Theorem for sI(7). 


5.2.2. Generalized Flags 


We are now ready to pursue the “flag approach” to the Borel subalgebras of 
sl(co), 0(00) and sp(oco). Let us first look at g = sl(oo). By a flag in the 
natural representation V of sl{(oo), we mean a chain of distinct subspaces of V 
parameterized by an ordered subset of Z with the conditions that the intersection of 
all spaces in the chain equals zero and the union of all spaces in the chain equals V. 
Up to isomorphism of ordered sets, this yields the following four possibilities: 


--CVpCVWCVCWC:::, two-sided flag, 
{0} =Vo CVC V2 C::-, infinite ascending flag, 
-+CV2CV1CVW=V, infinite descending flag, 


{O}}=VcVic-::-cV,=V, finite flag. 


One drastic difference from the finite-dimensional case is that in the infinite- 
dimensional case flags are no longer sufficient to describe all splitting Borel 
subalgebras of g. Indeed, the following is an example of a (splitting) Borel 
subalgebra for s[(oo) that is not the stabilizer of any flag in the natural representation 
of sl(oo). 


Example 5.7 Consider the realization of s{(oo) as matrices that are “infinite down 
and to the right" and have finitely many nonzero entries. Fix § to be the diagonal 
subalgebra, and let b D 6 be the splitting Borel subalgebra corresponding to the 
linear order (5.3). It is easy to compute all b-invariant subspaces of the natural 
s((oo)-module V. First of all, V is an h-weight module with one-dimensional weight 
spaces V°/, and any h-stable subspace is of the form span{V*/} for some subset of 
indices j. If V°! Cc V, where V is now a b-stable subspace, then V=b-Vi=V 
since ¢; — € € Ag for any i > 2. Therefore no proper b-stable subspace of V 
contains V*!, 

On the other hand, for any i > 2, V’ = span{V*,...,V‘} is a b-stable 
subspace. This yields a maximal chain of b-stable subspaces 


0CV,0CV30-.-CV' CV, (5.10) 
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where V’ := |) V;. Moreover, any nontrivial b-stable subspace V is one of the 
i>2 
spaces in (5.10). Indeed, vav’ # 0, as V’ clearly has no b-stable (one-dimensional) 
complement. If there is a maximal k for which Vi c V, then V = Vi (check it!) and 
if there is no such k, then V equals V’ or V. (Check this too!) However, the index 
set of the chain (5.10) is clearly not isomorphic as an ordered set to a subset of Z. 
Hence this chain is not a flag. The reader should further check that 6 is in fact the 
stabilizer of (5.10), and that 6 is not the stabilizer of any proper subchain of (5.10). 
Therefore b is not the stabilizer of a flag of subspaces in V. O 


We now introduce a sufficiently large class of chains of subspaces in V for which 
all splitting Borel subalgebras of s{(oo) are stabilizers of such chains. First, a chain 
C = {C,} of subspaces in V is a set of pairwise distinct subspaces {C,.} with the 
property that for any wp A v, Cy C Cy or Cy C Cy. The set of indices of a chain 
is naturally totally ordered (the order comes from the inclusions of subspaces). For 
instance, the index set of the chain (5.10) is isomorphic to Z.9 as an ordered set 
with the order (5.3). 

A chain C = {Cx} is a generalized flag if it satisfies the following two 
properties: 


(1) every index « has an immediate predecessor or an immediate successor in the 
index set of C; 

(2) for every v € V, there is a pair C,/, Cy” € C such that x’ is the immediate 
predecessor of «” and v € Cyr \ Cy. 


In what follows, we reserve the notation x’, x” for pairs of indices such that x’ is 
the immediate predecessor of x”. 

Clearly, any flag of subspaces of V is a generalized flag. The converse is not true 
as for instance the chain (5.10) is a generalized flag that is not a flag. We call a 
generalized flag maximal if as a set, it is not properly contained in any chain C of 
subspaces in V that itself is a generalized flag. It is straightforward to show that a 
generalized flag F is maximal if dim ¥,.” /F,. = 1 for all pairs «’, x”. 

A basis {ej }icz,) of V is compatible with a generalized flag F = {F,} if there 
is a strict linear order < on Z.9, such that for any space of the form F,,” there exists 
J € Zso such that F,, = spanfe;};.;, and for any space of the form ¥,” there 
exists k € Zs for which F,” = span{ex, e;};<x. In particular, all spaces F,, (and 
in particular, all spaces of the form ¥,”) are coordinate spaces with respect to the 
basis {e;};¢z_,). To the reader: show that for a basis, the condition that all spaces F, 
be coordinate spaces is equivalent to the basis being compatible. Moreover, if the 
generalized flag F is maximal, then the order < is uniquely determined. 

Note that our fixed diagonal subalgebra  C g determines a decomposition V = 
@ V*, with dim V® = 1 for all i. Fix a basis e1, e2, ... of V such that e; € V% for 


l 
each i. We are now ready to state the description of splitting Borel subalgebras of g 
in terms of generalized flags. 
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Theorem 5.8 The splitting Borel subalgebras of g containing ) are in bijection 
with all maximal generalized flags F = {F,,} in V compatible with the fixed basis 
{ei} of V. 


The proof of Theorem 5.8 is given in [DP3]. Here we just construct the bijection 
in question. In fact, all we need is the following simple construction. Let < be a 
strict linear order on Z59. For each j € Zo, define a pair of subspaces 
Fj := span{e; |i < j}, 
Fijv = span{ Fy, ej}, 
and set F. := VU oe i", Fj}. To prove the theorem, one has to check that the 


following chain of correspondences is a chain of bijections whose composition 
equals the identity: 


bt—> Agr ~ > F.+ > Bb. 


The last map assigning 6 back to ¥_, is nothing but “taking stabilizer’, i.e., we claim 
that 6 is reconstructed as the stabilizer in g of the chain of subspaces ¥_, in V. We 
challenge the reader to fill in the details. 


5.2.3, Maximal Chains and Parabolic Subalgebras of s\(0o) 


We have described all three approaches to the splitting Borel subalgebras of s{(0o), 
and now we would like to make a few comments. 

Our first comment concerns the idea of replacing maximal generalized flags with 
chains of subspaces that are maximal in the class of all chains. Although maximal 
chains of subspaces in V can be uncountable and may have quite a complicated 
structure, it is in fact true that any splitting Borel subalgebra 6 is the stabilizer of a 
unique maximal chain € of subspaces of V. The proof of this result can be found 
in [DP1]. Sometimes a maximal generalized flag in V is also a maximal chain, 
but sometimes it is not. For instance, the chain (5.10) is a maximal generalized 
flag and it is also a maximal chain. However, in Example 5.5 where the order < 
is the pullback on Zo of the usual order on Q via a bijection g : Z.9 > Q, the 
corresponding generalized flag ¥_, is not a maximal chain. Indeed, the spaces in F. 
are parameterized by two copies of Q, since these spaces are ¥,, = {e; | i < q} and 
Fav = {€g,e; | i < q} for g € Zo. On the other hand, the unique maximal chain 
C. containing F. is the union of F_ and all the spaces C,. := span{C,-1(p) | p<r} 
for r € R\Q. (Please prove this statement!) In other words, the index set of the 
chain C. is “IR with all rational points doubled”. This is obviously a variation of 
the construction of R via Dedekind cuts, the only difference being that the usual 
ambiguity, as to whether a rational point should belong to the left or to the right part 
of the cut, is eliminated. A more detailed discussion of this example and a proof 
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of the fact that in general there is a bijection between maximal generalized flags of 
subspaces in V and maximal chains of subspaces in V is contained in [DP3]. 

Our second comment concerns parabolic subalgebras of g = sl(oo). Indeed, 
what are parabolic subalgebras of sl(oo)? We will answer this question in the next 
chapter, here we just discuss the important class of splitting parabolic subalgebras. 
By definition, a splitting parabolic subalgebra is a subalgebra of g that contains 
a splitting Borel subalgebra. A result of [DP1] implies that all splitting parabolic 
subalgebras of g containing the fixed subalgebra § are in 1-1 correspondence with 
all generalized flags of subspaces in V that are compatible with the basis {e;} 
determined by §. In addition, these parabolic subalgebras are in 1-1 correspondence 
with strict partial orders on Z. with the property that for eachi € Z.o, the relation 
“j is not comparable with k” is an equivalence relation. This result is an ultimate 
justification for the notion of a generalized flag, as maximal chains are less suited 
for describing splitting parabolic subalgebras. 


5.2.4 The Case of 0(co) and sp(oo) 


We will complete this chapter with a quick discussion on the generalized flag 
approach for the Lie algebras o0(00) and sp(oo). In the finite-dimensional case, 
ie., for o(m) and sp(2k), in the presence of a bilinear form (-, -) on the natural 
representation V, the notion of a flag is replaced by the notion of an isotropic flag. 
We give the corresponding definitions directly in the infinite-dimensional case. The 
reader unfamiliar with this approach in the finite-dimensional case should read the 
rest of the chapter and then work out in detail the cases of Bz and C3. After that, the 
general statements will immediately start to make sense. 

Let V be the natural representation of Byy, Dog or Coo, which by definition is just 
the union of natural representations of B;, D; or C; (we assume that an exhaustion 
of g = 0(00), sp(co) is fixed, 
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where all 5; are of the same type B, D, or C, and all inclusions 5; C s;+1 are 
root injections). The space V is equipped with a nondegenerate form (-, -) which 
is symmetric for B and D, and skew-symmetric for C. If U C V is a subspace, 
then U+ denotes its orthogonal space with respect to (-, -). A generalized flag F = 
{Fx Fev} in V is isotropic if the map F > F+, for F € F, is a well-defined 
involution on F . 

To be able to state the main result, we also need to introduce certain special bases 
of V. We say that a basis of V is of type B if it is of the form {e,, e9, e”} forn € Zs, 
(eo, eo) = 1, (e;, e') = 1 and fori, j € Zo, i & j, 


(e;,e/) = (ei, ej) = (ei, e:) = Ce, e/) = (e/, e/) = (€0, ei) = (e0, e/) = 0, 
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where the form (-, -) is symmetric. A basis of the form {e,, e”} forn € Zo with 
(e;,e') = land fori, j € Z.9,i1 Fj, 


(e;,e/) = (ei, e;) = (Gi, e1) = Ce, e4) = (e/, e/) =0 


is of type C or D if the form (., -) is respectively skew-symmetric or symmetric. It 
is true that V always admits a respective basis of type B, C or D. The proof is an 
infinite-dimensional version of the usual orthogonalization procedure and could be 
an excellent exercise for the reader. One can also look it up in [DP3]. 

The main result about splitting parabolic subalgebras of 0(00) and sp(oo) is the 
following. Let g = o(00) or sp(oo). For any generalized h-root decomposition 
(3.10), there exists a (non-unique) basis of V which is of type B, C or D, such 
that the splitting parabolic subalgebras p C g with the property p D 4 (ie., all 
subalgebras p of g that contain a maximal locally solvable subalgebra 6 of g 
with 6 > 4) are in 1-1 correspondence with all isotopic generalized flags in V 
compatible with this basis. Given such a generalized flag, the corresponding splitting 
parabolic subalgebra is just its stabilizer. Splitting Borel subalgebras are in 1-1 
correspondence with isotropic maximal generalized flags compatible with the basis. 
The proofs can be found in [DP4]. 


Chapter 6 ®) 
General Cartan, Borel and Parabolic sieht 
Subalgebras of gI(co) and s[(oo) 


In the first part of this chapter, we generalize the theory of Cartan subalgebras from 
sl(n) to s{(co) and gl(co). In the second part, we discuss the non-splitting Borel and 
parabolic subalgebras of sl(oo) and gl(oo). 


6.1 Cartan Subalgebras of sl(oo) and gl(co) 


We have already considered a natural class of subalgebras h of g = sl(oo) that can 
play the role of Cartan subalgebras for g, namely subalgebras § such that h = oy 
and g admits a generalized h-root decomposition (3.10). Theorem 3.3 in Chap. 3 
implies that any such subalgebra h is simply the union (J; 5; of Cartan subalgebras 
h; of g; & sl(i) for some exhaustion g = |); g;. It is clear that such a union 
U; 6; of Cartan subalgebras of g; should be considered as a Cartan subalgebra of g, 
however we have not yet given a general definition of a Cartan subalgebra of g. A 
key question for this chapter is: what is a Cartan subalgebra of s{(oo), and is it true 
that any Cartan subalgebra of s{(oo) equals the union of Cartan subalgebras 4; C g; 
for a suitable exhaustion g = |); g; with g; ~ sl(i)? 

Recall that a Cartan subalgebra of a finite-dimensional reductive Lie algebra is 
defined as a self-normalizing nilpotent subalgebra (see Chap. 1, Sect. 1.2). It is 
then a nontrivial theorem that any Cartan subalgebra is actually a maximal toral 
subalgebra. It is natural to ask whether this theorem also holds for sl(oo), if one 
relaxes the condition of nilpotence to local nilpotence. In other words, is it true that 
any self-normalizing locally nilpotent subalgebra of s{(oo) is maximal toral, and 
conversely, is it true that any maximal toral subalgebra of s[(0o) is self-normalizing 
and locally nilpotent? 

It turns out that the answer to both of these questions is no, and we will provide 
corresponding counter-examples in this chapter. Let’s start with some preliminaries. 
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6.1.1 Toral Subalgebras 


In the rest of this chapter, we denote by g the Lie algebra gl(co), which we identify 
with the Lie algebra associated with the associative algebra V ® V,,, where V and 
V,. are as in Chap. 5, Sect. 5.1.1. Then sl(oo) is the subalgebra of g consisting of 
traceless matrices (a;;) (by definition, a;; 4 0 for only finitely many pairs (i, j) € 
Zs0 X Zs). Note that the identification g = V ® V, is compatible with the g-module 
structure, i.e., that the adjoint g-module is isomorphic to the tensor product of the 
g-modules V and V,,. (Check this by a direct computation!) 

A toral subalgebra of g is a Lie subalgebra t C g, such that for every nonzero 
element f € t, the linear operator 


It, -l:g—>g 


is semisimple, i.e., diagonalizable. 
Lemma 6.1 Any toral subalgebra of g is abelian. 


Proof Consider two nonzero elements f;,f2 € t, and let f2 = » b be the 
decomposition of f2 as a linear combination of [t), - ]-eigenvectors with distinct 
eigenvalues. Then [t1, t2] = )~ gh sty , where A, is the eigenvalue of b . Moreover, by 
the same argument as in the proof of Proposition 5.1, which uses the Vandermonde 


matrix t; € t for all s. Since [45,[4,%]] = [, —Ast}] = —As[t), tj] = 0, and 
since [t5, -] is a semisimple operator on t, we have [t5, t;] = O for any s. Hence 
[t2, 1] = > [45, 1] = 0. Oo 


Lemma 6.2 [ft € g, then the linear operator [t, -] : g — g is semisimple if and 
only if t is semisimple as an endomorphism of V, or equivalently of Vx. 


Proof Let t € g be a semisimple endomorphism of V. Then V = V; @ W; where 
V; is the image of t (i.e., the direct sum of t-eigenspaces with nonzero eigenvalues) 
and W, is the kernel of t. Clearly, dim V; < oo and dim W; = ov. Similarly, V,. = 
(V..): ® (W,.), and therefore the tensor product V @ V, equals the direct sum of 
t-invariant spaces (V; ® (Vx);) BV; @ (Wx)1) B CW: ® (Va)1) BW; @ (W,)1), each 
of which is clearly a direct sum of t-eigenspaces. Hence [f, -]: V @ Vx > V @ Vx 
is semisimple. The case when ¢ is a semisimple endomorphism of V,, is analogous. 

Conversely, let [t, -] : g — g be semisimple. Let V; C V and (Vx); C Vx 
be finite-dimensional f-invariant subspaces with respective complements W; C V 
and (W,.)+ CG V» on which ft acts by zero. Such spaces exist for any tf € g, 
i.e., the semisimplicity assumption on [f, -] is not necessary here. In addition, one 
can always assume that the pairing V; x (Vx); — C is nondegenerate and that 
t € V,@(V;);. Since V;®(V;.); 18 a[t, - ]-invariant subspace of g, the semisimplicity 
of [t, -] implies that ¢ is semisimple as an element of the finite-dimensional Lie 
algebra V; © (V,.); that is isomorphic to gl(dim V;). Then by Bourbaki [B, Ch I, 
6, no.3, Theorem 3] (applied to the projection of t to sl(dim V;), please work out 
the details!), [t, - ] is a semisimple operator on any irreducible finite-dimensional 
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representation of V; ® (V..);, and in particular on V; and (V,.);. (The reader should 
attempt to check the latter statement directly for the natural representation of sI(n) 
and its dual, which is all we need here). Hence t is a semisimple endomorphism of 
both V and V,. oO 


The subalgebra § of g, consisting of all diagonal matrices belonging to g, is toral, 
(recall decomposition (5.1) and the decomposition V,. = @, V,*) and is clearly 
maximal toral. Furthermore, is self-normalizing, and as it is abelian, § is also 
locally nilpotent. More generally, if g = ; g; is any exhaustion of g as a union of 
gl(i) for i > oo, and if h = LU; 67, each h; being a Cartan subalgebra of gl(i), then 
h is a maximal toral subalgebra of g that is self-normalizing. 

Recall that if g were finite dimensional, i.e., g = gl(V) with dimV < o, 
then every maximal toral subalgebra of g would be self-normalizing. Moreover, 
there would be a 1-1 correspondence between the maximal toral subalgebras of g 
and pairs of dual bases of V and V, (up to scaling). Indeed, when dimg < oo, a 
maximal toral subalgebra of g determines a decomposition of V and V,, into one- 
dimensional weight spaces, and respective (nonzero) weight vectors v, € V* and 
vi e€ V,-* can be chosen to form a pair of dual bases. Such a pair of dual bases is 
determined up to scaling. Conversely, a pair of dual bases of V and V,, determines 
a matrix presentation of gl(V), such that the set of diagonal matrices is a maximal 
toral subalgebra h, and the given dual bases are h-weight vectors. 

Here is an example of a maximal toral subalgebra of g that is not self- 
normalizing, and hence there is no exhaustion of g by subalgebras g, isomorphic 
to gl(n) such that h = U,, bn for Cartan subalgebras hn C gn. 


Example 6.3 Fix nonzero vectors ej € V% and e* € V,* with e*(e;) = 1 fori € 
Zs. Then automatically e*(e;) = 0 fori # j. Consider the following subspaces 
of V and V,: 


vic span{e; + e1} fori > 3,i odd 
~ span{e;} fori > 4,7 even, 
(6.1) 
vi= 


* 


span{e*} fori > 3, i odd 
span{e* + e5} fori > 4,7 even. 


We claim that t:= Q(V' @ Vi) is a maximal toral subalgebra of g. To prove this, 
i>3 
consider the exhaustion 


gcmc--, Ua=a. 
i 


where g; = (span{ej,...,e;}) ® (span{ej,...,e*}). Clearly, the pair of sets 
{e3+e1, e4,e5t+e1,...,e ter}, {e3, e; +e5, es, ..., e7} fori odd, and respectively 
{e3 + €1,¢4,€5 + €1,..., ei}, {€3,€4 + €5,€5,--.,€; + €5} for i even, can be 
extended to a respective pair of dual bases of span{e), ..., e;} and span{ej, nent e*}. 
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The intersection t M g; is then a subalgebra of the unique maximal toral subalgebra 
of g; whose eigenspaces in span{e),..., e;} and span{e},..., e*} are spanned by 
precisely one element of the respective bases. In particular, each t; := tg; is toral, 
hence t is toral. 

To see that t is maximal toral, note that any toral subalgebra  C g with t D t 
intersects g; in a toral subalgebra containing t; and arises from a pair of dual bases 
as above. Moreover any such pair of dual bases contains vectors of the form v € V 
with e5(v) # 0, and vx € V, with v.(e1) ~ 0. The intersection G = tN gi equals 
t; if and only if span{e;} and span{e3} are both eigenspaces of {; of weight zero. 
(Prove this by a direct computation!) Now if we assume that t  f, we obtain an 
element? € t with? -e; 4 0 or? - e} 4 0. Then? does not commute with elements 
of t of the form (e; + e1) ® e ore; ® Ce +3) for j > i, which is a contradiction. 
Therefore £N gi = t; for alli,ie., { = t and t is maximal toral. 

The maximal toral subalgebra t is of course locally nilpotent (being abelian), but 
it is clearly not self-normalizing as the element e; ®e5 belongs to the centralizer C (t) 
of t in g, but does not belong to t. It is in fact true that C(t) equals span{e, ® e5} ®t, 
and that C(t) is a self-normalizing abelian subalgebra of g. This follows from our 
general considerations below; nevertheless we urge the reader to verify it by a direct 
computation. O 


6.1.2 Dual Systems 


Maximal toral subalgebras are in general not self-normalizing, as was seen in 
Example 6.3. However as we shall prove in Theorem 6.9 below, general Cartan 
subalgebras are nothing but centralizers of arbitrary maximal toral subalgebras. To 
get a feeling for what this theorem is really saying, we will first study the centralizers 
of maximal toral subalgebras of g = gl(oo). For this purpose, we need the following 
definition. If € is a Lie algebra and M is a €-module, we call M locally €-finite if 
dim(U (€) -m) < oo for any m € M, where U(€) denotes the universal enveloping 
algebra of €. 

Assume now that t C g is an arbitrary infinite-dimensional toral subalgebra. Then 
by Lemmas 6.1 and 6.2, t is an abelian Lie algebra of semisimple endomorphisms 
of V, and if t were finite dimensional, then all endomorphisms in t would be 
simultaneously diagonalizable. The crucial difference in the case we are considering 
is that simultaneous diagonalizability does not hold. More precisely, let {V%} be the 
set of joint eigenspaces in V of all elements of t considered as endomorphisms of 
V. Then each q@ is a linear functional on t, and we denote by supp, V the set of all 
such linear functionals a with V, 4 0. The sum of the t-eigenspaces V“ is direct 
(prove it!) and 


v= QB ve 


qmesupp, V 
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is a t-submodule of V. Similarly, the direct sum 


i= @ vw 


Besupp, Vs. 


of all t-eigenspaces of V, is a t-submodule of V,. However when t is not 
finite dimensional, V’ and V, are in general proper t-submodules of V and V,, 
respectively. Consider the following example. 


Example 6.4 If tis the maximal toral subalgebra from Example 6.3, then the spaces 

V' are precisely the t-eigenspaces of V (recall that V' = V“ fori even, i > 4, and 

vi = vt! for i odd, i > 3) and the direct sum Ba V' is a t-submodule of V 
i>3 

of codimension 2. (In this case, the direct sum of the t-eigenspaces of V,, also has 

codimension 2.) O 


Lemma 6.5 For any toral subalgebra t C g, the t-submodules 


Vi= @ V’ocVandVyi= @B voc 
aesupp, V Besupp;, Vx 


are the unique maximal locally t-finite submodules of V and V,., respectively. 


Proof Suppose there is a nonzero v € V such that dim U(t)- v < oo. Then U(t)- vu 

is a finite-dimensional t-invariant subspace, and since t is an abelian Lie algebra of 

semisimple endomorphisms of U(t) - v, we have U(t)- v = Q(U(t) - v)® for some 
Qa 


linear functionals w on t. Then (U(t) - v)* C V® for each w, and hence v € V’. The 
same argument applies to V.. oO 


We need also the following important general lemma due to I. Dimitrov and 
G. Zuckerman. Its proof first appeared in [NP]. 


Lemma 6.6 Let t be a Lie algebra and let the superscript ' indicate the unique 
maximal locally t-finite submodule of a t-module. Then for any t-modules M and N, 


(M@N) =M'@N’. 


Before proving the lemma, we introduce some notation. Let U and W be vector 
spaces. To any element x € U © W we assign a subspace U, C U in the following 
way. Write x as )> j,¥4j © w; with linearly independent w; € W, and set Uy := 
span{u ;}. In a similar way we assign to each x € U @ W a subspace W, C W. 
To check that U, (and similarly W,) does not depend on the presentation of x as 
>» j Uj © wj, it suffices to identify U; with the image of the linear operator (x) € 
Hom(W*, U), where y is the canonical inclusion 


U@®W< Hom(W*,U), wu@w)(a@) :=a(w)u. 


This is a straightforward check which we omit. 


74 6 General Cartan, Borel and Parabolic Subalgebras of gl(oo) and sl(oo) 


It is clear that dim U, < oo. Note also that for any subspace Y C U, we have 
Y@W={x eU@W:U, CY}, 
and similarly for any Z C W, 
US®Z={xecU@W:W, CZ}. 


In particular, x € U, ® Wy. 
We are now ready for the main argument. 


Proof of Lemma 6.6 Fix a nonzero element x € (M @ N)’ and a basis x1,..., Xp 
of U(€) - x with x} = x. Set Y := My, +---+ My, and Z := Ny, +--+ + Nx,. 
Since x € M, ® Ny, C Y @Z, it suffices to prove that Y C M’ and Z Cc N’. We will 
show that Z Cc N’ (the argument for Y is completely similar), which will follow 
from the inclusion U(€) - Z C Z. To establish this inclusion, it is enough to verify 
that k- Ny, C Z for any i and any k € €. 

Fix k and i, and write x; as Dae mj; ® nj; with linearly independent m; <€ M. 
Then k- xj = D),k-mj @nj + Yijmj @k- nj. Since k- x; € Y ® Z and 
do k-mj@nj € M@Z, we have )); mj @k-nj ¢ M®Z. Therefore NS meen; C 
Z,i.e.,k-nj € Z. As then; generate N,,, this implies k- Ny, C Z. oO 


Lemmas 6.5 and 6.6 imply that g’ := V’ @ V{ is the unique maximal locally 
t-finite submodule of g, and that t C g’ and C(t) C g’ (recall that C(t) denotes the 
centralizer of t). The following proposition provides a characterization of maximal 
toral subalgebras. 


Proposition 6.7 


(a) A toral subalgebra t C g is maximal if and only if the following two properties 
hold: 


(J) (supp, V)\{O} = —(supp, V,.)\{O} and dim V“ = dim V,-* = 1 for any 
a € (supp, V)\{0}; 
(2) VOCV°) = {0} and (V° ® V2) Nt = {0}. 
(b) If t is a maximal toral subalgebra, then the following three properties also 


hold: 


(3) t= amy vVrave: 
ae(supp,; V)\{0} 
(4) 


ve = () (Ve and V9 = () vey, 
ae(supp, V)\{0} Be (supp, V.)\{O} 


where for U C V, Ut s= {vx € Vx | vx(U) = O}, and for W C V;, 
Wiss 
{ve V | W(v) = O}. 
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(5) CH) =(V°® Ve) ® t, and C(t) is a self-normalizing abelian subalgebra 
of g. 


Proof Let’s first prove (/)-(5) under the assumption that t is maximal. 


(1) WehaveV’= @ V%andVi= @ ve. It follows from Lemma 6.6 
aesupp, V Besupp;, Vx 
that 
J =V@V)/=V@Vi= a vi @ ve. 


aesupp, V, Besupp, V’ 


Since t C g’ and t is abelian, we obtain 


tc <p) v“® ie 
ae (supp, V)N(— supp, Vx) 


Moreover, ve (V%) = 0 for 8 # —a (to the reader: justify this equality!) and 
t- V® & {0} fora € (supp, V)\{0}. So it follows that V-“(V%) # {0} for all 
a € (supp, V)\{O}. Fix a € (supp, V)\{O}, and pick v € V% and @ € V,% 
with g(v) = 1. Then v @¢ is a semisimple endomorphism of V that centralizes 
t, implying that v @ g ¢€ t by the maximality of t. Therefore 


{0} =[v@9, V“ @V,*]. 
This implies in particular that 
{0} = [v @g, (kerg@ NV") @ VV“) = (kergN V*) @@. 
Thus kergM V® = {0}, which yields dimV° = 1 forO #4 @ € (supp, V) N 
(— supp, V;). Similarly, dim V,-~ = 1 forO 4 @ € supp, V M (— supp, Vx). 


Hence V° @V,% Ct. 
Finally, as 


t| @ vl= @ vw 


aesupp, V aesupp; V\{0} 
[| @ vj= @ vw. 
Besupp, Vx Besupp, Vs \{O} 


we can also conclude that 


(supp, V)\{O} = —(supp, V.)\{O}. 
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(2) Suppose that there exist g € ye and v € V9 with y(v) = 1. As above, we see 
that v ® g € t, which contradicts (v ® g) - v = g(v)v since v € V°. Therefore 
Vo(v°) = {0}, which in turn implies that each endomorphism of V that lies in 
V°® ve is nilpotent. Hence tM (V°®@ ag = {0}. 


(3) Since t contains all the spaces V* @ V,-* for a # O and is contained in 
@B V* @V,%, we obtain 
aesupp, V 
t=(NVWeVe QM vVevi*. 
aesupp; V\{O} 

Now (3) follows from (2). 
(4) In view of (3), the space {v € V | t- v = {0}} coincides with the common 

annihilator of the spaces V,-* for a 4 0. Hence, 

Vo = {ve V[t-v=0}= fl: whe. 
Be(supp, Vx)\{0} 

A similar argument applies to ye : 

(5) Note that C(t) C g’. Furthermore, Lemma 6.6 implies that g’ is a weight 


t-module, and hence C(t) is the t-weight space of weight 0 in g’. Since 
a’ = V’@ Vi, clearly this weight space equals (V° @ V2) @ t. Therefore 
C(t) = (V°@ Ve) @® t, which is abelian since t is abelian and viv) = 
V%(V°) = {0} for all a. Furthermore, if N(C(t)) denotes the normalizer 
of C(t) in g, [N(C(t)), C()] C C(t) implies that N(C(t)) is a locally C(t)- 
finite module and hence a locally t-finite module. Thus N(C(t)) C g’, and the 
equality N(C(t)) = C(t) follows again from the fact that C(t) is the t-weight 
space of weight 0 in g’. 


Conversely, assume now that (/) and (2) are satisfied. Then (3) is also satisfied as 
it follows from (J) and (2). Therefore dim V* @ V,-* = 1 fora #¢ O and ve (V%) = 
{0} for 6 #4 —a imply via (3) that t is abelian and each element ¢ € t is a semisimple 
endomorphism of V. Hence t is a toral subalgebra. Furthermore, the argument in the 
proof of (5) yields 


Ci) =(V°@VL) et. 


Now (2) implies that each element in V? @ y is nilpotent, hence t is a maximal 
toral subalgebra. Oo 


Proposition 6.7 is a fairly explicit description of maximal toral subalgebras t of 
g = gl(oo) and their centralizers. In particular, it claims that any maximal toral 
subalgebra t is determined by the system of one-dimensional subspaces V* C V 
and V,-* C V, parameterized by supp, V\{0}. Such systems of one-dimensional 
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subspaces can be characterized in a natural self-contained way, and this leads to our 
final description of maximal toral subalgebras t C g. 

Consider a pair ({Va}aea, {(Vx)a}aea) Of sets of one-dimensional subspaces 
Va C V and (Vx)a C Vx, parameterized by an arbitrary countable set A. The pair 
({VahaeAs {(Vx)a}aeA) is a dual system of one-dimensional spaces, or simply a dual 
system, if (Vx)a(Va) € 0 for any a € A and (V.)ag(Vp) = 0 for any a, b € A. Dual 
systems are ordered by inclusion, so the notion of a maximal dual system is well 
defined. 


Proposition 6.8 The correspondence 


tH> {V*}ae(supp, v)\(0}. {Ve “Jae supp, V)\{0}> 


({Valaca, {(VsJalaca) > GY(Va @ (Ve)a) 


acA 


yields mutually inverse bijections between the set of maximal toral subalgebras of g 
and the set of maximal dual systems. 


The proof can be found in [NP]. A key argument is that a dual system is maximal 
if and only if V? := () ((Vs)a)t and V2 := ()(V,)+ are mutually orthogonal, 
acA 


acA 
ie., ye (V°) = 0. We urge the reader to work out the proof on his/her own. 


6.1.3 Cartan Subalgebras 


We are ready now to state and prove a result about Cartan subalgebras of a very 
general class of locally finite Lie algebras. Call a Lie algebra g locally reductive 
ifg = eg, gi, where each g; is a finite-dimensional Lie algebra reductive in 
Gi+1 (ie., the adjoint action of g; on gi+1 is semisimple; this implies in particular 
that g; is reductive). All unions of reductive Lie algebras we have considered so far 
are locally reductive, in particular any locally simple Lie algebra is automatically 
locally reductive. 

If g is locally reductive and h ¢€ g is any element of g, then h has a well-defined 
Jordan decomposition h = hs + hy, where hy is the semisimple component of h 
and where h, is the nilpotent component of h. To give a definition, one first fixes a 
j such that h € g;, and decomposes h as h° + h°, where h° € Zag; he [gj, gil. 
Then one considers the Jordan decomposition h°+n? of h°, where A h? € [g;, 9] 
and adh? = ad he + ad n°? is the Jordan decomposition of the operator 


adh® : [gj,9;] > [g;, gj]. 


The existence of the decomposition h° = h® + h° is well known (it follows 
for instance from [B, Ch.VII,§5, Prop.1] applied to the embedding [gj, gj] C 
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gl([gj+1, 9;+41])). Finally one sets hy := A° + A, hy := h?. Then hy is a well- 
defined semisimple element (prove this using the fact that g; is reductive in g;+1!) 
andh;,hy € g, [hs, hy] = 0. Furthermore, the key point is that the decomposition 
h = hs +h, does not depend on j. This latter fact follows for instance from [B, 
Ch.VII,§5, Rem.2] and we recommend the reader to prove this in full detail. In 
addition, it is a standard property that adh, is a polynomial in ad with no constant 
term. 

If g is locally reductive and h C g is any Lie subalgebra, we can now call 4 
splittable if for every h € 6, both vectors hs and h, also belong to h (in general 
h;, hy € g). (Please read [B, Ch. VII, §5] to appreciate this definition!) Furthermore, 
for any subalgebra § C g, we set 


of = (\ 9%, 
i 


where h = |Jbj is some exhaustion of § by finite-dimensional Lie algebras hj, 


and BF, is as defined in (3.9). (Check that gp does not depend on the choice of 
exhaustion!) 

We can now prove the following general result which is a slightly stronger 
version of Theorem 3.2 in [DPSn]. 


Theorem 6.9 Let g be a locally reductive Lie algebra and let h C g be a Lie 
subalgebra. The following conditions are equivalent: 


(1) 6 is locally nilpotent and h = C(hs), where hs := {hs | h € h}; 
(2) 6 = C(bs) and fs is a subalgebra; 
(3) 6 = C(t) for a maximal toral subalgebra t C g; 


(4) 6 = gh. 
Any subalgebra b satisfying the conditions (1)-(4) is splittable and self-normalizing. 


Definition 6.10 We define a Cartan subalgebra of g to be any subalgebra h 
satisfying the equivalent conditions (/)-(4) from Theorem 6.9. We call a Cartan 
subalgebra h C g splitting if g is an h-weight module. 


A splitting Cartan subalgebra h C g has a generalized h-root decomposition such 
that all generalized root spaces are weight spaces and the zero weight space equals 
h (prove this!). 

We start the proof of Theorem 6.9 with the following proposition. 


Proposition 6.11 Let § be a locally nilpotent subalgebra of a locally reductive Lie 
algebra g. Then the following assertions hold: 


(a) 5S Cbs); 
(b) bs is a toral subalgebra of 9g; 
(c) C(bs) is a self-normalizing subalgebra of g. 
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Proof Let h,h' € 6. The local nilpotence of h implies (adh)"(h’) = 0 for 
some n. Since adhy is a polynomial with no constant term in adh, it follows that 
(adh;,)(adh)"—!(h’) = 0. Because an element commutes with its semisimple part, 
(ad h)"—!(adhs)(h’) = 0, and it follows by induction that (adh;)”"(h’) = 0. Hence 
(adhs)(h') = 0. Thus h € C(hs). 

Furthermore by the same argument, (ad h’)(hs) = 0 implies that (ad h4)(hs) = 0. 
Therefore any two elements of h; commute. Since the sum of any two commuting 
semisimple elements is semisimple, hs is a subalgebra. 

Finally, suppose x is in the normalizer of C(h;). For any y € Hs, we have [x, y] € 
C(6;). Thus [[x, y], y] = 0, and as y is semisimple it follows that [x, y] = 0. 
Hence, x € C(hs), 1.e., C(s) is self-normalizing. oO 


Lemma 6.12 /f 6 is locally nilpotent and splittable, then a? = C(hs). 
Proof By Bourbaki [B, Ch.VII, § 5, Prop. 5] 6 = hs ® Dns with hy, being 


the subalgebra of all nilpotent elements in . It follows that oy = oy, a 9, 
Since elements of hs are semisimple, ge. = C(bs). Clearly ee. = g. Hence 
gy = C(Hs). o 


Proof of Theorem 6.9 Fix an exhaustion g = Vier gi, Where g; is a finite- 
dimensional reductive Lie algebra with g; reductive in gj+1. 

Clearly (7) implies (2) by Proposition 6.11 (b). To show that (2) implies (/), we 
need to show that any subalgebra § satisfying (2) is locally nilpotent. The equality 
h = C(6s) implies that h; commutes with h. Now consider a general element = 
hs +hy € 6. Choose k such that (ad hy)* = 0. For any x € b, 


(ad h)* (x) = (ad(hs + Mtn) (x) = (ad hy)* (x) = 0. 


Hence § is locally nilpotent, i.e., (2) implies (7). 

Next, it is clear that (2) implies (3). The equality h = C(,;) shows that any 
semisimple element of g that centralizes h, is already in h,. Thus , is a maximal 
toral subalgebra and (3) holds. 

Let h satisfy (3). We first prove that h is splittable. For any i € Z.o, note that 


6g =CONg =f \(Co(tN ax) Ng), 


k>i 


where Cg,(-) denotes the centralizer in gx. Since dimg; < oo, we have tN gj = 
Cg, (t gj) O gi for some sufficiently large j > i. Since tM gj is a subalgebra of 
gj, we know from [B, Ch.VII, § 5, Prop. 3, Cor. 1] that Co; (tN gj) is a splittable 
subalgebra of g;. The reductive Lie algebra g; is also splittable by Bourbaki [B, 
Ch. VII, § 5, Prop. 2]. Then the intersection Cg (tM gj) M gi is splittable as well. 
Being a union of splittable algebras, h is splittable. 
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Since is splittable and every element of h commutes with t, hs is a subset of 
toral elements commuting with t. The maximality of t implies now t = by, Le., (2) 
follows from (3). 

Note that (/) implies (4). Indeed, let h satisfy (7). We have already proved that 


then is splittable, so by Lemma 6.12, h = C(6s) = gh. 


To show that (4) implies (J), assume that h = a. Then clearly is locally 
nilpotent. An argument similar to that above shows that is also splittable. Indeed, 
for any i € Z.9, we have 


a No =() (((o0) Prox) n ai) 


k>i 


The finite-dimensionality of g; yields ae Agi = GAkn 3; gj for some sufficiently 


large j > i. It is well known that (g;) is a splittable subalgebra of gj, see [B, 


0 
5g; 


Ch.VII, §1, Prop. 11]. Since g; is also splittable, the intersection (Sj) Rng, NM gj; is 
js J 


splittable as well. Hence 3° 1 g; is splittable. Being a union of splittable algebras, 


is splittable. Therefore Lemma 6.12 implies that h = gh = C(bs). 

In addition, by Proposition 6.11 (c), a subalgebra ) satisfying (/) is self- 
normalizing. As we have already seen that a subalgebra h satisfying (4) is splittable, 
the proof of Theorem 6.9 is complete. oO 


6.2 Borel and Parabolic Subalgebras of sl(co) and gl (co) 


In the second part of this chapter, we present a description of arbitrary Borel and 
parabolic subalgebras of g = gl(oo). The discussion is brief and is based on the 
announcement [DP3] and the papers [D] and [DP]. The complete proofs can be 
found in the latter two works. 

After having discussed general Cartan subalgebras, we can now rephrase our 
definition of a splitting Borel subalgebra of sl(oo), or of g (see Chap. 5), as a Borel 
subalgebra (i.e., a maximal locally solvable subalgebra) that contains a splitting 
Cartan subalgebra. Splitting Borel subalgebras were discussed in detail in Chap. 3. 
It is not at all obvious whether non-splitting Borel subalgebras exist at all, but as we 
will now see, they do exist and are stabilizers of certain generalized flags in V. 

A first thought that comes to mind when one attempts to describe general Borel 
subalgebras of g is to try to characterize them as stabilizers of arbitrary maximal 
generalized flags in V, or equivalently of arbitrary maximal chains of subspaces 
in V. (The equivalence of these two approaches follows from the existence of the 
natural bijection between maximal generalized flags and maximal chains that we 
mentioned in Chap. 5, see [DP3].) However, somewhat surprisingly, it turns out that 
a given maximal locally solvable subalgebra of g can in general stabilize more than 
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one maximal generalized flag in V (and consequently, more than one maximal chain 
of subspaces in V). More precisely, the following is true (and is not very difficult to 
prove, so the reader should try!) [DP3]. 


Proposition 6.13. Any Borel subalgebra of g is the stabilizer of a (in general not 
unique) maximal generalized flag in V. 


The interesting problem is whether it is possible to choose a class of generalized 
flags in V that is in a natural bijection with all Borel subalgebras of g. The answer is 
affirmative, and we will now introduce this class. First of all, recall that for U C V 
we have Ut := {v, € Vy | v»(U) = 0}, and for W C V, we have Wt:={veV | 
v(W) = O}. 

If U is a subspace of V, we call U closed (or Mackey closed) if (U+)+ = U. 
Every subspace of the form spanfej};<e7 C V, for some subset J C Zyx0, is 
closed. On the other hand, the subspace span{e; — ej+1}iez.. C V is not closed 
as (span{e; — e+1}iez.9)+ = {0} and ((span{e; — ei+1}iez.9))+ = V, while 
span{eé; — é;;}ieZiy A V- 

In [DP3] we have introduced the following notion of a closed generalized flag in 
V.A generalized flag {F;} in V is closed if and only if for any pair of indices k’, k” 
(where, as in Chap. 5, k’ is the immediate predecessor of k”), Fa = Fx, and 
(Fyr)> = Fy or (Fyr)> = Fur. The main result of [DP3] is the following theorem. 


Theorem 6.14 Any Borel subalgebra of g is the stabilizer of a unique maximal 
closed generalized flag in V, and this induces a bijection between the Borel 
subalgebras of g and the maximal closed generalized flags in V. This statement 
holds also for s((oo). 


The proof of Theorem 6.14 can be found in the Appendix of [D]. We restrict 
ourselves to a few comments. 

Here is an example of a maximal closed generalized flag in V that is not maximal 
as a generalized flag. 


Example 6.15. Consider the chain F: 


OcVvcCWC-::-CVCY, (6.2) 


where V = span{e; —é;+2}iez., and V; = span{e; —e;+2}i<; for j = 1,2,.... Note 
that dim V/V = 2, while dim Vi4i1/Vi = 1 fori > 0. Any maximal generalized 
flag containing F is of the form F U{V’} where V’ is (any) codimension | subspace 
of V that contains V. Furthermore, F is a closed generalized flag, as (V+) = J; 
and (Vt)+ = V. (Prove both statements!) It is clear that for no choice of Vv’ > 
the generalized flag F U {V’} is a closed generalized flag as ((V)+)+ # V and 
(Vj) H V’ for any codimension | subspace V’ Cc V. Hence F is a maximal 
closed generalized flag, but not a maximal generalized flag. 

It is true that for every maximal chain of the form F U {v’ }, its stabilizer 
in g coincides with the stabilizer of f. By Theorem 6.14, the latter is a Borel 
subalgebra 6 C g, and it is an example of a Borel subalgebra of g that is the 
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stabilizer of an infinite number of maximal chains of subspaces in V (as well as 
of an infinite number of maximal generalized flags in V). Furthermore, this implies 
that b is a non-splitting Borel subalgebra since, as shown in Chap. 5, a splitting 
Borel subalgebra stabilizes a unique maximal generalized flag in V. O 


In what follows ng C g will denote the set of all nilpotent endomorphisms in 
g = V ® Vy. The following result is from [DP3].! 


Proposition 6.16 Let 6 be a Borel subalgebra of g. Set to := tg N 6. 


(1) wp is an ideal in b and b = N(np). 
(2) there exists a toral subalgebra t of g such thatb =t D np. 


Proposition 6.16 is analogous to the corresponding statement in the finite- 
dimensional case; however, (2) differs in that t need not be a maximal toral 
subalgebra. Moreover, even if t is a maximal toral subalgebra of g, t does not have 
to be splitting. For instance, if 6 is the non-splitting Borel subalgebra that stabilizes 
the maximal generalized flag (6.2), t can be chosen as the maximal toral subalgebra 
with maximal dual system 


Vj == span {e; — e742}, (Vs)i *= span Do. es (6.3) 


1<j<i,i— j=0(mod 2) 


This maximal toral subalgebra is a Cartan subalgebra, but it is not splitting. 

Another new phenomenon is that a Borel subalgebra can contain maximal toral 
subalgebras [ of g that do not satisfy (2), 1.e., for which [ D ng is a proper subalgebra 
of 6. For instance, let b C g be the Borel subalgebra defined as the stabilizer of the 
following maximal flag in V:--- C V2 C Vj C V where V; = span{e;}j+;. This 
flag is of course compatible with the basis {e;}, hence 6 is splitting. On the other 
hand, if [ = t is the maximal toral subalgebra with maximal dual system (6.3), a 
straightforward computation (do it!) shows that each V; is [-stable, hence [ C 6b. 
However, | D np ¥ 6, as for instance e; @ ef € b, but e; @ e| ¢ | D np. (Check 
this directly!) 

Here is an extreme example. We will write down a Borel subalgebra 6 C g with 
b = np. In this case, Proposition 6.16 (2) holds with t = {0}. 


Example 6.17 Let {vg}geq be a basis of V ordered by the elements of Q as in 
Example 5.5. Consider the subspace V, of V* spanned by the linear functions vg : 
V — C defined as follows: 


2 lforg <r 
yg (vr) = (6.4) 
Oforg >r. 


' The definition of ny given in [DP3] should be replaced with the definition given here. 
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The tensor product V @ V, is an associative algebra isomorphic to the associative 
algebra V @ V,.. This fact is nontrivial and has been established by G. Mackey [Mac]. 
More generally, Mackey shows that if U and U are any countable-dimensional 
vector spaces with nondegenerate pairing U x U — C, the tensor product 
U @U is isomorphic as an associative algebra to the standard tensor product 
span{e;}icZ) ® span{e*}icZ.o; i.e., to V ® V,. The same result is also proved in 
[NP]. 

We can now identify g with V @ V, considered as a Lie algebra. Let F be the 
maximal closed generalized flag in V defined by F = {Fq/, Fg” }qeq, where 


Fy := span{v;}r<q, Fg” := span{u;};<q- 


Using (6.4) one verifies that (ea) = Fqr and (Fon) = Fy for every q € Q, 
hence F is a maximal closed generalized flag. Furthermore, one can show that b = 
Np, where 6 is the stabilizer of F in g. In this way, 6 is a maximal locally solvable 
subalgebra which, in addition, is locally nilpotent! In particular, 6 C sl(oo). O 


Finally, we can state a description of general parabolic subalgebras of the Lie 
algebras g = gl(oo) and sl(oo). By definition, a parabolic subalgebra of g is an 
arbitrary subalgebra of g that contains a Borel subalgebra of g. The description 
of parabolic subalgebras is stated in terms of a generalization of the notion of a 
closed generalized flag. We define a generalized flag ¥ in V or V,, to be semiclosed 
if, for any pair of indices k’, k’’ such that k’ is the immediate predecessor of k”, 
(Fo = Fy or (Ft+)+ = Fy. We denote the stabilizer of F in g by St-. A pair 
of semiclosed generalized flags F in V and G in V, is called taut if F is Stg-stable 
and G is St¢-stable. The following theorem is proved in [DP]. 


Theorem 6.18 For any parabolic subalgebra p of g = V ® Vx, there is a unique 
taut pair of semiclosed generalized flags F in V and G in V,,, and a toral subalgebra 
t lying in St? 1 Stg, such that p is an ideal in St¢ NStg andp € t = Ste NStg. For 
the case that p is a parabolic subalgebra of s\(0o), Stz N Stg should be replaced by 
St¢ MN Stg MN sl(0o) in the above statements. 


Somewhat informally, Theorem 6.18 states that “up to a toral subalgebra t" p 
equals the joint stabilizer of a unique taut pair of semiclosed generalized flags in 
V and V,,. An almost trivial, but nevertheless truly infinite-dimensional example is 
the parabolic subalgebra p = sl(oo) of g = gl(oo). (In the finite-dimensional case 
sl(n) is not a parabolic subalgebra of gl(m)!) Here the unique pair of semiclosed 
generalized flags is the pair {0} C V, {O} C Vx, and t can be chosen to equal the 
span of any semisimple element of gl(co) with nonzero trace. Another example is 
of course any Borel subalgebra of g. Here ¥ equals any maximal closed generalized 
flag in V, b equals Stz, and we claim that G is determined uniquely by the 
condition that the pair ¥,, G be taut. This follows from [DP3]. Moreover, we have 
the following. 


Lemma 6.19 Any maximal semiclosed generalized flag in V or V, is closed. 
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The proof of Lemma 6.19 is an exercise for the reader (alternative: look it up 
in [DP]). Lemma 6.19 is in complete agreement with the fact (following directly 
from the definitions) that a Borel subalgebra is nothing but a minimal parabolic 
subalgebra. 

We strongly suggest to the reader to work out some nontrivial examples of 
parabolic subalgebras. For instance, a parabolic subalgebra can be locally reductive. 
Can you find a criterion on a taut pair of semiclosed generalized flags in V and V,, 
for this to be the case? 

The case of a general finitary root-reductive Lie algebras, and in particular of 
0(co) and sp(co), is considered in [DP]. Here all statements are similar to the 
ones given above, except that the notion of a semiclosed generalized flag should 
be replaced by a semiclosed isotropic generalized flag. Trying to find the exact 
statements and their proofs provides a wide possibility of exercises for the reader. 
One can then always look up the result in [DP] or in [D], where the case of Borel 
subalgebras of 0(oo) and sp(oo) is worked out. 


6.3 Closing Remarks 


Several comments are in order. 


1. We presented above an explicit description of the maximal toral subalgebras 
(and their centralizers) of g = gl(oo). This description carries over to sI(co) 
without changes. In [DPSn] the reader will find descriptions of the maximal toral 
subalgebras of o(00) and sp(oo). Their centralizers (for o(00)) are in general 
no longer commutative, but are always nilpotent. This leads to the following 
result, [DPSn]: any Cartan subalgebra of a root-reductive Lie algebra is nilpotent 
in a maximum of two steps. No explicit description of arbitrary maximal toral 
subalgebras or Cartan subalgebras of non-root-reductive locally reductive Lie 
algebras is known. 

2. Every splitting Cartan subalgebra is maximal toral, but a maximal toral Cartan 
subalgebra is not necessarily splitting. Indeed, the maximal dual system (6.1) 
yields a non-splitting Cartan subalgebra. Here is a simpler example: fori > 1, 


i 
V' := span{e; — ej41}, v; = span > e% (6.5) 
j=l 


corresponds to a Cartan subalgebra with h = hs, V. = Vj, dim V/V’ = 1, and 
is not splitting. 

3. If h C g is a toral subalgebra such that g admits an h-root decomposition, 
then § is a splitting Cartan subalgebra of g. This follows from condition (2) of 
Theorem 6.9 since in this case h = C(h). 
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4. A Cartan subalgebra h C g = gl(oo) is splitting if and only if g is a locally 
h-finite module, or equivalently if both V and V,. are locally §-finite modules. 
Moreover, if § is a splitting Cartan subalgebra of g, then h = ay being the 


zero weight space in g implies that h equals oh: Consequently, splitting Cartan 
subalgebras are precisely the subalgebras h that were considered in Chaps. 3-5; 
in other words, any splitting Cartan subalgebra can be identified with our fixed 
subalgebra h and can be used to define the decomposition (5.1). We will address 
the issue of conjugacy of splitting Cartan subalgebras in Sect. 7.2 below. 

5. Our considerations in Chap. 4 imply that the Lie algebra s{(0o) is not isomorphic 
to sl(i, ad) for any i > 2, since Stz(sl(co)) = Zs while Stz(sl(i, ad)) 4 Zero 
(more generally one can replace sl(i, ad) by any locally simple Lie subalgebra s 
with Stz(s) #4 Z.0). We can now give another proof of the same fact based on the 
theory of Cartan subalgebras of sI(oo). Indeed, the results in this chapter imply 
that for maximal toral subalgebra t of s[(oo), t is contained properly in the unique 
maximal locally t-finite t-submodule s{(00)’ C s{(oo). On the other hand, let t be 
a maximal toral subalgebra of s{(i, ad) constructed via induction by extending a 
Cartan subalgebra h; of sl(i) to a Cartan subalgebra h;2_, of s{(i? — 1), etc. Then 
the reader will check immediately that € = sl(i, ad)’, where sI(i, ad)’ stands for 
the unique maximal locally {finite t-submodule of sl(i, ad). Hence s{(oo) and 
sl(i, ad) are not isomorphic as Lie algebras. We urge the reader to find a third 
proof of this fact (use one more time the idea in the proof of the fact that s{(oo) 
and sp(oo) are not isomorphic, Chap. 3). 

6. An important structural problem in the theory of Cartan subalgebras is to 
describe the conjugacy classes of all Cartan subalgebras of gl(0o), s(0o), 0(00), 
sp(oo). More precisely, let g = gl(oo) and let GL(V, V,,) denote the group of 
automorphisms of V that keep V, fixed as a subspace of the dual space V*. 
Then, clearly the following four dimensions: dim V/V’, dim(V’)+, dim V,./ Vi 
dim( yt. (here ()+ stands for orthogonal with respect to the pairing V @ V, > 
C) are invariants of the GL(V, V,.)-conjugacy classes of Cartan subalgebras. 
However, this is not a complete system of invariants. The reader should prove this 
by considering examples (see also [NP, Proposition 3.11]). The complete system 
of GL(V, V,.)-invariants in all four cases (g = gl(oo), sl(0o), 0(00), sp(0o)) was 
found in [DPSn]. Since the answer is quite technical we will not present it here, 
but will refer the reader directly to [DPSn]. 

7. We conclude this chapter with a wide open problem in the representation theory 
of g = gl(co) (as well as of sl(co), 0(0o), sp(co)). It can vaguely be stated as: 
understanding the role played by the non-splitting Cartan, Borel and parabolic 
subalgebras in representation theory. More precisely, we can ask, for instance, 
whether every Verma module U(g) ®u ») Ca, defined by a one-dimensional 
representation C, of an arbitrary Borel subalgebra b, has a unique maximal 
submodule. If the answer is negative, what would be a necessary and sufficient 
condition for the existence of a unique maximal submodule (we know examples 
of non-splitting Borel subalgebras for which the answer is positive)? Dependent 
on these answers, one should be able to make some further steps toward the vague 
but interesting problem stated above. 


Part II 


Modules over Locally Reductive 
Lie Algebras 


This part of the book is devoted to the theory of representations of locally reductive 
Lie (super)algebras, as well as of finite-dimensional Lie algebras. 

Chapter 7 introduces a basic category of sl(oo), 0(00), sp(oo)-modules called 
tensor modules. This category is a most natural analog of the category of finite- 
dimensional sl(7), o(7), sp(2n)-modules. A main point is that the latter category 
is semisimple while the former is not. Tensor modules of the Lie algebras s[(0o), 
0(00), sp(oo) are subquotients of tensor products V®? @ yor V and V, being 
the natural and conatural module, respectively (V = V, for o(co), sp(oo)). 
The category of tensor modules over sl(co), 0(00), sp(co) has simple objects 
parameterized by pairs of Young diagrams, and it has enough injectives but not 
projectives. We compute the injective hulls of simple objects and show that the 
category is Koszul in the sense of Beilinson—Ginzburg—Soergel. We conclude by 
presenting a result of Vera Serganova claiming that the category of tensor modules 
over a classical locally reductive Lie superalgebra is equivalent to a category of 
tensor modules over a Lie algebra. 

In Chap. 8 we study weight modules, that is, possibly infinite-dimensional 
modules over a locally reductive Lie algebra on which a splitting Cartan subalgebra 
acts semisimply. We start with some general facts about a locally finite action, and 
introduce the Fernando—Kac subalgebra of a module. We then introduce the shadow 
decomposition of a weight module of a finite-dimensional reductive Lie algebra, 
in particular, recalling results of Suren Fernando and Vyacheslav Futorny. We also 
reproduce Olivier Mathieu’s notion of a coherent family of weight modules. 

In the second part of Chap. 8, we pass to infinite-dimensional weight modules 
over a root-reductive Lie algebra. Here we prove structure results for such integrable 
modules, and present a recent classification of the simple bounded weight modules 
over the Lie algebras sl(oo), 0(0©), sp(oo). We then study simple highest weight 
sl(0o), 0(00), sp(co)-modules with finite-dimensional weight spaces, and finish the 
chapter with a brief survey of various categories of weight modules. 

Chapter 9 addresses a larger class of modules, namely (g, €)-modules, where € 
is a subalgebra of a locally reductive Lie algebra g. If € is a Cartan subalgebra, 
(g, €)-modules are a generalization of weight modules. Classically, (g, €)-modules 
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have been studied extensively under the assumption that g is a finite-dimensional 
reductive Lie algebra and € is a symmetric subalgebra, and these (g, €)-modules 
are known as Harish-Chandra modules. Much less is known when € is a general 
reductive in g Lie subalgebra. We call a (g, €)-module a generalized Harish-Chandra 
module if it satisfies the additional condition of being of finite type, or admissible 
over €. This condition is automatic for simple (g, €)-modules if € is symmetric. 

Our main tool to study the generalized Harish-Chandra modules is the Zucker- 
man functor. For a finite-dimensional reductive Lie algebra, we present a reconstruc- 
tion theorem claiming that certain simple (g, €)-modules are necessarily obtained 
via the Zuckerman functor. Under the addition condition that the subalgebra € C g is 
isomorphic to sl(2), we also state an equivalence of a category of (g, s{(2))-modules 
with a “highest weight type” category of g-modules. We conclude Chap. 9 with 
a construction of generalized Harish-Chandra modules for certain locally simple 
infinite-dimensional Lie algebras. The main feature here is to ensure that these 
modules are indeed of finite type over the respective subalgebra €. 


Chapter 7 
Tensor Modules of sl(0o), a(00), sp(oo) Beck e 


In this chapter we study modules over the infinite-dimensional classical Lie algebras 
g = gl(oo), sI(oo), 0(00), sp(oo) that are obtained by taking tensor products of the 
natural and conatural module of g. We will examine the structure of these modules 
and realize them in a suitable category Tg. This category is not semisimple, but is 
Koszul in the sense of Beilinson—Ginzburg—Soergel. 


7.1 Structure of Mixed Tensor Products 


It is natural to ask about the structure of the g-modules 
TPT :— V8? @ V4 


where V is the natural module and V,, is the conatural module. 

Let’s first consider the case when g is one of the finite-dimensional classical 
Lie algebras g = sl(n), o(m), sp(2n). Except for g = o(n), which has also spin 
representations, all irreducible finite-dimensional g-modules occur as subquotients 
of T?-7, and in fact it is enough to consider just T?-°, since V* ~ A"—!V for g = 
sl(n) and V* = V for g = o(n), sp(2n) [Wey]. The latter claim does not hold for 
g = gl(n); for example, V* does not occur as a subquotient of T?:°. However, one 
can obtain all irreducible finite-dimensional gl()-modules with integral weights as 
subquotients of T?7. 

One motivation for studying the g-modules T’’? for g = gl(co), sl(co), o(00), 
sp(oo) is to understand the stable properties of finite-dimensional modules as n 
goes to infinity. We actually gain additional information because T”’4 is no longer 
semisimple. 
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Let us begin by recalling the decomposition of the module V®? given by Schur— 
Weyl! duality in the case that g = gl(n) or sl(n). For this purpose, we need the 
following definitions. 

A partition i is by definition a finite nonstrictly decreasing sequence of positive 
integers: 


A= (Ay = A2 > -++ 2B Ay). 


For any partition A, we set |A| := A, +---+A,;, and for our purposes it is convenient 
to set A; = 0 fori > t. Moreover, we identify Young diagrams with partitions by 
recording the row lengths from top to bottom. For the language of Young diagrams 
and Young tableaux, we refer the reader to [FH]. 

A standard Young tableau i is obtained from a Young diagram A by filling each 
box with one of the numbers 1, 2,..., p = |A| in such a way that the entries in each 
row and in each column are strictly increasing. Given a standard Young tableau 
A of size p, we can define the subgroup cy (respectively, GS) of Sp to be the 
set of all elements that preserve the rows (respectively, columns) of A. The Young 
symmetrizer corresponding to a standard Young tableau of shape A is the element 
c, of the group ring C[S,] defined by c, := a,b), where 


a = 2%, g and b= > sgn(g)g. 


geGk geGe 


Irreducible representations of the symmetric group S, are parameterized by 
partitions A satisfying |A| = p, and can be realized inside the regular representation 
C[S,]. In what follows, for any partition A we fix a standard Young tableau 4 by 
filling the Young tableau row-by-row beginning from the top and going from left to 
right, which we think of as the canonical standard Young tableau corresponding to 
A. We denote 


Y, := C[Splex, 


where c, € C[S,] is the Young symmetrizer corresponding to 2. The left regular 
action makes Y, an irreducible S,-module, and up to isomorphism any irreducible 
representation of S,, arises through this construction. 

For any vector space V, the symmetric group S, acts on V®? by permuting the 
tensor factors. For any partition 4 with |A| = p, we denote 


S,(V) i= im(c » VSP 5 ver); 


the Schur functor corresponding to 2 sends V to S,(V). We set V, := S,(V) and 
(VJ, = S,(V,.). (As an exercise, show that if? = (1, 1,..., 1), then V, = A?(V), 
while if A = (p), then V, = S?(V). What is Y, in each of these cases?) Note that 
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since the actions of g and S, on V®P (as well as on yer ) commute, the spaces V), 
and (V,.), are g-modules. 

The following classical result gives a complete and elegant description of the 
g x Sp-module structure of the modules V®?P and vy - 


Theorem 7.1 (Schur—Weyl Duality) Let g = gl(n) or g = sl(n). Then there are 
isomorphisms of g x Sp-modules 


ve? ~ Dv@y and Ve? ~ DWN, (7.1) 
|Al=p |Al=p 


where i runs over the set of partitions of size p with at most n rows, and the g- 
module V;, and the S,-module Y) defined above are both irreducible. 


Now if g = gl(co) or g = sl(oo), then the natural module V and its restricted 
dual V,, are clearly irreducible g-modules, and the classical Schur—Weyl duality 
simplifies as formulas (7.1) hold now for all partitions of size A without a limit 
on the number of rows in A (see e.g., [PSty]). In particular, the g-module V®” is 
completely reducible, and the composition multiplicity of the irreducible module 
V,, in V®" is equal to the dimension of the S p-module Y, (which equals the number 
of standard Young tableaux corresponding to the partition ). 

In contrast to the finite-dimensional case, the representation of g on the space of 
mixed tensors V®? @ ve4 is not completely reducible. For example, if g = gl(oo), 
then the adjoint module gl(oo) = V @ V,, contains the codimension one submodule 
sl(co), but no complement submodule. One would thus like to understand “how 
reducible” are the modules T?4 = V®? @ Ve 4. This was accomplished in 
[PSty], where a description of the g-module structure of T?’? is given in terms of 
Littlewood-Richardson coefficients and a natural filtration of the module, namely 
the socle filtration. 

The socle of a g-module M, denoted soc M, is the largest semisimple submodule 
of M. The socle filtration of M is the filtration of g-modules 


0c socM =soc?M Csoc!Mc-:::CsociMC..., 


where soc! M = p; '(soc(M/(soc!~! M))) and pj : M > M /(soc!~! M) is the 
natural projection. The semisimple modules 


soc! M := (soc! M)/(soc!—! M) 


are called the layers of the socle filtration, where by convention soc! M := {0}. 
We say that the socle filtration of M is exhaustive if M = lim(soc! M). We say that 
M has finite Loewy length if the socle filtration of M is finite and exhaustive. The 
Loewy length of M equals € + 1 where £ = min{r | soc’(M) = M}. 

The g-module structure of the module T?4 = V®? @ ve 4 is given by the 
following theorem from [PSty]. 
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Theorem 7.2 Let g = gl(oo) or g = sl(co). Then 


Vv eaVuei~@M POr,@enBY,), 
Al=p lul=4 


where i and | are partitions, each Vig = Vi @ (Vx)y is an indecomposable 
g-module with irreducible socle V;,,, and Y, & Y,, is the outer tensor product of 
irreducible Sp- and Sg-modules. 


The socle filtration of Vi. pu has the following layers: 


500 Va = CDN} NE Var yrs (7.2) 
Ivl=k 


where NT y, denotes the Littlewood-Richardson coefficients determined by the 
relation 8) Sy, = ae Ny Sy for the Schur symmetric polynomials Ss}, Sy, Sy. 


Note that the simple g-modules V,,, are defined as soc Vi. uw! Of course, for 
this definition to work, one should first show that soc Vj, yw is a simple g-module. 
Another corollary of Theorem 7.2 is that any simple subquotient of T’4 is actually 
isomorphic to a simple submodule of T° for some s < p andt < gq, and 
moreover, simple submodules of 7”? are parameterized by two Young diagrams 
when g = gl(oo) or g = sI(00). 

We will explain the proof of Theorem 7.2, modulo a certain technical lemma 
whose proof can be found in the appendix of [PSty]. 

Schur—Wey] duality for gl(co) implies that 7”? decomposes as 


TPE ~ GQ D(U@ (Ve)u) @ (NB Y,). 


lAl=p |ul=q 


The gl(oo)-module Vi. pw := Vi ®(V,), is neither simple nor semisimple when both 
A # Wand uw 4 Y, so we would like to find its socle filtration. Since Vj, p is realized 
as a direct summand of the gl(oo)-module T?7, we have 


sock Vig = Viggs A sock TP-4, 
and so we will begin by finding the socle filtration of T?’?. 
The socle of T?4 can be realized as the intersection of the kernels of the 
following contraction maps. For any pair of indices J = (i, j) withi € {1,2,..., p} 


and j € {1,2,...,q}, we define the contraction map 


@; TP 1 TP ha! (7.3) 
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by sending the element v; ®--- @ vp @ vi @--- @ vz to 
(Vj, Ui) V1 @---@d; @--- @ vp @vj @--- @VF@--- @ vj. 


To simplify notation, we will also denote ®;,; by ©; for a pair J = (i, j). Consider 
the gl(oo) x (Sp x S,)-submodule TD of TP, defined by 


T{P4) = Mer, :TP4 + petal), 
I 


We set Vii = Vii NTP, 
The following theorem from [PSty] shows that T'?-7} is a completely reducible 
submodule of T?°%, and hence is contained in the socle of T?7. 


Theorem 7.3 For any p,q € Z>0, there is an isomorphism of gl(oo) x (Sp X Sq)- 
modules 


TPI~ QM DOvu~®%@Y,). (7.4) 


lAl=p |ul=q 


For any partitions 2, , the gl(co)-module Vj, is irreducible, and is a highest 
weight module of highest weight x := VieZo Ni 623-1 — a ae [Aj €2; with 
respect to the perfect Borel subalgebra b from Example 5.4. Furthermore, V),,, is 
irreducible when restricted to s\(0o). 


Proof Fix the strict linear order (5.4) on Z.9. Let g, denote the Lie subalgebra of 
g = gl(co) generated by { Fj, ;}1<i,j<n, and set by := 69 gn, On := Og OM Gn where 
hg is the diagonal Cartan subalgebra of g. It is clear that g, ~ gl(7), and that b, 
(respectively, 6,) is a Cartan (respectively, Borel) subalgebra of g,. Moreover, the 
inclusion gy, > Qn+1 restricts to inclusions hy, — 6n+1 and by, — by+41. The 
natural representation of g has b-stable flag 


Vi C V2 C V3 C-:- CV, 


where V,, is the natural representation of gy. 
The modules 7"? := (V,,)®? ® (V,*)®4 and the contractions o” er Ped sy 


TT 14! are defined analogously to their infinite-dimensional counterparts. We set 


TAP e . ai ser and = (Va)a gu = TH? A (Wa )ace- 


A version of the finite-dimensional Wey] construction implies that forn > p+q 
the gl,,-module (V;,)a,,, is an irreducible highest weight module with highest weight 
x, regarded by restriction as a functional on h, (see the appendix of [PSty] for more 
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details). Furthermore, we have gn x (Sp x Sq)-module isomorphisms 


TP nw DBD BWan ® BY). (7.5) 


lAl=p |ul=q 


It is clear from the definitions that we have the following diagram of inclusions: 


spas Con 2 Te 2 @ a. Upc? = Teo 
U U U U U 
(Vpsq)ay Coe © Vad)aw © Vasauw Cs © Unex Vian = Vay 
(7.6) 


The irreducibility of the gl()-module (V,),,,, for each n implies the irreducibility 
of the gl(co)-module V;,,. Similarly, the isomorphism (7.4) follows from the 
isomorphisms (7.5), and it only remains to show that V,, |, is a highest weight gl(oo)- 
module with highest weight x. 

For eachn > p+q, the highest weight subspace (V;,),,,,[x] is one-dimensional, 
and therefore 


(Vptq)a,ulx] = +++ = (Vn)a,ulx] = (Vntt)a,ulx = LJ M)aulx 


neZso 


Vi ulXx 1. 


We also have 


b-Vaulxl= LJ (bn: adaulxd) = LJ Wdaulx] = Vaulxl, 


neéZsg néeZe9 


which means that any nonzero v € V;_,,[x] is a highest weight vector generating 
the gl,,-module (V;,),,,,. This completes the proof of the theorem. oO 


The socle filtration of 7’? is described explicitly by the following theorem from 
[PSty], which shows, in particular, that T!?:7} is equal to the socle of T?-7. 


Theorem 7.4 Let p,q be nonnegative integers, and let £ = min(p, q). Then the 
Loewy length of the gl(co)-module T?*4 equals € + 1, and 


oct I 774 = 7) ker (;, ee ae ee Te Nee), an Te 
Ty geass Tk 
(7.7) 


where the intersection is taken over all k-tuples I, ..., Ik of nonintersecting pairs 
of indices. Moreover, the socle filtration of T?:4, regarded as an s\(co)-module, 
coincides with (7.7). 
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Proof Denote by ¥“ the subspaces of T?’? on the right-hand side of (7.7), and for 
each n set 


F& — () ker (;, O-::0 ®;, : ge —- oo) ’ k= IF ve -»£, 
Titees Tk 


where {Vp }neZ.,, 18 the exhaustion of V used in the proof of Theorem 7.3. Then we 
have the commutative diagram of gl(co) x (Sp x S_)-modules 


¥ Y Y i 


BY Ee Pe © nse EY 2 me 
() (2) (0) pd 

Fil Cc Fl © ies +E Fil Cc Tl 
¥ Y Y ‘ 

FY ¢§ FF! c¢ uw. ¢ FO e€ Tre 


in which the vertical arrows are obtained as restrictions of the inclusions in the 
rightmost column, and yield exhaustions of ¥. Denote for convenience F = 0, 
FE+) — TP-4, and similarly FO = 0, pee) = 7,’ for all n. It is easy to check 
that the induced maps ee / Fe > F Le / ae are injective for all n,r, and 
therefore for each r = 0,1,..., € the layer F“+) /F™ is the union of quotients 
k+1 k 
FD A. 
It is a standard exercise (do it!) to show that for each k, there exists a gl(n) x 
(Sp x Sq)-module isomorphism 


FED pH ~ D an) VJre@Y Gout ®). (7.8) 
lAl=p—k |ul=q—-k 


where Y(A, 4; k) are S, x Sq-modules. As in the proof of Theorem 7.3, it follows 
that 


grees Cy Cy Vie @ KU get): (7.9) 


|Al=p—k |ul=q—k 


In particular, this shows that 7:4 has a finite Jordan—Hdlder series with irreducible 
constituents of the form V) ,, for appropriate 1, 4. Moreover, F®) is characterized 
as the unique submodule of 77, such that for any 2, 


[T?4: Vu] if |A| > p—kand |u| > ¢g—k, 


[(F™ -V l= 
0 otherwise . 
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We use induction on k to prove: fF = sock—! T?-4, The base of induction 
k = Ois trivial since F = soc~! T?-4 = {0}. 

Suppose that F = sock—! T?-4 for some k. Then the quotient F“+) /F™ is 
a semisimple gl(oo)-module, implying that F“+) C sock T?-4, Now let W be a 
simple submodule of T?:7/F“. From the description of the filtration {Ff} given 
in (7.9), it is clear that W ~ Vj, for some A, yu satisfying |A| = p — s and |u| = 
q —s with s > k. In particular, W cC F°+)/F™, Our goal is to show that s = k, 
since this would imply that sock T?-4 c F “+”, proving the induction step. 

Fix a vector u € T?*4 of weight x, such that the image of u under the projection 
TP-4 -» TP-4/F) generates the module W. Fix a large enough m € Zso such 
that u € 7,27. We may further assume without loss of generality that u generates a 
gl(m)-submodule of Te a isomorphic to (Vin)a,p- 

For each n > m, denote by zy : Ret) > (Vida @ YC, w; k) the projection 
corresponding to the decomposition (7.8). The map zr, can be described explicitly, 
and it is shown in the appendix of [PSty] that u — m,(u) ¢ FY for infinitely 
many n. On the other hand, uw generates a submodule of no / FO isomorphic to 
(Vi)a,u» Which implies that u — my(u) € Fe for all n. We conclude that s < k, 
which implies that in fact s = k. The induction is now complete, and thus fF = 
soc! TP-4 for all r. 

Finally, we need to verify that the filtration {fF} is also the socle filtration 
of T?*4 regarded as an s{(oo)-module. The irreducibility of (Vi), as an s[(oo)- 
module implies that the layers of the filtration fF“ remain semisimple. Therefore 
F" C sock-! TP-4 for all k. The proof of the opposite inclusion, given above for 
gl(co), works without any alterations for sl(0o) as well, and this completes the proof 
of Theorem 7.4. Oo 


We are now ready to prove Theorem 7.2. 


Proof of Theorem 7.2 For any partitions A, ww, A’, wu’, we have 


[Vaan 2 (Vidar,u’] = > Ni Nir y 
Y 


provided that n is large enough (see e.g., [HTW)]). It follows that 


[Vint Viwl => Np NG ys (7.10) 
y 


which when combined with the description of the socle filtration of T?4 yields 
(7.2). In particular, soc Vy, ~ V,,,, and the simplicity of the socle implies the 
indecomposability of the module Vig concluding the proof. Oo 


In the following examples, we represent the structure of the module T’?-4 
over gl(co) in the form of a diagram. Each tower represents an indecomposable 
direct summand of a module, and the vertical arrangement of boxes in each tower 
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represents the structure of the layers of the socle filtration with the bottom box 
corresponding to the socle. Note that 4 denotes the empty partition. 


Example 7.5 Layers of the socle filtration for degree 2: 


Po ee Va),0| ® |Va,p0 


pil | Vo 
Va),) 


0,2 
T™*" ~1Vo,2)| ® | Vo,a,n- 


Oo 
Example 7.6 Layers of the socle filtration for degree 3: 
T° ~/V¥3),9| 8 2[Vo,1),9] ® [Vata] 
palin Vy o @ Vay g 
V(2),() Va.1),() 
ph ~ Vo.) @ Vo.) 
Via),(2) Va),a.) 
0,3 
T™” ~1Vg,a)| ®2/Vo,2,1)| ® |Vo,a,1,0- 
O 


The next example shows how the structure of a g-module T?’7 becomes more 
complicated for higher degrees. 


Example 7.7 Degree 10. The module T>> has 49 mutually non-isomorphic inde- 
composable direct summands, some of which appear with a multiplicity. We list 
two of them. 


Voo 
Va),) Visas 
Vay,2) ® Ve2y,a,p ® 2Vea),2) 
Va.1),0,.) 


V2,p,2,1) 8 Ve,1),3) ® 2V_a),2,1) ® Vea),B) 
Vo,,2,2) 8 V3,0,3,) 8 Viay,2,2) 8 Via),3,) 
V4,1),(3,2) 


Vai,),d,1,1) 
Va4,1,1),0,1,1,1) 
Va,14,L0,0,L11,) 


O 


Let’s examine the modules 7? for g = o(co) and g = sp(co). As mentioned 
before, the natural representation V for g is self-dual, so it suffices to study only 
tensor products of the form V®?, and yet these representations are not semisimple 
over g for any p > 2. The degree-two case is illustrated in the following example. 
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Example 7.8 The degree-two module T* for g = 0(0o) decomposes as 
V@V=S(V)@A*(V), 


where A?(V) is the adjoint module (and hence simple), and S?(V) is indecompos- 
able, but not simple. Indeed, as in the finite-dimensional case when g = o0(n), we 
have V ~ V,., which yields the exact sequence of g-modules 


0> Vo > SV) 5 C5 0, 


where tr is the trace map on S7(V) C V @ Vy & gl(oo). However, in contrast 
to the finite-dimensional case, this sequence does not split for g = o(o0), that is 
the centralizer of o(00) within gl(oo) is trivial. Indeed, it is well known that the 
centralizer of o(7) inside gl(n) is one dimensional and consequently coincides with 
the center of gl(7) (prove it!). Therefore the centralizer of 0(00) within gl(oo) equals 
the center of gl(oo), and the latter is equal to zero. O 


We present without proof the result from [PSty] on the g-module structure of 
V®P for g = 0(0o) and g = sp(oo). Let Vi denote the irreducible sl(oo)-module 
V, considered as a g-module. Then V;, is an indecomposable g-module, but is not 
simple in general. 


Theorem 7.9 Let g = 0(00) or g = sp(co). Then 


VSP ~ B A ® Y 
|Al=p 


as g X Sp-modules, where for each partition i, the g-module V;, is an indecompos- 
able highest weight module with highest weight x = )~ Ajei and has a simple 
socle denoted V,. 

The socle filtration of V;, has the following layers: 


i€Zso 


ky Xr 
soc’ V, = QB Noy 4! Vy, 
lyl=k 


for g = s0(00), and by 


so = BD My Vi 
ly|=k 


for g = sp(co). 


Recall that for a partition jz, one defines z+ to be the conjugate partition obtained 
from jz by interchanging rows and columns of the Young diagram. 
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As a corollary of Theorem 7.9, we see that any simple subquotient of V®? is 
isomorphic to a simple submodule of V®* for some s < p. Moreover, simple 
submodules of V®? are naturally parameterized by Young diagrams. 


7.2 The Category T, 


Now that we understand the simple subquotients of the modules T?’4, we would 
like to realize them in a suitable category. In the case that g is a finite-dimensional 
Lie algebra isomorphic to sl(n) or sp(2n), the simple objects of the category of 
finite-dimensional g-modules are precisely the simple subquotients of T?:4. So we 
would like to introduce a category of g-modules that, at least for g = s[(0o), sp(oo), 
will be a natural analog of the category of finite-dimensional modules over sl(n) or 
sp(2n). 

The first obvious candidate for such a category is the category Intg of integrable 
g-modules, i.e., g-modules M with locally finite action for all elements of g. By 
definition, an element x € g acts locally finitely on M if 


dim(span{m, g -m, g? -m,...}) < co 


for any m € M. This choice of category is natural, since when g is a finite- 
dimensional semisimple Lie algebra, by a well-known argument any integrable 
g-module is isomorphic to a direct sum of simple finite-dimensional modules. 
Indeed, if g is finite-dimensional semisimple, then any cyclic submodule of an 
integrable g-module M is finite dimensional and hence semisimple by Weyl’s 
Theorem. This shows that M is a sum of simple finite-dimensional modules, and by 
the equivalence of conditions SS 1 and SS 2 in Chapter XVII, Section 2 of [La], the 
module M is also isomorphic to a direct sum of simple finite-dimensional modules. 

If g = sl(co), 0(00), sp(co), then a g-module M is integrable if and only 
if when M is restricted to any semisimple finite-dimensional subalgebra a of g, 
M is isomorphic to a direct sum of simple finite-dimensional a-modules. In this 
case, the category Int, turns out to be “too large” for the purposes of studying 
the subquotients of 7'°7. For instance, there are many simple modules that are not 
isomorphic to subquotients of T°, and in fact the problem of classifying simple 
modules in Intg is not tangible. Simple bounded integrable weight modules are 
classified in Theorem 8.26. For a discussion of some interesting subcategories of 
Intg, see Sect. 8.4.1. 

In this section, we will present a subcategory T, of Intg for which the simple 
subquotients of T’’? are precisely the simple objects of the category and for which 
the modules T’”’? are injective, despite not being injective in Inty. This category Tg 
is called the category of tensor modules. 
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We denote by T the tensor algebra T(V @ V,,) for g = sl(oo), gl(oo) and T(V) 
for g = 0(00), sp(oo). The tensor algebra T has a natural grading and filtration: 


T:= QB T?4 and T=" = QB T?4 ~— for g =sl(co), gl(oo) 


p20, q20 Osptqsr 
and 
T:= QB TP and T= QB TP for g = 0(00), sp(oo). 
p>0 O<p<r 


We call a g-module a tensor module if it is isomorphic to a subquotient of a finite 
direct sum of copies of T=" for some r. 

The first question to ask is: what properties do tensor modules have in common 
with finite-dimensional modules over finite-dimensional simple Lie algebras? This 
question leads to the following definition. 

A g-module M is said to be an absolute weight module if M is an h-weight 
module for every splitting Cartan subalgebra h C g (recall Definition 6.10). 

It is clear that if g is a finite-dimensional simple Lie algebra, then any finite- 
dimensional g-module or, more generally a direct sum of finite-dimensional g- 
modules is an absolute weight module. An interesting, but little known fact, is that 
the converse also holds, that is: every absolute weight g-module is a direct sum 
of finite-dimensional g-modules. According to our discussion above of integrable 
g-modules, this claim is a corollary of the following proposition. 


Proposition 7.10 Any absolute weight module over a root-reductive Lie algebra g 
is integrable. 


Proof A g-module M is integrable if every element g of g acts locally finitely on 
M. In Theorem 8.1 below, we prove that the elements of g that act locally finitely on 
M form a Lie subalgebra, denoted g[M], and called the Fernando—Kac subalgebra 
associated to M. 

If M is an absolute weight module, then any element of a splitting Cartan 
subalgebra acts locally finitely on M. Now since every semisimple element of g 
lies in some splitting Cartan subalgebra, we conclude that all semisimple elements 
of g act locally finitely on M. Finally, since the semisimple elements of g generate 
g, we have g = g[M]; in other words, all elements of g act locally finitelyon M. O 


In Chap. 6, we discussed Cartan subalgebras of the Lie algebras g = gl(oo), 
gl(00), 0(00), sp(co), but did not raise the question of conjugacy of splitting Cartan 
subalgebras. This question is relevant for Theorem 7.13 below, and we address this 
now. 

Recall that by Chevalley’s Theorem, any two Cartan subalgebras of a finite- 
dimensional Lie algebra g are conjugate by an inner automorphism, that is they 
are conjugate under the action of the adjoint group G. So it is natural to ask whether 
this result has an analog. 
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We consider the exhaustion g = limg, to be fixed, where gl(oo) = limgl(n), 
sl(co) = limsl(n), o(00) = lim (7), sp(oo) = limsp(2n), and each inclusion is 
chosen as a “left upper corner" inclusion. We can define the ind-group G := limG,, 
where G,, denotes the adjoint group of g,. The following example shows that two 
splitting Cartan subalgebras of an infinite-dimensional root-reductive Lie algebra g 
are not necessarily conjugate under the action of G. 


Example 7.11 Let g = sl(oo) and consider the Cartan subalgebra h := lim b2n 
defined inductively as follows. For g2 = sl(2), we take the semisimple element 


Xpi= [ “i we let 


000 O 
000 O 
X2 = ; 
001-1 
000-1 


and then extend x1, x2 to a Cartan subalgebra ha for g4 = sI(4). 
Suppose that we have chosen a Cartan subalgebra h2, C gan = sl(2n). Let x2, 
be the block (n + 2) x (n + 2) matrix 


sen OO 
2n = OA > 


where A € sI(2) is the matrix defining x;. Then x2, is semisimple and in the 
centralizer of gn, so we can extend (not uniquely) the set h2, U {x2,} to a Cartan 
subalgebra h2n+2 C g2n+1. 

The Cartan subalgebra h := lim han of g is splitting but cannot be conjugated to 
the diagonal Cartan subalgebra h’ using the adjoint group G. Indeed, G = lim Gy 
and each g € G, fixes pointwise g), := [Cg(Gn), Cg(Gn)], the commutator 
subalgebra of the centralizer of g, in g. By construction, hN gj, 4 6’ N gi, for 
every n € Zs. Hence h and ’ are not conjugate by the action of G. O 


We define G to be the subgroup of Aut V consisting of the automorphisms for 
which the induced automorphism of V* restricts to an automorphism of V,.. Then 
clearly GC GC Aut g, and moreover G = Aut g for 0(00) and sp(oo). 

The following result claims that Chevalley’s Theorem remains “almost true” for 
g = gl(ow), sl(oo), 0(0©), sp(oo) if one replaces the ind-group G by the group G 
[NP, DPSn]. 


Proposition 7.12 All splitting Cartan subalgebras of g\(0o), s\(co) and sp(oo) are 
G-conjugate, while there are two G-conjugacy classes for 0(00), corresponding to 
the two exhaustions lim 0(2n) and lim o(2n + 1). 


For each y € Autg and g-module M, we define the g-module M” to be the 
module with the underlying vector space M and g-module structure “twisted by 
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y”, ie. x-m i= y(x)-m form € MY” and x ¢€ g. A g-module M is called 
G-invariant, if for any y € G there is a g-module isomorphism MY ~ M. For 
g = sl(oo), 0(00), sp(co), a Lie subalgebra of g is said to be of finite corank if it 
contains the commutator subalgebra of the centralizer of some finite-dimensional 
Lie subalgebra of g. For g = gl(oo), we need the following slightly stronger 
definition: a Lie subalgebra € C g is of finite corank if there exist finite-dimensional 
subspaces W C V and W, C V, such that the restriction of the canonical pairing 
to W @ W, — C is non-degenerate and § > gM (Wi @ W+). One reason this 
latter definition is stronger is that if we take gl(n) = W ® W,, then wi @W? is 
isomorphic to gl(oo) and is larger than the commutator subalgebra of the centralizer 
of gl(n). 
We have the following characterization of tensor modules from [DPS]. 


Theorem 7.13 Let g be one of the Lie algebras gl(co), sl(co), 0(00), sp(co). The 
following conditions on a g-module M of finite length are equivalent: 


(1) M is an absolute weight module. 

(2) M is a weight module for some splitting Cartan subalgebra h C g and M is 
G-invariant. 

(3) M is integrable and Anng m is finite corank for eachm € M. 

(4) M is a tensor module. 


Proof We will prove the equivalence of (/)-(3), but first we show that (4) implies 
(1). The proof of the converse statement, (/) implies (4) can be found in [DPS]. 

A tensor module is by definition a subquotient of a direct sum of finitely many 
copies of T=" for some r. The g-module T=" is obviously an absolute weight 
module, and any subquotient of an absolute weight module is an absolute weight 
module. This shows that (4) implies (/). (Note that the condition that M be of finite 
length is redundant if (4) is satisfied, as any tensor module has finite length.) 

Let us show that (J) implies (3). We already proved in Proposition 7.10 that a 
g-module M satisfying (/) is integrable. To prove that Anng m is finite corank for 
all m € M, consider a splitting Cartan subalgebra h of g such that h M g, is a 
Cartan subalgebra of g,, and let b = § 5 n be a Dynkin Borel subalgebra of g. Fix 
standard bases e;, h;, f; for the s{(2)-subalgebras corresponding to simple roots a;, 
where i € Zo, and let m € M be a nonzero h-weight vector. 

Choose a set of commuting simple roots {a; | i € I} of b, where I is some 
subset of Zo. The set of semisimple elements {h; + e; | i € J} is G-conjugate to 
the set {; | i € I}, and can thus be extended to a splitting Cartan subalgebra h’ of 
g. Since M is an absolute weight module, there exists a nonzero h’-weight vector 
m’ € M such that m € U(g,)-m’ for some n. For almost all i, the elements /; and e; 
commute with g,, in which case m is an eigenvector for h; +e;. Thus e;-m is a scalar 
multiple of m. Since M is integrable, e; acts locally nilpotently, and we conclude 
that e; -m = 0 for all but finitely many i. By considering the set {h; + fj | i € T} 
in place of {h; + e; | i € I}, we see that f; -m = 0 for all but finitely many i, and 
hence e; -m = f; -m = 0 for all but finitely many i € J. 
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We now consider separately each of the possible choices of g. For g = s{(0o), 
we may assume that the simple roots of b are of the form {e; — €j4; | i € Zyo}. 
We first choose the set of commuting simple roots to be {e2;-1 — €2; | i € Zo} 
and obtain in this way that e; -m = f; -m = 0 for almost all odd indices i. Next, 
by choosing the set of commuting simple roots as {€2; — €2;+1 | i € Zyo}, we have 
e; :-m = f; -m = 0 for almost all even indices 7, hence for almost all i. Therefore, 
Anng m™ is a finite corank subalgebra of g = sl(oo). This argument also works for 
g = gl(co). 

For g = 0(00), we may assume that the set of simple roots of g is {—€; — €2} U 
{e; — €j41 | i € Zo}, and one considers in addition to the two sets of positive roots 
for sl(co) the sets {—€2; — €2j41 | i € Zso} and {—e€2;-1 — eo; | i € Zso}. For 
g = sp(co), the set of simple roots can be chosen as {—2e€;} U {e€; — €j41 | i € Zso}, 
and one considers in addition to the two sets of positive roots for sl(oo) the sets 
{—2e€9;41 | i € Zso} and {—2e2; | i € Zo}. The remainder of the argument is then 
the same as for s[(oo). 

Next we prove that (3) implies (2). 

We first show that a g-module M satisfying (3) is a weight module for some 
splitting Cartan subalgebra h C g. Fix a finite set {m1,..., ms} of generators of 
M. Let gi, be the commutator subalgebra of the centralizer in g of g,. There exists 
a finite corank subalgebra that annihilates m,,...,ms, and hence gj, annihilates 
m,,...,Ms for some n. Let bj, be a splitting Cartan subalgebra of g/,. Obviously M 
is semisimple over /,. One can find k and a Cartan subalgebra hx C gx such that 
h = b/, + bx is a splitting Cartan subalgebra of g. (If g = 0(00) or sp(oo) one can 
choose k = n; if g = sl(co), one can set k = n+ 1). Since M is integrable, M is 
semisimple over hx. Hence M is semisimple over h. 

To finish the proof that (3) implies (2), we need to show that M is G-invariant. 
We define a G-module structure on M as follows. Fix m € M. There exists ann 
such that the vector m is fixed by 


Gi:={y' € G| y'(x) =x for all x € gy}. 


Then one has G = G- G), (prove it!). Fix y € G. We choose a decomposition 
y = y"y’' so that y’ € G), and y” € G. We set y(m) := y"(m), and note that 
the action of G on M is well defined because M is assumed to be integrable. This 
yields a well-defined G-module structure on M, since for any other decomposition 
y = y"y’ as above, one has 


"yy" = 7’) 1 4 NG ={y €G| y@) =x forall x € gy}, 


which must preserve m. 
Now fix y € G and consider the linear operator 


gy: MY >M, mp yl(m). 
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We claim that g, is a g-module isomorphism. For this we need to check that x - 
gy (m) = gy (v(x) +m) for any x € g andm € M. We have x - g,(m) = x- 
(y-l(m))) = gy (v(x - y~!(m))), hence it suffices to check that y(x - y~!(m)) = 
y(x)-m for every x € g andm € M. After choosing a decomposition y = y”y’ 


such that y” € G and y’ fixes m, x and x - m, all that remains to check is that 
¥"- (y") Nm) = y"(x) +m 


for all x € g. This latter equality is the well-known relation between the G-module 
structure on M and the adjoint action of G on g. 

Finally, we show (2) implies (/). It is clear that (2) implies a slightly weaker 
statement, namely that M is a weight module for any splitting Cartan subalgebra 
belonging to the same G-conjugacy class as the given splitting Cartan subalgebra h. 
For g = gl(oo), sl(0o), sp(oo), this proves (/), as all splitting Cartan subalgebras 
are conjugate under G. 

Now consider the case g = 0(00), which has two G-conjugacy classes of splitting 
Cartan subalgebras. Note that if M is semisimple over every Cartan subalgebra from 
one G-conjugacy class, then (3) holds as follows from the proof of the implication 
(1) => (3). Furthermore, the proof that a g-module of finite length M satisfying (3) 
is a weight module for some splitting Cartan subalgebra involves a choice of gy. 
For g = o(00), there are two different possible choices, namely g, = o0(2n) and 
Gn = 0(2n + 1), which in turn produce splitting Cartan subalgebras from the two 
G-conjugacy classes. This shows that in each G-conjugacy class there is a splitting 
Cartan subalgebra of g for which M is a weight module, and hence we may conclude 
that (2) implies (/). oO 


The category of tensor modules Tg is defined to be the full subcategory of 
g-mod consisting of finite-length modules satisfying the equivalent conditions of 
Theorem 7.13. The category Tg is an abelian monoidal category with respect to the 
usual tensor product of g-modules. In addition, for g = sl(oo), the category Ty 
has an involution (-), : Tg — Tg, which one can think of as a “restricted dual." 
Indeed, in this case any automorphism w € (Aut g) \ G induces the autoequivalence 
of categories 


Wg: Tyg Ty 


Me mM”. 


However since any object of Tg is G-invariant, the functor w g does not depend on 
the choice of w, and is an involution of Tyg, 1.€., Wa = id. 

We have seen that the simple objects of Tg are precisely the simple tensor 
modules. Next we would like to understand the injective objects in Tg. 
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In [DPS], it was shown that the modules 7’? are injective in the category Tg, and 
injective hulls of all simple modules in Tg were described. Here we present a more 
general approach to these results which was developed in [CP2]. 

Recall that in category theory, there is the very useful definition of a 
Grothendieck category, see [Po]. For our purposes, we adapt this definition in 
the following more restrictive setting. 

A (finite) ordered Grothendieck category C of g-modules is by definition a 
full subcategory of g-mod that is closed under taking subquotients and arbitrary 
direct sums and is equipped with the following structure. The category C has a 
distinguished collection of objects X; € C that is indexed by a partially ordered 
set (J, <) with the property that every element dominates finitely many others 
(ie., {7 € I | j < i} is finite), and C has a finite collection of morphisms ©; 
for eachi € J from X; into various objects X; for j < i, subject to the following 
conditions: 


(G1) every object of C is a sum of subquotients of finite direct sums of X;; 


(G2) Y; := (reo; ker f) has finite length, and Y; = soc X;; write Yj = 
QB S®P() where S; is the set of isomorphism classes of distinct simple 
SES; 


direct summands of Y;, and p(S) is the multiplicity of S in Y;; 
(G3) the sets S; are disjoint; 
(G4) X; decomposes as QB $®P(S) for modules S with socle S. 
SES; 


Condition (G2), together with the down-finiteness of J, ensures that all X; have 
finite length, and hence so do subquotients of finite direct sums of X;. In particular, 
the Jordan—H6lder Theorem holds for such subquotients. In addition, condition (G1) 
implies that any simple object of C belongs to S; for some i € J. 

In order to see that C is a Grothendieck category according to the definition from 
[Po], set X= Qj F} where F} C F? Ce SC nm = X; is the socle filtration of 
X;. Then one can check that X := @jc 1X j is a generator for C, that means, every 
object M of C admits an epimorphism X — M, where X is a direct sum of copies 
of X over a sufficiently large index set depending on the object M. 

We would like to understand the indecomposable injective objects of an ordered 
Grothendieck category C. The definition of an ordered Grothendieck category 
allows for a quick characterization of indecomposable injective objects. Recall that 
a module Q € C is injective if any exact sequence0 — Q ~ M —> N —> Oin 
the category C splits. An injective hull of a module (defined up to isomorphism) 
is a smallest injective module containing it. An extension M of a module Q 
(i.e., Q C M) is called essential if for any submodule K C M we have KN Q = {0} 
implies K = {0}. Hence, a module with no proper essential extension is injective, 
and a maximal essential extension of a module is an injective hull. 

The following is a result from [CP2]. 
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Theorem 7.14 The objects X; are injective in C. The indecomposable injective 
objects in C are isomorphic to arbitrary indecomposable direct summands of the 
objects X;. 


Theorem 7.14 is a corollary of the following proposition from [CP2]. 


Proposition 7.15 [fC is an ordered Grothendieck category, then for any i € I and 
any simple S € Sj, the object S is an injective hull of S in C. 


Proof Since the socle of S is the simple module S, it suffices to show that any 
subquotient J of a finite direct sum of X; that is an essential extension of S, in fact 
embeds into S. The following lemma handles a particular case of this situation, and 
we will use it to prove the general case. 


Lemma 7.16 Suppose S Cc J is an essential extension. If J is a subquotient of a 
direct sum xo for some i and some q, then J is isomorphic to a submodule of S. 


Proof Leta : X — Z be an epimorphism such that J C Z. We can regard S as 
a submodule of soc Z using of the monomorphisms S$ C J C Z. Moreover, there 
is a decomposition soc Z = T @ S, and since the extension S C J is essential, T 
intersects J trivially. Hence after factoring out by T, we may assume that Z has the 
simple socle S. 

The socle _ of X; 4 can be decomposed as U © S such that | yea is the 


projection onto S. ven poudiupe (G4) above, this decomposition can be lifted 
to a decomposition of beg as U ® S. The socle U of U is already in the kernel 
of z, and all other simple constituents of U belong to the set ),_; S; which 


j<i 
does not contain S. It follows that n(U ) intersects S trivially, and hence also J 
trivially. Consequently, J admits a monomorphism into Z/ n(U ). But then Z/ n(U ) 
is isomorphic to S, since it is a quotient of S and the restriction of x to the simple 
socle S of S isa monomorphism. Hence the claim follows. oO 


Now for the general case, suppose S C J is an essential extension. Let g : X > 


@ - : 
4] of a finite direct sum. 


J be an epimorphism for some submodule X C Dx; XxX; 
jel 

Any simple submodule T of X belonging to S; for j ¢ i will automatically lie in 
the kernel of g (by condition (G3) above). So we may assume that X is a submodule 
of X aa , which allows us to apply Lemma 7.16 to complete the proof. oO 

We are now ready to study injective objects in the category of tensor modules 
Tyg. The category Tg is an ordered Grothendieck category of modules, where the 
poset J is the set of ordered pairs (p, q) of nonnegative integers, and the order on [ 
is the smallest partial order such that (p, gq) > (p — 1, gq — 1) for positive integers p 
and q. The object X; corresponding to the element i = (p,q) in J is by definition 
TP4 — ySP @ vy: 

For i = (p,q), we define @; = {®?\7 | 1 <r < p, 1 < s < q} tobe the set of 
contractions oh. TP-4 —» TP—1.4-! as defined in (7.3). 

It is now straightforward to check that conditions (G1)—(G4) from the definition 
of an ordered Grothendieck category hold for the category Tg with this choice of 
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X; and ©;. As a result, Proposition 7.15 allows us to deduce from Theorems 7.2 
and 7.9 the following result of [DPS]. 


Theorem 7.17 For g = gl(oo) and g = sl(0o), an injective hull in T g of the simple 
module V;, 4, is Vi = Vi ®@ (Vx)u, which has V),, as its socle. 
For g = 0(co) and g = sp(oo), an injective hull in Tg of the simple module V), 
is Vi, which has V), as its socle. 
Moreover, the modules V®? @ v4 are injective in Tg, and every indecompos- 


able injective object of Tg is isomorphic to a direct summand of some V®? ® Ve4, 


We finish this section by noting that the category Tg does not have enough 
projectives. This can be seen in several ways, for instance by observing that there is 
a well-defined infinite projective system of surjective morphisms 


> Vanden >> Vay ao > Vay jay >CH 0, 


where A, is a Young diagram consisting of a single row (or column) of length n. 
Therefore the trivial module C does not have a projective cover in Ts1(oo). The 
reader will modify this argument for the categories T9(o9) and Tsp(o0). 


7.4 Vanishing Theorem for Ext in Tg 


Here we establish a pattern for the vanishing of Ext in Tg, which is crucial in the 
proof of the Koszulity of T,. First, we need to introduce some notation. 
For any partition jz, we set 


ut := {partitions pu’ | |u’| = |u| + 1 and yu, A pu; for exactly one i}, 
jw := {partitions yw’ | |u’| = |u| — 1 and yw, 4 py; for exactly one i}. 


The following lemma from [DPS] computes the socle filtration of a simple 
module from Tg tensored with the natural module V, and in particular this shows 
that the Loewy length of such a tensor product is at most 2. 


Lemma 7.18 Let g = sl(oo) or g = gl(oo). For any simple object Vi, of Tg, 
there is an exact sequence of g-modules 


0 > Va,uy+ > V@Viu > Vayy- > 9, 


where 


Va,p)t = QB Vu and Va,w- = QB Vi pls 
Neat we 


Moreover, V@,,,)+ = Soc(V @ Vin). 
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Proof The semisimplification of V @ V),,, is isomorphic to Vi ,,.)+ ® Va,z)- by the 
classical Pieri rule. To obtain the equality Vi, ,,,+ = soc(V ® Vj.,,), observe that 


soc(V ® Va,2) C soc(V @ Vics) = soc(T I+ #1) A(V ® Vi) = Vay)» 


where the last equality follows from Theorem 7.2. On the other hand we see that 
Vau)+ C soc(V@Vj,,,), since Theorem 7.2 also implies that |«|+|v| < |A|+|“|-+1 
for any simple constituent V.., of V @ Vi. u hot lying in the socle of V @ Vin. 
Consequently, Vi,,)+ = soc(V @ Vy .,). 

Finally, to see that the quotient (V ® Vj 2)/V(,,)+ iS semisimple, note that 
all simple subquotients of (V ® Va.u)/Vaju)+ lie in socl(TI+LI#l), again by 
Theorem 7.2. Oo 


The following lemma from [DPS] can be proved in a similar manner. 
Lemma 7.19 Let g = 0(00) or g = sp(oo). For any simple object V;, of Tg, there 
is an exact sequence of g-modules 


0—> Vi+—27>V@V,- V,- > 0, 


where 
Vit = QB Vy and Vi- = QB Vy. 
NEAT NEA~ 
Moreover, V)+ = soc(V ® Vj). 


Now we are ready to prove a vanishing property of Ext in Tg [DPS, Proposition 
5.4]. 


Proposition 7.20 Let g = sl(co) or g = gl(oo). IfEXty (Vay Vi uw) F 0, then 


[Al — 1A] = Jel — [w= i. 


Proof We will prove the claim by induction on |A| + |u|. The base of induction is 

(A, 4) = (@, MH), and in this case the claim follows from the fact that the module 

Vo,9 = C is injective in Tg. Suppose that Ext, (Vii,y/s Vi.u) ¥% 0. Theorem 7.17 

implies Vg, = (Vx), 1s injective for any j4, So we can assume |A| > 0 without loss 

of generality. Then there exists a partition 7 such that A € nt. By Lemma 7.18, the 

module V, ,, is a direct summand of Vip, ,,)+, 80 we have EXty, (Viuts Vin,uyt) FO. 
Consider the following short exact sequence from Lemma 7.18: 


0—> Va.wt > V @ Vin > Vayw- > 0. 
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The associated long exact sequence implies that either EXty, (Vy ws V @ Vayu) FO 
or Exty,! (Van's Vin,u)-) # 9. In the latter case, the induction hypothesis implies 


Ink - "1 = del - D-Ill =i -1, 


in which case the claim follows since |n| = |A| — 1. 
Now assume that Ext (Vu ws V ® Vy.u) FO, and let 
9g 


0> Vin >M>M,—... 


be a minimal injective resolution of V,, ,, in Tg. By the induction hypothesis, for any 
pair of partitions vj, v2 and any j € Zso, the nonvanishing of Ext, (Vij .vo, Vn) 
implies 


In| — |vil = |e] — [val = J. (7.11) 


By the minimality of the injective resolution, it has no nontrivial direct sum 
decomposition, so now V,,,». appears as a direct summand of M; only if (7.11) 
holds. Hence M; = @Vi.w for some set of v1, v2 such that |v;| = |n| — j and 
[v2] = |u| — J. 

Furthermore, since the functor V ® (-) is exact, 


0>VO@Vin > VOM>VOM—... 


is aresolution of V @ V,, ,,. Moreover this resolution is injective, as the modules V @ 
M; are direct summands of injective modules of the form @;T”'’4', and are hence 
themselves injective. Thus, Homg (Vy, V ® M;) 4 0 implies |A’| = |n| —i+ 1 
and |j’| = |4| — i, and again the claim follows from the fact that |j| = |A| —1. oO 


In a similar manner, one obtains the following proposition from [DPS]. 
Proposition 7.21 Let g = 0(00) or g = sp(oo). If EXty, (Vy, Vi) 4 0, then 
|A| — |A’| = 23. 


The converse of Proposition 7.20 does not hold in general as the following 
example shows. 


Example 7.22 Let g = s{(oo). Then 
Extp, (Va.p.a.pes Vi4,1),,2)+) = 9. 


This follows from Corollary 7.35 below and Example 7.7. O 


However, a partial converse of Proposition 7.20 does hold for Ext!. 


110 7 Tensor Modules of sl(co), 0(00), sp(co) 


Example 7.23 Let g = sl(oo). If A’ € AT and pw’ € ww, then 
1 
Extp (Var, Vi) = 1. 


This follows from Corollary 7.35 and Theorem 7.2 (prove it!). O 


Note that the Ext’s in the category T, differ essentially from the Ext’s in 
the category g-mod. For example it was shown in [PS6] that Ext) (Vy, u's Va,w) 
Hees Ves Vind 
is always finite dimensional, which follows from Corollary 7.35. Here are two 
examples. 


is uncountable dimensional whenever nonzero, whereas Pete 


Example 7.24 Let g = sl(oo). Consider the exact sequence of g-modules 
0> V > (V,)* > (V,)*/V = 0. 


The g-module (V,.)*/V is isomorphic to the direct sum of an uncountable number of 
copies of the trivial module C, and any one-dimensional subspace in (V,.)*/ V deter- 


mines a nonzero element of Ext Ba) (C, V). On the other hand by Proposition 7.20 


we have Exty. (C,V)=0. O 


sl(00) 


Example 7.25 The space EXté 1(00) (C, s{(oo)) is uncountable dimensional, and each 


1 
nonzero vector of EXts1(0) 


quotient of soc! ((sl(oo),)*) (see [PS6]). In contrast, the nonzero vectors of the one- 
dimensional space Ext. (C, sl(co)) correspond to the unique one-dimensional 


(C, s{(co)) corresponds to a one-dimensional trivial 


quotient of soc! ((sl(0co)x)*) which determines the exact sequence 
0— sl(oo) ~ V@V,z> C0 


where the middle term is an absolute weight module. O 


7.5  Koszulity of the Category T, 


Now we outline one of the main results from [DPS] claiming that the category Tg 
is Koszul in the sense that it is antiequivalent to the category of locally unitary 
finite-dimensional modules over a certain direct limit of finite-dimensional Koszul 
algebras. 

We start by recalling the definition of a Koszul ring. A Zso-graded ring A is 
Koszul if Ao is a semisimple ring and if for any two graded A-modules M and N of 
pure weight m,n € Z respectively, we have 


ext',(M, N) =0 unless i =m—n, 


7.5 Koszulity of the Category Tg 111 


where ext’, denotes the ext-group in the category of Z-graded A-modules. For 
a more extensive study of Koszul rings, see [BGS] where several equivalent 
definitions are given. Note that we reserve the notation Ext’, for the ext-group in 
the category of (non-graded) A-modules. 

For each r € Zs0, we let Ty denote the full abelian subcategory of Tg whose 
simple objects are submodules of T=". Then 


T, = lim TEs 
Consider the finite-dimensional algebra 
Al, = Endg T=" 
and the direct limit algebra 


Note that Ag does not have a unit, but is a direct limit of unital algebras. 
Let Ay -fmod denote the category of unitary finite-dimensional Ay -modules, and 
let Ag-fmod denote the category of locally unitary finite-dimensional Ag-modules. 
The following is proved in [DPS]. 


Proposition 7.26 The functors Homg(-, T=") and Homg;,(-, T=") are mutually 
inverse antiequivalences of the categories T’, and A,-fmod. 


Let’s define a Z>-grading on Ay: For this purpose, we need the following fact. 
If g = sl(oo), gl(oo), then 


Homg(T?4, T°") =0 unless p—s =q —t € Zs0. 
Indeed if g : T?4 — T* is an sl(oo)-module homomorphism, then g(T?:“) is 
a quotient of T?-4 satisfying soc(g(T”*4)) C soc(T*’). Hence the claim follows 
from the description of the socle filtration of T?*7 given in Theorem 7.2. Similarly, 
for g = 0(00), sp(co), we have 


Hom,(T”, T*) =0 unless p —s € 2Z5». 


So one can define a Z5o-grading on Ay for g = sl(oo), gl(oo) by setting 


(AS = GB Ag)?*, where (Ag)? = Homg(T?4,T? #4"), (7.12) 
p+qsr 
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and a Z>o-grading on Ay for g = 0(00), sp(oo) by setting 


(Ay)i = (Ag)? where (Ag)? = Homg(T?, T°”). (7.13) 


psr 


By C[I’], we denote the group algebra of a group IT’. 


Lemma 7.27 There are algebra isomorphisms 


(Ae B ClSy* Sal for g = sl(0o), gl(oo) 
p+qsr 
and 
(Ayo = PCI5p1 for g = 0(00), sp(oo). 
psr 


Consequently, the algebra (Ayo is semisimple. 


Proof The claim for g = sl(oo), gl(oo) can be proved using Theorem 7.2 to show 
that Endg(T?*4) = Endg(soc(T?4)) = CLS, x Sq]. The case of g = 0(00), sp(co) 
is similar. oO 


The algebra Ag = lim Ay, has a natural grading 


Aig = DiAg)i. 
i>0 
where 
(Agi = QB (Ag)? for g = gl(0o), sl(0o), 
p.q20 
and 
(Ag)i = DiAg)? for g = 0(00), sp(oo). 
p20 
Then we have 
(Ago = EB CISp x Sq] for g = gl(0o), sl(0o), 
p.q20 
and 
(Ag)o = QB C[Sp] for g = 0(00), sp(co). 


p20 
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Now we would like to relate the category Ag-fmod with the categories Ay -fmod 
for all r > 0. For g = sl(oo), gl(oo), observe that (Ag)? (Ag); = 0 unless 
p=s-—jandg =t-— j. Hence for eachr > 0, 


A= DB Parr 


ptq>r i=0 


is a Z>o-graded ideal in Ag such that Ay <>) A, = Ag. For g = 0(00), sp(co), 


Ae = DQ Ay)?. 


p>r i>0 


Therefore each unitary Ay -module X admits a canonical Ag-module structure with 
AVX = 0, and thus becomes a locally unitary Ag-module. We have shown that 


A,g-fmod = lim A,,-fmod. 
— 8 


Finally, Proposition 7.26 implies the following result from [DPS]. 


Corollary 7.28 The functors Homg(-, T) and Homa, (-, T) are mutually inverse 
antiequivalences of the categories Tg and Ag-fmod. 


It remains to show that ring Ay is Koszul. For the proof of this fact, we recall the 
following definition. Any Ag-module X has a radical filtration 


-»» C rad! X C rad? X =radX C X 


where the radical of X, denoted rad X, is the joint kernel of all surjective Ag- 
homomorphisms X — X’ with X’ simple, and rad! X := rad(rad'—! X). 


Theorem 7.29 The ring Ay is Koszul. 


Proof The ring (Ag)o is semisimple by Lemma 7.27. We will show that unless 
i = m —n, one has extig (M,N) = 0 for any simple pure Ag-modules M, N 
of respective weights m, n. Since any Ay-module admits a canonical Ag-module 
structure, it follows that extige (M, N) = 0 for any simple pure Ay -modules M, N 
of respective weights m, n unless i = m — n. The analogous statement for arbitrary 
Ay -modules of pure degree follows, since all such modules are semisimple. 

For the proof, we assume that g = sl(oo). The other cases are similar. For 
each pair of partitions A, jz, we let X),,,, (respectively, X_,,) denote the simple Ag- 
module that is the image of V;,, (respectively, V;,,,,) under the antiequivalence of 


Corollary 7.28. Then Mii is a projective cover of X),,,, since Van is an injective 
hull of Vy... 
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Now Corollary 7.28 and Proposition 7.20 imply that 
EXt'g, (Xa,u> Xu wp) = Exty, (Vi',y's Via) =0 


unless |A|—|A’| = |u|—|’| = 7. In addition, it follows that for a minimal projective 
resolution of X,,,, in Ay -fmod 


> Pi+ P°+ x, , 70 (7.14) 
we have P! ~ Say dye for some set of pairs v1, v2 satisfying |v;| = |A| — i and 
Iva = lal — i. 7 

On the other hand if X,,,,, is a simple constituent of rad’ X)_,,, or if under the 
antiequivalence V,,,_,, is a simple constituent of soc! Vj. uw» then |A| — [vy] = |u| — 


|v2| = i. Therefore we see that in the resolution (7.14) the image of rad/ P! lies in 
rad/t! pi-l, 

Now it is clear that we can endow the resolution (7.14) with a Z-grading by 
setting the degree of X)_,, to be an arbitrary integer n. Indeed, one should take each 
simple constituent of P! asan (Ag)o-module that lies in rad/ P; and not in rad/ ae P; 
to have degree n+i-+ j +1. This immediately implies that extig. (Xiu, Xau) = 0 
unless |A| — |A’| = |u| — |u| =i. Oo 


7.6 Koszul Self-duality of the Ring Agi(o0) 


Here we study in more detail the algebras Ay and Ag for g = sl(oo). The 
corresponding algebras for g = gl(oo) are the same. The main result of this 
investigation is the self-duality of Ay and of Ag. One corollary of this result is 
the following formula for extensions between simple g-modules: 


: kepyhl yay h be 
dim Ext*(V2-", V4") = » Ny ay (7.15) 
4 = 


We begin by examining the structure of Aj. The Koszulity of Ag implies that 
Ay, is a quadratic algebra generated by (A(,)o and (Aj,)1, that is, 


Aly = Tar) (Ag) /(R’), 


where (R’) is the two-sided ideal generated by some (A¥)o-bimodule R’ in 
(Ay) Q(Aryo (Ag) (see [BGS]). This implies that 


Ag ~ T(Ag)o((Ag)1)/(R), 


where R = lim R’. 
—> 
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Following [DPS], we will describe (Ag); and R. For this purpose, we fix 
inclusions S, C Sy+1 such that S,4; acts on the set {1,2,...,2 + 1} and S, is 
the stabilizer of n + 1. 

Recall that (Ag)?! = Homg(T?4, T?-*4-") and (Ag)h"! = C[Sp x Sq]. 


Lemma 7.30 Let g = sl(0o). Then (Ag)? as a left module over (Ag)p "4 is 
generated by the contractions ®; ; : T?4 > TP?-14-1 as defined in (7.3). 
Proof Let g € (Aye = Hom,(T? 4, TP 147], By Theorem 7.4, 
soc T?4 = () ker ®; ;. 
iSp, JS 
Moreover, Theorem 7.2 implies that soc(T?’2) C ker g. Define 
@:7P9 5 Gi ree! 
isp, JSq 


as the direct sum €), ; Pi,j- Then there exists 


Qa: QB pe ee 
isp, JS 


such that ¢ = ao®. Since a = @i.,j aj, ; for some aj, j € 0 a = C[Sp-1x 

Sq—-1], we have y = vii aj, ; ®;,;, which concludes the proof. oO 
As acorollary of Lemma 7.30, we obtain that (Ag) is generated by contractions 

as an (Ag )o-module. 

Lemma 7.31 Let g = sl(oo). Then (Ay); is isomorphic to C[Sp x Sq] as a right 


(Ag)h 4 -module, and the structure of a left (Ag) 4! module is given by left 
multiplication via the fixed inclusion 


(Ag) 47! = ClSp-1 x Sq—1] € CISp x Sq] = (Ago. 


Proof It is clear that all contractions ®;,; € (Ag) can be obtained from ® pg 
via the right C[S, x S,]-module structure of (Ag); 1 Thus by Lemma 7.30, as a 
C[Sp x S,]-bimodule, (Ag)i “4 is generated by the single contraction ® Pq: 
Furthermore, the computation 


> dg Ppqg 0F(V1 +++ @ vp @ v7 @-+- @ v5) 


oES)xSq 


= > Ag (Voi (p)s Vgr(q)) Uoi(1) @ +++ @ Vor(p=1) ® UG) @ +++ @ VG,¢g—1) 


o=(01,02) 
ESp x Sq 


=0 
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for all v1} @--- @ vp @vjp @--- uz € T?-4 implies ag = 0 for allo € Sp x Sq. 
Hence (Ag)? 4 is a free right C[S, x S,]-module of rank 1. On the other hand for 
any 0 € Sp] xX Sq-1, we have 


ao Dp.q — Op 4 oo. 


So the claim follows. oO 


Corollary 7.32 Let g = sl(oo). Then there is an isomorphism of (C[Sp—2 x 
Sq-2], C[Sp x Sq])-bimodules 


Ages B@eagye-'-! Ag" = C1Sp x Sq], 


where the right-hand side is a (C[Sp—2 x Sg—2],C[Sp x Sq])-bimodule via the 
embeddings 


C[Sp—2 x Sq—2] Ge C[Sp—1 x Sq—1] a C[Sp x Sq]. 
Moreover, 


(Ag)! ®Agy Ag = QY(Agy 4! eq. yp-ta-t (Ag). 
P»4 


Lemma 7.33 Let g = sl(oo). Let S ~ Sz x S2 denote the subgroup of Sp x Sg 
generated by (p, p — 1); and (q,q — 1)y, where (i, j); and (i, j)+ stand for the 
transpositions in Sp and Sq, respectively. Then R = Ding R?-4, where 


R?4 = (triv sgn ® sgn Mtriv) @cjs] C[Sp x Sq], 


and triv and sgn denote respectively the trivial and sign representations of S>. 


Proof The statement is equivalent to the equality 


RPT = — (p, p— IDA + G9 — Vr)CISp x SqI® 
d+ (py, p— DIA — G9 — Dr)CLSp x Sq, 


We have the obvious relations in Ag 


P p-1.g-1P pg = Pp-1.g-1P pq (P; p-i@.¢a- 1), 
Dp—1.g-1P pq (P; p-l\y= ®p-1,q-1P pg 9; q-1)r. 


Therefore 1—(p, p—1)i(g,qg—1);, (vp, p—Vi-(g,¢—1)- € R?’4. On the other 
hand, (1 + (p, p — 1) + (q,¢ — Dr) and (1 — (p, p— DDC — (¢,.¢ - Vr) 
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clearly do not belong to R”’4. The latter two group algebra elements generate a right 


C[S, x Sq ]-submodule RPI C (Aye ot * Bia yeh} (Ag); and we have 
9/0 


—l,q-1 ‘ D 
(Ag) Bqyp-tat Ag) = RP @ RP. 


Hence the statement follows. oO 


In order to proceed, we need to recall the definition of the Koszul dual of 
a quadratic algebra. Let A = Vizo A; be a left finite quadratic algebra, say 


A = T,4,(A1)/(R). Following [BGS], we define the left dual A’ to be the right 
finite quadratic algebra given by A‘ = TAg (A*t)/(R+) where Aj = Hom,,(A1, Ao) 
and R+ is the annihilator of R in Aj} @a, Aj with respect to the obvious pairing 
(A} @Ay Aj) @ (Al @aAy A1) > Ao. 

Theorem 7.34 Let g = sl(co). Then Ay is Koszul self-dual, i.e., Ay i ((AG)') PP. 
Furthermore, Ag ~ (Ayr? where A, — lim(Ay)’. 


Proof By definition, 


(Ay) = Tat)y (AgD)/(R™). 


Now Lemma 7.31 implies an isomorphism of (Ag)n (Ag)p'4~')-bimodules 
(Gay 2 CS, X 8,): 
Hence we have an isomorphism of ( (AB) or -bimodules 
(Ay 2D 
Next, one can check that Rt = R, where R := @®R?-4, and the modules 
R?-4 were introduced in the proof of Lemma 7.33. Therefore ((A’ )qdrr io 


T Al, (Ag) 1)/(R"). 

Now consider the automorphism o of C[S, x Sq] defined for all p and q by 
o(s,t) = sgn(t)(s,t) for alls € Sp, t € Sg. Since (Ag)o = Ona C[Sp x Sq], we 
can extend o to an automorphism of T(.A,))((Ag)1) by setting o (x) = x for any x € 
(Ag)1. Then o (R?*4) = R?-4, Hence o induces an isomorphism A, = (AG) PP, 
and clearly also an isomorphism Ag ~ (Ag). o 


Corollary 7.35 Let g = sl(co). Then dim EXty, (Vis Vi.) equals the multiplic- 
ity of Var uy in soc! Vi (see (7.2)). This implies formula (7.15). 


Proof We apply [BGS, Theorem 2.10.1] to Ay for sufficiently large r. Then 


Ext.g, ((Ag)o, (Ag)o) is isomorphic to (Ay)P? as a graded algebra. Moreover, the 
simple Ag-module X}/,,,”, which is the image of V,, ,,, under the antiequivalence of 
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Corollary 7.28, is isomorphic to (Ag)oYa’,," where Y,) ,, is the product of Young 
projectors corresponding to the partitions 4’ and yz’. This follows immediately from 
the fact Yj ,/ is a primitive idempotent in (Ag)o and hence also in Ag. The 
projective cover Pa atu! Of Xj, is isomorphic to Ag Y,',,,". Therefore we have 


dim Ext (Virus Vip) = dim Extig, (X25 Xyy!) = dim Vy (Ag), Yay: 
By Theorem 7.34, 
dim Y yw (Ay; Yap = dim Yy (yi (Ag iY, y1- 


Furthermore, dim Yj) ¢,1(Ag)iY,,,1 equals the multiplicity of Xy (y+ 


in rad! 7 x. gh / rad! x apts which coincides with the multiplicity of Vy) (,)1 

in soc!(V, ,1)/soc'!(V, ,1). oO 

Corollary 7.36 

(1) The blocks of the category Ts1(o0) are parameterized by Z. The simple modules 
Vu! and Vi, belong to the same block T sto) (i) for i € Z if and only if 
[A] — [uel = 1A] — [we] = 7. 

(2) Two blocks Tst(90) (i) and Ts((o0) (j) are equivalent if and only ifi = +j. 

Proof 


(1) Since Vin is an injective hull of V;,., Ext (Viv,y's Viu) A O if and only 


if Vj. is isomorphic to a submodule of Vi /Vi,u. By Theorem 7.2, this 
occurs if and only if A’ € (A)t and yz’ € (w)*. Now consider the minimal 
equivalence relation on pairs of partitions for which (A’, 4’) and (A, 44) are 
equivalent whenever A’ € (A)* and yw’ € (4). It is a simple exercise to show 
that then (A’, jz’) and (A, jc) are equivalent if and only if |A| — || = |A’| — |w’I. 
The proves the first assertion. 

The equivalence of the blocks Ts{(o0) (i) and Tst(oo)(—i) is established by the 
functor (-)*. We will show that Ts1(o0)(i) and Tst(o0)(j) are not equivalent 
when i # +j. Suppose without loss of generality thati > 0, 7 > O. 
Then the isomorphism classes of simple injective objects in Tsi(o0)(i) are 
parameterized by the partitions of i, since {Vg | |A| = i} represents the set 
of isomorphism classes of simple injective objects in Ts{(o0) (i). Since the sets 
{Va.9 | |Al = i} and {Vy | |A| = j} have different cardinalities fori 4 j, 
except in the case i = 1, j = 0, the assertion follows in other cases. Now each 
of the blocks Ts{(o0)(0) and Tst(oo)(1) has a single simple injective module, 
up to isomorphism. However, V has nontrivial extensions by both V(z) (1) and 
Vi1,1),(1)> Whereas C has a nontrivial extension only by V(1),(1). This completes 
the proof. 


(2 


YS 


| 
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7.7 Equivalence of the Categories T4(..) and Tsp(0) 


Now we proceed to study the structure of Ag for g = o(0o) and g = sp(oo). We 
will outline the proof from [DPS] for the equivalence of the categories To(o0) and 
Tsp(oco). A different proof of this fact is given in [S2]. 

Recall that (Ag)? = Homg(T?, T?~*) and (Ag) = C[S,]. The following 
lemma can be proved similar to the case g = sI(oo) from Lemma 7.30. 


Lemma 7.37 If g = 0(0o) or g = sp(oo), then (Ag)? as a left module over 
(Ag) Fig generated by the contractions 


W,,:T? > TP, 
V1 @---@vp bh (uj, Vj)(V] @- ++ Vj -++@-+--dj---@vp), 


where (-, -) stands for the symmetric bilinear form on V if g = 0(00), and, 
respectively, for the symplectic bilinear form on V if g = sp(oo). 


We let S,-2 C Sp denote the stabilizer of p and p — 1, and let S’ C S, be the 
subgroup generated by the transposition (p — 1, p). 


Lemma 7.38 We have 

(Ag)} ~ triv @crs C[Sp] for g = 0(o) 
and 

(Ag)? X sgn @cisy ClSp] for g = sp(oo). 


Moreover, left multiplication by C[Sp—2] is well defined, as S’ centralizes Sp—2. 


Proof Lemma 7.37 implies that the contraction V»_1,» generates (Ag)} as a right 
C[S,]-module. So the claim follows from the relation 


Wp-1.p = EW y_1 p(P, p-—1), 


where the sign is + for g = 0(00) and — for g = sp(oo). Oo 


Corollary 7.39 Let g = 0(00) or sp(co). Then 


(Ag)t” ®q,p-2 (Ag) ~ Lg @cis} Cl Spl, 
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where 


ae triv for g = 0(00) 
aa sgen& sgn for g = sp(oo) 


and S = Sy x S2 is the subgroup generated by (p, p — 1) and (p — 2, p — 3). 
In order to describe R, we let R = Ba R?, where 
p-2 P 
R? Cc (Ag); @q.r? (Ag); e 
We will need the following decompositions of right S4-modules: 


triv @crs| C[S4] = Y2,1,1) ® Ye,2) ® Yay, (7.16) 
(sgn X sgn) @crs] Cl$4] = ¥a,1) ® Y2,2) ® Yat, (7.17) 


where Y) denotes a simple S4-module 


Lemma 7.40 Let S” C Sp be the subgroup isomorphic to Sq that fixes 1, 2,..., 
p —4. Then 


R? ~ Y2,1,1) @®cps”) CL[Sp] for g = 0(0o0), 
and 
R? ~ Ya1) @cis) CLSp] for g = sp(oo). 


Proof Let us deal with the case of o(co). We consider the following Young 
projectors in C[S”] ~ C[S4]: 


Yaa =U + (p— 1, p))d — (p, p — 2) — (p, p — 3) — (p — 2, p —3)+ 
(p, p— 2, p —3) + (p, p — 3, p—2)), 


Yaz = U+(p, p—D)A+ (p—2, p —3))1 — (p— 2, p)) A — (p— 1, p—3)), 


and 


Ya) = ay Ss. 


ses” 
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By (7.16) we have 


R? C (Ag)? * @ a p-2 (Ag)? = Y2,1,1)CISp] ® Yoo,2)ClSp] ® YyCISpl. 


(Ags 
By direct inspection one can check that 


Wp—3, p—2V p-1, p Y(2,1,1) =0, 
WV p—3, p-2V p-1, p Y (2,2) = 2Wp—3, p—-2V p-1,p — 2V p—3, pV p-1, p-2; 


Wp—3, p-2 VU p-1, p Y(4) = AW 3, p—2V p—1,p- 


The claim follows for 0(00). 
The case of sp(oo) is left to the reader. oO 


Corollary 7.41 Asp(oo) ~ Ao(oo): 
Proof We use the automorphism o of C[S,] that sends s to sgn(s)s. oO 
Corollary 7.42 The categories T 9(o9) and T sp(o0) are equivalent. 

The following is proved in [DPS]. 


Proposition 7.43 T5(o0) and Tsp(oo) have two inequivalent blocks Ty and 1 
generated by all V;, with |X| even and odd, respectively. 


7.8 Categories of Tensor Modules for Lie Superalgebras 


In the paper [S2], Serganova studies the categories of tensor modules Tg over the 
classical locally simple Lie superalgebras sI(oo|00), osp(co|oo), sp(co), sq(oo). A 
tensor functor T5(o0) > Tsp(oo) establishing an equivalence of tensor categories is 
constructed using the Lie superalgebra osp(oo|oo). It is shown that the monoidal 
categories To(o0), Tsp(co)s Tosp(coloo) and Tspioo) are equivalent. Furthermore, it is 
proved that T’51(o0|00) is tensor equivalent to T's{(00). Here we outline some of these 
results. 

In Sect. 4.1.4, the classical locally simple Lie superalgebras were constructed as 
direct limits of simple classical Lie superalgebras. Alternatively, the Lie superalge- 
bra s{(co|00) can be realized as follows. Let V = Vo @ Vj be a superspace such that 
Vp and Vy are countable dimensional, and take V, to be a superspace with the non- 
degenerate pairing str : V @ V, — C. Then V ® V,, is an associative superalgebra 
with Z2-grading 


(V ® Va)q = (VG @ (Vo) x) B Vi ® (Vp) x), (7.18) 
(V @ Vi)z = (VG @ (Vp) x) B (Vi ® (VG) x))- (7.19) 
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The Lie superalgebra corresponding to V @ V,. via formula (2.1) is gl(oo, 00), whose 
even part is isomorphic to gl(oo) ® gl(oo) according to the decomposition in (7.18). 
Here is an explicit formula for the supercommutator in gl(oo, co) of homogeneous 
pure tensors: 


rat 
[vi @ vs, v, @ vf] = (—1)"*" str (ve @ viv; @ vf 
Dn: p* Ht 01% 
— (HDPE str (v5 B VUE @ Vj, 


where x € {0,1} denotes the parity of a homogeneous element x. The Lie sub- 
superalgebra of gl(oo|oo) defined by sl(oo|oo) := Ker(str) is locally simple, and 
hence simple. 

One can realize osp(co|oo) as the Lie subsuperalgebra of gl(co|oo) consisting 
of all finite rank operators for which a fixed even non-degenerate symmetric form 
w : S’(V) — C is invariant. The even part is osp(co|oo)g = 0(00) @ sp(cc). 
The Lie superalgebras sp(oo) or sq(oo) can be constructed in a similar manner (see 
[S2]). 

Now let g = gl(ooloo), sl(oo]o0), osp(ooloo), sp(oo) or sq(oo). Then Tg is 
defined to be the full subcategory of g-mod consisting of modules M that satisfy the 
following three conditions: 


(1) M is integrable over gg (and therefore over g), 
(2) the annihilator of every vector in M is a finite corank subsuperalgebra in g, 
(3) M has finite length as a gg-module. 


The category Tg is an abelian monoidal category. 


7.8.1 The Case of g = gl(coloo) 


As in the case of T gio), the simple objects of T g1(o0\o0) are parameterized by a pair 
of partitions A, jw. For a partition A, let S, denote the corresponding Schur functor, 
and set V; := S,(V®”") where n = |A|. Then Vu := Vi @ (Vx), is injective in 
Tg, and the socle of Vj, yw isa simple module V,,,,. All simple objects of Tg (up to 
isomorphism) are obtained in this way. 

Using the decomposition of gl(co|oo)g from (7.18), we set € = Vp @ (Vo) and 
(= Vi @ (Vi)x. The functor Re : Ty — Te is defined by setting Ry(M) := M', 
where M' denotes the space of I-invariants in M. A functor R; : Tg — Ty is defined 
similarly by setting R,(M) := M*. Then ReViw) = (Voda and R(Vi nw) = 
(V>),4,,1- Next, define the functor S¢ : Tgt(oo) > Tgt(oo|oo) by letting 


Se(M) := I(M)/ () Kerg |, 
yeHom( (M),T(VEV;)) 
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where I (M) is the induced module U (g) @u (gp) M with the action of [on M taken 
to be trivial. By construction, S¢(M) is the maximal quotient of 7(M) belonging to 
T gt(coloo): Moreover, Sy is left adjoint to Ry. This leads to the following result from 
[S2]. 


Theorem 7.44 The functors Re and S¢ establish an equivalence of monoidal 
categories T gt(co|o0) and T gi(o0). 


The composition Ry o Se : Ty — Ty defines an autoequivalence of the category 
Tgt(co) that sends Va, to Vy1 jy. 


7.8.2 The Case of g = osp(co|oo) 


As in the case of Too) and T spo), the simple objects of Tosp(cojoo) are 
parameterized by a single partition 4, and will be accordingly denoted by V, [S2]. 
The g-module A := S,(V®") is injective in” "g, and has the simple socle Vj. 

Using the decomposition of the even part osp(co|oo)g = 0(0o) ® sp(co), define 
functors Ro : Tg > Toco) and Rep : Tg > Tsp(oo) by 


Ro(M) = M79), Ray(M) = M°?, 


Then Ro(Vi) = (Vo)a and Rep(Vi) = (Vz),1. Now define the functors Sy : 
To(oo) > Tyg and Sgp : Tsp(o0) > Tyg by 


Me I(M)/( () ker g), 
v¢Homg (J (M),T(V)) 


where [(M) denotes the induced module U(g) ® U(g5) M with the action of sp(oo) 
(respectively, 0(00)) on M taken to be trivial. By construction, S,(M) is the 
maximal quotient of 1(M) belonging to Tosp(cojoo). Moreover, Sg is left adjoint 
to R,. This leads to the following result from [S2]. 


Theorem 7.45 The functors S, and Ry establish an equivalence of the monoidal 
categories T g5p(co|o0) ANd T o(¢0). Similarly, the functors Ssp and Rgp establish an 
equivalence of the monoidal categories T psp (c0\00) ANd T sp (00) 


7.9 Further Developments 


We would like to mention a few applications and generalizations of the category 
of tensor modules Tg. First of all, the category Ts1(o0) has proved useful in cate- 
gorifying the Boson—Fermion correspondence in [FPS]. Furthermore, the category 
Tgt(coloo) is used to study the Deligne categories Rep(GL,) in [EHS]. Finally, a 
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direct generalization of T5{(90) with applications to gl(mm|n) has been introduced in 
[HoyPS]. 

Analogous categories of modules have been studied for Mackey Lie algebras 
in [PS6, CP1, CP2]. Let’s discuss this in more detail. The Mackey Lie algebra 
gt” (V, V,.) is defined to be the Lie algebra of all endomorphisms of a vector space 
V that preserve a fixed nondegenerate pairing p : V ® Vx > C, Le., 


gl” (V, Va) = {p € Endc(V) | g* (Va) © Vet. 


If V is countable dimensional, then by Mackey’s Theorem there is only one such 
pairing p up to isomorphism, as mentioned in Example 6.17 [Mac]. Otherwise, 
there are many, so here we restrict to the case that p is a split pairing (i.e., V and 
V,. admit a pair of dual bases with respect to p), and this is of course unique up to 
isomorphism for any fixed cardinality of dim V. 

The Mackey Lie algebra gl” (V, V,.) contains the Lie subalgebra V @ V,, (prove 
this!), which is isomorphic to gl(oo) when V is countable dimensional. Moreover, 
the natural and conatural modules V, V, are modules over gt” (V, V,.). Mackey 
Lie algebras are not locally finite, unless they are finite dimensional. In the case 
when V is countable dimensional, we can realize gt” (V, Vx.) as the space of the 
infinite matrices, where each row and each column has at most finitely many nonzero 
entries. 

For countable-dimensional V, the category of gt” (V, V,.)-modules generated 
by V and V,, i.e., the smallest monoidal Serre subcategory of al (V, V,.)-mod 
containing V and V,,, is equivalent to T gi(o0) [PS8]. If we include the quotient V*/V 
as one of the generators (i.e., consider the category generated by V, V,. and V*/V), 
then we again obtain a universal Koszul tensor category, but now the simple objects 
are parameterized by three Young diagrams, and not just two [CP2]. If we allow 
V to have higher cardinality, say 8x, then V, Vx, V*/V generate a Koszul category 
where the simple objects are parameterized by k + 3 Young diagrams. Moreover, 
this category has a natural universality property, see [CP1]. 


Chapter 8 Mm) 
Weight Modules seis 


The theory of weight modules over reductive Lie algebras is a well-established 
branch of representation theory. For root-reductive Lie algebras, the theory of 
weight modules is less developed but is currently coming into shape and will 
certainly be developed further in the coming years. In this chapter, we give an 
introduction to weight modules of finite-dimensional Lie algebras, and then we 
present some basic results on weights modules of root-reductive Lie algebras. 


8.1 Preliminaries 


Let’s start with some general facts about the notion of locally finite action. For the 
moment, let g be any Lie algebra, and let x € g be a fixed element. We say that x 
acts locally finitely on a g-module M if 


dim(span{m, x -m, x 


-m,...}) < oo for any m e€ M. 

This is equivalent to saying that M is locally €-finite for the one-dimensional Lie 
algebra € = span{x} (see Sect. 6.1.2). It is clear that the set of all x € g that act 
locally finitely on a given module M is a fundamental invariant of M. The following 
remarkable theorem is due independently to Kac and Fernando [K2, F]. 


Theorem 8.1 Jf g is a locally finite Lie algebra and M is any g-module, then the 
subset gM] of all elements x € g that act locally finitely on M is a Lie subalgebra 


of g. 


Proof We first assume that g is finite dimensional and follow Kac’s proof of 
Lemma 1.2 from [K4]. The key idea is to show that span g[M] is a Lie subalgebra 
of g, and then to deduce the equality g[M] = span g[M]. For the former claim, it 
suffices to show that [x, y] € span g[M] for any x, y € g[M]. 
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Recall that for any locally finite linear operator x on M, e* is a well-defined 
automorphism of the vector space M. Furthermore, it is easy to check that for any 
two elements x, y € g[M] and t € C, the equality 


e y=eye (8.1) 


holds, where both sides of (8.1) are considered as linear operators on M. Indeed, 
in the universal enveloping algebra U(g) of g we have adx = Ly — Rx, where 
Lx (respectively, R,.) stands for left (respectively, right) multiplication by x. As the 
linear operators L, and R, commute, we have 


CO CO n —kyk pn—k 
ad.x - (Lx — Ry)" (—1)" “LER 
edty — y=> Pde y 
= n! ear ear k'\(n —k)! 
i (-1)'R 
= ) a ) 7! 7 y= e“ye x 


tadx tx 


Finally, since tx, ty € g[M] for any t € C, we obtain e'*** y = e ye 

Now if x, y € g[M] andt € C, clearly e’* ye also belongs to g[M], and by 
(8.1) we have e’*4* y € g[M] as well. Consider the element 

pity -y 
f= — € span g[M]. 

By taking the limit, we get [x, y] = limy_.o0 f(t) € span g[M]. Hence span g[M] 
is a Lie subalgebra of g. 

It remains to show g[M] = spang[M], or equivalently, spang[M] C g[M]. 


Let x1,...,X; be a basis of spang[M] with x1,...,x; € g[M], and let z = 
>>; c:xi- Then by the Poincaré—Birkhoff—Witt Theorem, for any n, the vector 
z” € U(spang[M]) is a sum of monomials of the form on ...X,". This shows 


that dim span{m, zm, z2m, ...} is finite for any m,i.e., span g[M] C g[M]. 


In the general case, g is a locally finite Lie algebra, and so we have g = LU; gi 
where each g; is a finite-dimensional Lie algebra. Thus, 


of M1 = (JisiM10 gi} = ait 


is a Lie subalgebra of g. oO 


We refer to the Lie subalgebra g[M] as the Fernando—Kac subalgebra associated 
to M. Note that M is integrable if and only if g = g[M], i.e., every element of g acts 
locally finitely on M. 
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Next we turn the game around: instead of considering all vectors in g that act 
locally finitely on a fixed g-module M, we consider all vectors in M on which a 
fixed subalgebra € C g acts locally finitely. More precisely, we say thatm € M isa 
€-locally finite vector if 


dim(span{m, k -m, k?-m,.. .}) < oo for anyk € €. 


This definition is well coordinated with the definition of a locally t-finite module 
given in Sect. 6.1.2; if M is a locally €-finite module, then every m € M is a €- 
locally finite vector. 

A second remarkable fact which is relevant to our topic is the following. 


Theorem 8.2 Let g be any Lie algebra and let € C g be a Lie subalgebra whose 
adjoint action on g is locally finite, i.e., € C glg]. Then for any g-module M, the 
subspace M®) of all t-locally finite vectors in M is a g-submodule of M. 


Proof We need to check that for any fixed m ¢ M“) and x € g, we have x-m € 
M). Let k € €. Consider span{x-m,k-x-m, k2-x-m,.. .}. Rewrite k” - x -m as 
pe, x; +k! -m, where x; € span{x, [k, x], [k, [k, x]], ...}. (Prove the existence of 
x; by induction!) Then 


span{x-m,k-x-m,...} = (span{x, [k, x], [k, [k, x]], ...})-span{m, k-m, k?-m, uals 


and since both spans in the right-hand side are finite dimensional by assumption, so 
is also the left-hand side, that is span{x -m,k-x-m,...}is finite dimensional. O 


In what follows we call a g-module M a (g, €)-module if § C g[M]. In this way, 
Theorem 8.2 states that M“) is a (g, €)-submodule of the g-module M under the 
condition that € C g[g]. 


Corollary 8.3 /f g is locally finite (in particular, g can be finite dimensional), then 
for any Lie subalgebra € C g, the space M“ is automatically a (g, €)-submodule 
of M. 


Proof Any subalgebra € of a locally finite Lie algebra g acts locally finitely on g, 
ie., € Cc gig]. Oo 


Note that the unique maximal locally t-finite t-submodule M’ of M (i.e., M’ = 
{m € M | dim(U(€) -m) < oo}) may be contained properly in M (®) | Indeed, 
consider for example g = sl(oo) acting on the natural module V and set € = g. 
Then M’ = {0} and M“) = V. In fact, as Example 6.4 shows, in general M’ does 
not have to be a g-submodule of M (here € = t). However, if dim€ < o, then 
M' = M (this claim follows from the Poincaré—Birkhoff—Witt Theorem applied 
to €, and is left as an exercise for the reader). In particular, if dim g[M] < ov, then 
M is a locally-finite g[M]-module, that is, dim(U (g[M]) -m) < oo for any m € M. 
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8.2 Weight Modules for Finite-Dimensional Lie Algebras 


Here we study some very special (g, €)-modules, namely (g, h)-modules where 
is a nilpotent subalgebra of a finite-dimensional Lie algebra g. Until further notice, 
g will be a finite-dimensional Lie algebra and § will be a fixed nonzero nilpotent 
subalgebra. 


8.2.1 The b-Support of a (g, h)-Weight Module 


We claim that a (g, h)-module M is a direct sum of indecomposable modules which 
resemble Jordan blocks, i.e., it has the form 


M= QB M’, (8.2) 


AEh* 
where 
M* := {m € M | dn € Zs9: (h—A(h))" -m=0,Vh € b}. 


Indeed, any simple finite-dimensional h-module is 1-dimensional (where h acts 
simply through some element A € h* such that Aljy.4) = 0) and any finite- 
dimensional h-module has the form (8.2). If M is a (g, h)-module, then any cyclic 
h-submodule of M has the form (8.2), and since any sum of h-modules of this form 
is again of this form, we can conclude that M itself satisfies (8.2) when considered 
as an h-module. 

By definition, a g-module M satisfying (8.2) as an h-module is called a 
generalized h-weight g-module. In this way, a (g, })-module and a generalized 
h-weight g-module are the same in the case that h is a nilpotent subalgebra of a 
finite-dimensional Lie algebra g. 

Finally, an h-weight g-module M is by definition a generalized h-weight g- 
module that is semisimple as an h-module. This is equivalent to saying that for 
any A € h*, we have M* ={meM|h-m=d(h)mVh € b}, ie., each M* is an 
h-weight space of M. Later in this chapter we will focus our attention on h-weight 
modules, but for now we consider the more general case. 


Lemma 8.4 Let M be simple g-module and let x € g®* for some nonzero a € h* 
(here we consider g = Dach* g” as a generalized h-weight module). Then x : 
M — M is either injective or locally nilpotent. 


Proof The set M” of all vectors m € M such that xm = 0 for some N € Zs isa 
g-submodule. If M” = {0}, then x acts injectively. Otherwise M” = M and x acts 
locally nilpotently. oO 
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Note that in the situation of Lemma 8.4, x acts locally nilpotently on M precisely 
when x belongs to the Fernando—Kac subalgebra g[M]. 
Let M be a (g, b)-module. We define the h-support of M to be 


supp, M := {a € h* | M* AO}. 


Our first objective is to give a description of the h-support of any simple (g, 5)- 
module M. Let [y C h* be the monoid generated by all a € h* such that g* Z 
gM]. 


Proposition 8.5 Let M be a simple (g, h)-module. Then we have 
supp, M = suppy Mo + Tu 


for some simple finite-dimensional g[M]-submodule Mo of M. 


Proof Since M is a locally-finite g[M]-module (i.e., dim(U (g[M])m) < oo for any 
m € M), it admits a finite-dimensional simple g[M]-submodule Mo. Furthermore, 
as follows from Lemma 8.4, in each generalized weight space g® with g* Z g[M], 
there is a nonzero vector x® that acts freely on M, that is for each m, the set {m, x - 
m, (x“)?-m, ...} is linearly independent. By iterating the action of all such elements 
on Mo, we get 


suppy Mo + Tm C supp, M. 

On the other hand, since M is simple there is an obvious surjective homomorphism 
U(g) @uigim)) Mo > M. 
Hence, 
supp, M C supp, U(g) @u(gtmy Mo. 

(Check that U(g) ®@u(gtmj Mo is a (g, 6)-module so that this latter claim makes 
sense!) Finally, since supp, U(g) @u(gimy Mo equals suppy Mo + I'm, we obtain 
the inclusion 

supp, M C suppy Mo + Tu, 


which concludes the proof. oO 
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8.2.2. The Shadow Decomposition 


As g is a generalized h-weight module itself (h being nilpotent), supp, g is a well- 
defined finite subset of h*. By definition, the h-roots Ay are the set supp, g\{0}. It 
is possible that Ay = @: for instance, this is the case when g is simple and h is the 
nilpotent radical of a Borel subalgebra. In this case, 


g=g? = {x €g| An € Zso: (adh)" -x =0,Vh € bh. 


In what follows, we assume M is a fixed simple (g, h)-module. We define a 
decomposition of the h-roots Ay into the 4 disjoint subsets 


(Ay)i, = fa € Ay lo ¢ Room, —o ¢ Room}, 
(Ag)iy = fa € Ay | @ € Room, —a € Reo}, 


(An)iy = {a € Ay | ¢ Room, —a € Room}, 


(Aw) = {ae Aplae Rsolu, —a ¢ Roo y}. 


Let / be a R-ray in h* generated by some a € Ag, ie.,/ = {ta | t € Reo}. We 
will say that / is M-infinite (respectively, M-finite), if for every x € supp, M the set 
(x + 1) 1 supp, M is infinite (respectively, finite). 


Proposition 8.6 [f M is a simple (g, h)-module, then we have 


(Anvu <= {a € Ag | both Rsoa and R<oa are M-finite}, 


(Ay) <= {a € Ag | both Rsoa and R<oa are M-infinite}, 
(Ani = {a € Ay | Rsoa is M-finite, R<oa is M-infinite}, 


(Ag) iy = {a € Ag | Reoe is M-infinite, R<oa is M-finite}. 


Proof Let a € Ay and! = Rsoa. It is clear that / M Ty is infinite when / 9 
Uy 4 {0}. If7 7 Py is infinite, then Proposition 8.5 implies that (« +/) M supp, M 
is also infinite for every k € supp, M. Therefore, all it remains to show is that 
(« +1) suppy, M is finite whenever 1 Ty = {0}. As supp, M = supp, Mo + Tu 
and supp, Mo is a finite set, it suffices to restrict to the case supp, M = I'y. The 
claim then follows from the following general result. Oo 


Lemma 8.7 Let I be a finitely generated submonoid in IR” and | be a ray in R" 
satisfying 11 T = {0}. Then (v +1) NT is finite for any v € T. 


Proof Let X be the subgroup generated by I’, which must be isomorphic to Z” for 
some m, and let V be the vector space over Q spanned by X (m might be larger than 
n). If / is the line containing /, then INV isa vector subspace of V. Moreover, 1/1 V 
is a cone inside /  V. We now pass to the ambient space R” = R @qg V, where the 
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group X is identified with Z’”, and we set H = R @Q (1 V), and let H+ be the 
closure of the cone 1M V. We have Ht MT = {0}, and to finish the proof, it suffices 
to show that (v + Ht) NT is finite for any v € I. 

Let C be the convex hull of Pin R”. Clearly, C is a piecewise linear cone whose 
faces lie in rational subspaces. We claim that Ht NC = {0}. Suppose to the contrary 
that H* 1 C {0}, and consider the cone H | C. Its faces are rational in H. 
Take a face C’ of HC that is contained in H™. It necessarily contains a rational 
point y # 0. Since y € CN Q”, we have ky € I for some k € Zso. But then 
ky € H* M1, which is a contradiction. This shows that Ht 1 C = {0}. 

The next step is to show that (v + Ht) C is bounded in R™ for any v € C. 
Indeed, for any 8 € H™, there is a linear function f on R™ such that f(C) > 0 and 
f(B) <0. Therefore v + t8 ¢ C fort > —LY 


S(B)* 
Finally, note that (v + H+) C is bounded if and only if (v + Ht) NCNZ" is 
finite. As (v + H+) MC is bounded, (v + H+) NT must be finite. oO 


We now introduce the h-shadow decomposition of g corresponding to any simple 
(g, 6)-module M: 


g = (gi +9h) © oy O Oy (8.3) 


=F O] BD ow]. v=o] @B sv]. = @ ow. 


ae(Ag) iy ae(Ag)iy ae(An)ay 


with h’ being by definition the generalized h-weight space g°. The decomposition 
(8.3) is only a decomposition of vector spaces. 

The h-shadow decomposition depends only on the Fernando—Kac subalgebra 
g[M] and not on the module M. However as we shall see in the next section, the 
shadow decomposition or even the support supp, M does not determine the Lie 
subalgebra g[M] C g. The term shadow decomposition appears already in [DMP] 
and [DP1]. 

The following statement is a corollary of Proposition 8.5 and Lemma 8.7. 


Corollary 8.8 Let M be a simple (g, h)-module. Then the subspaces in On Su 
of g are Lie subalgebras of g. 


8.2.3 (g, h)-Modules in a Special Case 


Let g = t € sl(2), t being the (solvable) radical of g, and let h C g be a Cartan 
subalgebra of s[(2). 
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Fix a standard sl(2)-basis {e, f, h} of s{(2) such that h = Ch. Then h* is naturally 
identified with C, the roots +a of s{(2) being represented respectively by +2 € C. 
We set 


tw ae. t =a. 


t>0 t<0 


the h-weights t being considered as elements of Z C C = h*, and we note that in 
this case h’ = g? is nothing but the centralizer of h in g, so h’ = t° & bh. 

For g as above, it is easy to show that any simple generalized h-weight g-module 
M is simply a weight module. (Do it!) Moreover, it is proved in [PS3] that there 
are the following 7 possibilities for the support of an arbitrary simple weight g- 
module: 


(1) suppyp M = {-A, -A+2,...,A—2,A}, A € Z (finite string); 

(2) suppy M = {...,A—2, A}, 4 € C (reduced negative string); 

(2) sappy tts tit SH 2p aS A pk op SS apn = apt 
2,...,A-—2,A}rA EC, p € Zso; 

(3) supp, M = {A,A+2,...},4 € C (reduced positive string); 

(3’) suppy M = {A,A+2,...,A+2p,A+2pt+1A+2p+2,A+2p+3,...}, 
AEC, p € Zs0; 

(4) suppp M={...,A—2,A,A42,...},4€C; 

(4’) suppyM = {2,., 2A — LAA PLATZ hae C. 


The cases (1), (2), (3) and (4) correspond to the case tr = O (or, when t ¥ 0, 
to the case of an irreducible h-weight module on which t acts trivially), and are 
well known. Case (1) describes an arbitrary simple finite-dimensional s!(2)-module, 
cases (2) and (3) correspond to irreducible Verma modules (there are two Borel 
subalgebras of s{(2) containing h, hence two cases), and case (4) corresponds to non- 
highest weight simple (s!(2), h)-modules, a standard reference for those is [Dix, 
Exercise 7.8.16]. (Please do this exercise in [Dix] in full detail!) 

We urge the reader to spend some time experimenting with the cases (2’), (3’) 
and (4’) for various solvable radicals t. We will just give a quick hint about how 
such examples can be constructed. 

To construct an example of a g-module M as in case (2’) for p = 1, lett = 
L(0)® LG) L(A) (here L(i) denotes the simple s!(2)-module of dimension i+ 1). 
Define the Lie bracket [-, -] : A2t > t by putting [L(O) @ L(4), t] = 0 and by 
letting [-, -]: A?L(3) > L(O) @ L(4) be an isomorphism of sl(2)-modules. As an 
h-module, g decomposes as g = ot _4g'. Let gt = @i_og! and choose A € (h’)* 
so that A(h) ¢ Zso, A([g!, g7']) = 0 and A({[g*, g77]) A O. Let cy be the 1- 
dimensional h’-module defined by 4. Make it a gt-module by putting g’ - c, = 0 
for t > 0. Set M := U(g) ®uvgt) Ca and let M be the unique simple quotient of 
M. Then we claim that SUPP M ={...,A—4,A — 3,4 — 2, A}. Indeed, a simple 
1 


computation shows that g! - g~! - c, = 0, g° - g73- ce, = cy. Therefore M*—! = 0, 
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M*-> & 0. Moreover, the condition A(h) ¢ Z>o implies that f acts freely on M, 
hence M*-2-" 4 0 for alln > 1. 

To generalize the above example to the case (2’) for any integer p > 1, the reader 
could choose t = L(2p+1) @AZL(2 p+1) and then imitate the above construction. 
An example for the case (3’) can be constructed by replacing g* with g~. 

For the case (4’), let t be a 3-dimensional Heisenberg algebra with commutation 
relations [x, y] = z, [x, z] = Ly, z] = 0, and let sI(2) act on the span{x, y} through 
the natural representation. (Then sI(2) acts trivially on Cz). This defines g = t € 
${(2). Let H be the simple t-module with basis v;, i € Z such that x - vj; = v;+4, 
y+Uj = Vj-1, Z- Vv; = 0. Endow A with an t € h-module structure by putting 
h-v; = (A + 1)v;, and consider the induced module U(g) @u(rey) H. As H is 
a simple h-weight module, any simple quotient of U(g) @u(ren) A is an b-weight 
g-module containing H as at € h-submodule. The reader will then immediately 
show that the support of this simple h-weight g-module is as in (4’). 

If M is any simple h-weight module (with support as in cases (1)—-(4’), the 
decomposition (8.3) is simply the following: 


Qe gS ape 


(2); (2): tty be GS Ce a, =r ech 
(3), 3’): ge=ou=0,o,=¢ €Ch oy =t* € Ce; 
(4),(4): g=gl. 


We conclude this example with a list of cases for the Fernando—Kac subalgebra 
g[M]: 


(1) gM] = g; 

(2) giM] = (glM] Nv) & span{e, h} and gl M] Nt D et + (@xegr**!); 

(2') glM] = (g[M]nt) & span{e, h} and g[M] D @e>-2pe*,0 4 v7?! ¢ gM 
(3) gIM] = (g[M] Nv) & span{ f, h} and g[M] Dt + @pezr**t!; 

(3’) glM] = (gM]Nv) & span{e, h} and g[M] D @rz—-2pt', 04 v*P-! £ g[M] 
(4) giM] = (glM] Nv) & Chand g[M re @rezt*!; 

(4’) gM] = (glM] Mt) & Chand g[M] ¢ Drezt*t!, 


Note that the above list is not really explicit, and the reason is that suppy M does 
not determine g[M]. As an exercise, the reader should find an appropriate t and two 
simple h-weight t € sl(2)-modules Mj, M2 such that supp, Mi = supp, M2, but 
gM] # glM2]. 


8.2.4 General (g, h)-Modules 


We now return to the general case, namely, g is a finite-dimensional Lie algebra and 
h is a nilpotent subalgebra of g. The results of this section have been established in 
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[PS1]. For a € Ag, consider the subalgebra g®* generated by all g’ with 6 € Ra. 
We call this the line subalgebra of g corresponding to a € Ag. It is easy to show 
(prove this!) that there are two options: a line subalgebra is either solvable, or its 
Levi component is isomorphic to sl(2). In the latter case we call a an sl(2)-type 
root of g. 

Fix a Levi decomposition g = t € gss, where r denotes the radical of g and g;; 
is a Levi component. In order to be able to prove further results about the shadow 
decomposition (8.3), from now on we assume that h contains a Cartan subalgebra 
hss Of gss. Under this assumption we have the following key lemma. 


Lemma 8.9 Let M be a simple generalized h-weight g-module. Let a, B, a + B 
be s\(2)-type roots of g. If Rsoa and Rso0f are M-finite, then R>o(a + B) is also 
M-finite. 


Proof Assume to the contrary that R>o(a@ + 6) is M-infinite. Then we are forced to 
assume that both rays R<oaw and R<of are M-finite. Indeed, if R<oa (respectively, 
R<of) were infinite, this would imply that R>oa (respectively, R08) is infinite by 
Corollary 8.8. 

Consider now the semisimple part s of the Lie algebra generated by g®” and 
g®8 . It is not difficult to see that s is a simple Lie algebra of rank 2 (prove this!), 
and we can assume that s is a subalgebra of g. Furthermore, s C g[M] since all four 
rays Rsoa, Rega, R>o6, R<of are M-finite. Therefore supp M is W,-invariant, 
W, being the Weyl group of s. This yields a contradiction. Indeed, if all roots of s 
have the same length, then there is w € Ws such that w(@) € Rso(a + B). Then 
R>o(@ + f) must be M-finite, a contradiction. If not all roots of s have the same 
length, there is w € W, such that Rso9a C Rso(@ + 8) + w(Rso(a + £)), again a 
contradiction. This shows that R>o(a + 6) is M-finite. oO 


Now let go[M] denote 3 € g[M];;, where 3 is the centralizer of gs; in the 
subalgebra of g[M] generated by g[M],,; and §. Note that any root of go[M] is 
an s{(2)-type root of g. 


Corollary 8.10 


(1) Ifa € Ag is a root of gol[M], thena € AX orae Ms 
(2) Ifa, B are roots of g9[M] anda € AT Be Al, then 


[gol M1”, gol 1°] = 0. 


(3) Both gol[M]" := (golM]/M gi,) and golM]' := (golM] gly) are Lie 
subalgebras of g, and 


golM] = golM1* + g01M1',  golM1" N golM1! = 6 gol M1. 
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Proof 


(1) Ifa € (Ap), then —a@ € (Ap)j,. On the other hand, by the proof of 
Lemma 8.9, Rsoa@ and R<oa@ will be both M-finite or M-infinite as —a = 
Wa(a) for we € Ws. Hence a € (Agi ora é€ (Agite: 

(2) If O F [golM%], golM]*] Cc golM]”, then Rsoy is either M-finite or 
M-infinite. Both possibilities contradict Lemma 8.9. (Prove this!) Hence 
[gol M1, gol MJ] = 0. 

(3) The fact that (go[M]N gf) is a Lie subalgebra follows directly from Lemma 8.9. 
The remaining statements follow from (/) and Corollary 8.8. 

Oo 


Lemma 8.11 Let Dy be the submonoid of h* generated by Ty and by the roots of 
go[M]/. Then suppy M is Py -invariant. 


Proof Let a be a root of go[M]/. Then @ is an s{(2)-root, Rg NZ>o An equals Z>oa 
or Z>o5@. By assumption, Ra 1 ly is an infinite monoid, therefore ka € Ty for 
some k € Z59. In this way, for any « € supp, M, we have « + ka € supp, M, and 
thus also k + @ € suppy M by standard sl(2)-theory (prove this latter claim!). O 


The following explicit description of the support was proved in [PS1]. 
Theorem 8.12 [fb is a nilpotent subalgebra containing a Cartan subalgebra bss 
of §ss and M is a simple (g, h)-module, then 

supp, M = supp, Mé +Ty (8.4) 


for some simple (finite-dimensional) go[M]* -submodule Mé of M. 


Proof Let Mo C M be a simple g[M]-submodule of M as in the proof of 
Proposition 8.5. Note that M is simple as a go[M]-module since go[M]s5 = g[M]ss. 


Fix a simple go[M]* -submodule Mé of Mo. Then suppy M D suppy Mé +Ty by 
Lemma 8.11. On the other hand, go[M] = go[M]" + go[M]! implies 


supp, Mo C suppy Mg + ZzoApngotm(golM1’), 


where Agngotm] (gol! |‘) stands for the set of roots of go[M |’ (for the reader: check 
that Apngotm] (go[M]/) is a subset of Aj!). Hence by Proposition 8.5 


supp, M = suppy Mo + I'm C supp Mé +Ty. 


Therefore (8.4) holds. oO 
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8.2.5 Fundamental Results for Reductive g 


From this point on until the end of Sect. 8.2, we restrict ourselves to the case 
that g is reductive and § is a Cartan subalgebra. Under this assumption, every 
simple generalized weight module M is simply a weight module. Indeed, as h acts 
semisimply on g, one can immediately check that for any nonzero generalized b- 
weight module M, the subspace M’ C M spanned by all h-eigenvectors in M 
(i.e.,m € M, such that h-m = A(h)m for some d € h* and all h € 4h) is itself 
a nonzero g-submodule. 

The following theorem is proved in [DP1, Theorem 3] for a more general g, that 
is when g is a root-reductive Lie algebra and h is a Cartan subalgebra of g satisfying 
certain conditions (see Sect. 8.3.2). 


Theorem 8.13 Let g be a reductive Lie algebra, let h be a Cartan subalgebra of g, 
and let M be a simple (g, h)-module. Then 


(lg. aa din Gy are Lie subalgebras of g, and } is a Cartan subalgebra for both 
Diy and giy- 

(2) are Ci, sal = 0 and therefore tee i= ay + iu is a Lie subalgebra of g. 

(3) diy and Qyy are gf! -modules. 

(4) pu =Ppy c= ah! D gh andpy := 9h) D gy are mutually opposite parabolic 
subalgebras of g. 


We come next to the following. 


Theorem 8.14 (S.L. Fernando, V. Futorny) Let M be a simple (g, h)-module, 
where g is reductive and h is a Cartan subalgebra. Denote by M* the Qj invariants 
of M. Then M* is a simple weight Gi, -module and the natural surjective map 


mw: U(g) @ucpy) Mt > M 


is h-support preserving, i.e., SUPPpy(U (g) @u(pm) M*)= supp, M. 


Proof Since Sy is the nilradical of the parabolic subalgebra py, we have 
[pu Iv! Cc Sue and hence Mt isa CH + gj,)-module. Furthermore, the induced 
module U(g) ®u(py) M* is isomorphic as a gy-module to S'(gy) @c Mt, 
and is graded by the total degree of elements of S' (gj). Moreover, the equality 
(U(g) ®uqpy) M@ +)9 — M* holds, where the superscript 9 stands for zero degree. 
This grading induces an ascending Z<o-filtration on M, and using this filtration 
one verifies immediately that any proper py-submodule M’ of Mt yields a 
proper g-submodule 1~!(M’) C M. Hence the irreducibility of M implies the 
irreducibility of M* as a py-module, i.e., Mt is simple as a Bi + g4,-module. 
Finally, the statement about supports follows from Theorem 8.12, which implies 
that the supports of M and of U(g) @u(py) M* are equal. To the reader: show that 
supp, U(g) @u(py) M* equals the right-hand side of (8.4). Oo 
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Note that for g and M as above, g[M] = Oy + (gir N g[M]) D tie In general, 
ay M g[M] is a root subalgebra of ay and does not have to be reductive. Indeed, the 
following is proved in [PS5]. 


Theorem 8.15 Let g be a reductive Lie algebra and h a Cartan subalgebra. Any 
subalgebra € C g, such that € D 6, is the Fernando—Kac subalgebra for a suitable 
simple b-weight g-module M. 


In the particular case when g = His the subalgebra g[M] can be any root subalgebra 
for which all root spaces g* with g* Z g[M] generate g. If g = sl(3), for instance 
the equality g = oy holds if and only if g[M/] equals either h or h } g® for any 
root @. 

In a general sense, Theorem 8.14 reduces the study of arbitrary simple weight 
modules to weight modules M with g = ip The first step in this reduction is 
to assign to M the ee -module M*. The second (easy) step is provided by the 
following. 


Lemma 8.16 Fix a decomposition a =a®g [gts al ® (os eal Then Mt ~ 
(M+)? & (M+)!, where (Mt)F is a simple finite-dimensional (a ® [Sir gf ))- 
module and (M*)! is a simple ee gi, |-module that is an (6M ere gh, ])-weight 
module. 


Proof First note that M* is an irreducible (ce of] ®@ re gi, ])-module. As 
[ot gf] acts integrably on Mt, we have that M* is isomorphic to a direct 
sum of (in general infinite-dimensional) isotypic components. Since each isotypic 
component is a module over [aes ol and since Mt is a simple ay -module, 
it follows that Mt is a single isotypic component. Hence, if M’ is a simple 
([ at; gf ])-submodule of this isotypic component, then 


M* = M’& Hom, --,(M’, M*). 
[oa Sarl 


Setting (M+) := M’ when considered as a (a @ (ot; gf )) and letting (Mt)! = 
Hom,.- .-,(M’, Mt), we obtain the desired isomorphism. The (h M [4 oa ))- 
[97-9] M? 2M 


weight module structure on (M+)! follows from the h-module structure on 
M*. o 


Let g C g denote the simple subalgebra of g such that g is a direct summand of 
the reductive part of a parabolic subalgebra of g. Lemma 8.16 makes it apparent that 
in order to classify simple weight g-modules it suffices to classify simple weight g- 
modules M’ with g[M’] = ays for all such subalgebras g C g. The latter problem 
however is within reach (at the current stage) only under the assumption of finite- 
dimensionality of the weight spaces. We discuss this below. 

On a related note, we point out that Harish-Chandra modules provide important 
examples of simple weight modules M with g = ap Now let € C g be a symmetric 
subalgebra of g such that € D bh, and let M be a simple infinite-dimensional (g, €)- 
module without a highest weight (such modules are known to exist). Then € C g[M]. 
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Since it is well known that any intermediate subalgebra € C q C g is parabolic, we 
infer that g[M] = €, or that g[M] is parabolic. The second possibility is ruled out 
by the assumption that M is a non-highest weight (g, €)-module. Hence g[M] = €. 
Next, since dy and gy are the nilpotent radicals of two mutually opposite parabolic 
subalgebras by Theorem 8.13(4), we see that a = Gy = 0 as otherwise Oe 5, Ou 
would generate g while the subalgebra generated by irs , Gy is a subalgebra of 
g[M] = € by Theorem 8.1. In this way, we have g = ie and now Theorem 8.13(2) 
implies that g = a; org = ay Finally the possibility g = ai, is excluded by the 
assumption that M is infinite dimensional, and we conclude that g = ays 

In the next chapter we will discuss in more detail the Fernando—Kac subalgebra 
for (g, €)-modules for general reductive subalgebras € (generalized Harish-Chandra 
modules). 


Proposition 8.17 (S.L. Fernando, [F]) Let M be a (g,h)-weight module with 
finite-dimensional weight spaces. Then g[M] = oy D Oy: 


Proof We need to show that ay Ng[M] = 5. Fix a weight space M“ and aroota € 
(An ip Assume to the contrary that g* C g[M]. Consider the sl(2)*-submodule 
Drez, M* +ka where s{(2)% is the sl(2)-root subalgebra of g corresponding to a. 
Since a@ € Ania we have M*+ke # 0 for all k € Zso. On the other hand, since 
g” acts finitely on each weight space M<+*0%, for every ky > 0 there is kt > ko 
such that M*+1” contains a vector annihilated by g%. As k tends to infinity, these 
vectors generate infinitely many non-isomorphic s{(2)-constituents of @,M*t*, 
all of which have a 1-dimensional intersection with M* (standard theory of finite- 
dimensional sl(2)-modules). Hence dim M* = oo, a contradiction. oO 


This proposition makes it clear that in the case of finite-dimensional weight 
spaces, the h-shadow decomposition determines the Fernando—Kac subalgebra. As 
we pointed out in Sect. 8.2.3, this claim is false when weight spaces are infinite 
dimensional. 


8.2.6 Cuspidal Modules and Mathieu’s Coherent Families 


Recall that g is reductive and § is a Cartan subalgebra, and let’s assume in this 
section that the simple weight module WM has finite-dimensional weight spaces. A 
simple weight g-module M is called cuspidal, if for any a € Ag and any k € 


supp, M, the map g* @ M* > M* + (induced by the g-module structure on M) is 


an isomorphism or, equivalently, if g = gy: Lemma 8.16 implies that the IBi4, gy 


module (M+)! is cuspidal as a (dia Al M b)-weight module whenever gi, # 5 
(prove it!). In this way, the assignment 


M > Mt =(M)F @c (Mt)! 
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reduces the study of M to a tensor product of a finite-dimensional module over 
a® [air gh] with a cuspidal module over eee wk Let us discuss which root 
subalgebras can appear as ay and ay for a fixed h and a variable M. First, the reader 
should prove that any parabolic subalgebra can appear as py for some M. For this 
it suffices to fix a parabolic subalgebra p C g and to show that there always exists a 
finite-dimensional simple p-module M* such that M := U(g) Quip) M F is simple. 
(Prove this!) Then, clearly, pyy = p. It is a priori less clear which subalgebras can 
appear as ys Clearly, their Levi component should be a direct summand in the Levi 
component of a parabolic subalgebra, but is this sufficient? The following theorem 
of S.L. Fernando answers this question. Please read its proof in [F]. 


Theorem 8.18 Lets be a simple Lie algebra that admits a cuspidal simple weight 
module M with s = sly. Then s is isomorphic to s\(n) or sp(2n) for some n. 


Theorem 8.18 finally reduces the classification of simple weight modules with 
finite weight multiplicities to the classification of simple cuspidal weight modules 
with finite weight multiplicities over the Lie algebras sl(n) and sp(2n). This latter 
classification was given by O. Mathieu in 1998 [Mat]. Here we will only try to give 
an idea of the depth and beauty of the problem, and will refer the reader to Mathieu’s 
paper. 

Assume for concreteness that g = sl(n). Then a first straightforward question 
is whether there are multiplicity free simple cuspidal weight modules, i.e., simple 
cuspidal weight modules M with dim M* = 1 whenever M* + {0}. (For n = 2 
these modules correspond to case (4) in the example in Sect. 8.2.3.) The answer 
is “yes", and in fact it is not a trivial problem to classify all such simple cuspidal 
modules. After several partial results, this classification was obtained by D. Britten 
and F. Lemire in 1987 [BL]; here we simply state their result. 

For each vector a € C” witha; ¢ Z fori = 1,...,n, let 


n 
N(a) := span{x? := xf! ...x°" | bj — aj € Z for all i and Y-(bi — ai) = 0}. 
i=l 


Then sl(n) acts on N(a) as derivations (the root space sI(n)*'~*/ is spanned by the 
derivation x; so) and it is easy to see that N(a) is a cuspidal simple multiplicity- 
free sl(n)-module. Indeed, it is clear that each root vector of sl(m) transforms one 
monomial of the type a na xen into a multiple of another monomial, while the 
Cartan subalgebra of sl(n) (lying in span{x; a | i = 1,...,n}) transforms one 
monomial into a multiple of itself. Furthermore, the weights of all monomials are 
distinct, hence the sl(m)-module N(a) is multiplicity free. Finally, as b; ¢ Z, each 
pair of opposite root vectors Xi dy and Xia yields isomorphisms of the weight 
spaces of N (a) @1-----n) and N (a) @t-2Bi- 1,054 Li 41 --Bj—15bj— 1b j415-sbn) that are 
mutually inverse up to a nonzero constant. Hence, N (a) is a simple cuspidal weight 
module. 
The main result of [BL] concerning the case sl(1) is the following. 
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Theorem 8.19 Any simple cuspidal multiplicity free weight s\(n)-module is iso- 
morphic to N(a) for some a € C", a; ¢ Z. 


Mathieu’s classification of simple cuspidal weight modules with finite- 
dimensional spaces elevates the construction of the modules N(a) to an elaborate 
theory. He considers semisimple coherent families, which by definition are (heavily 
reducible) semisimple weight modules M = Dregs M* with finite-dimensional 
weight spaces such that 


¢ M* #0 for any A € b* and dim M* = const; 
e for any vector u in the centralizer U (6)° of § in U(g), the function 


Ar tru yr) 


is a polynomial in 2. 


Mathieu’s first main result is that any simple cuspidal weight module is an 
isotypic component (a “direct summand with multiplicity one") of a unique (up to 
isomorphism) semisimple coherent family. This reduces the classification of simple 
cuspidal weight modules to a classification of semisimple coherent families and to 
an understanding of their cuspidal simple isotypic components. 

The key idea in classifying the semisimple coherent families is that they are 
determined by their highest weight simple direct summands. In fact, Mathieu proves 
that a semisimple coherent family always contains a simple highest weight module 
as a direct summand. This (in general non-unique) highest weight module is very 
degenerate as the dimensions of its weight spaces are bounded. Mathieu then 
classifies such bounded highest weight modules explicitly by determining their 
highest weights. Finally, given a bounded simple highest weight module L, its 
corresponding coherent family is constructed from L via (twisted) localization (one 
can localize modules U(g) with respect to multiplicative subsets of U(g)). More 
precisely, Mathieu assigns to L a special multiplicative subset of U(g) generated by 
commuting root vectors. 

This is a very brief outline of some of the ideas of the important paper [Mat]. The 
reader is encouraged to study it thoroughly. An important point is that Mathieu’s 
techniques apply also to the case g = sp(2n); therefore the classification of all 
simple cuspidal modules for all simple Lie algebras g (by Theorem 8.18, g is either 
sl(n) or sp(2n)) can be carried out in reasonably general terms. 


8.2.7 Weight Modules for Lie Superalgebras 


We complete this section with a few words concerning the extension of the above 
results to Lie superalgebras. 
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A first advancement towards the classification of the simple weight modules 
with finite weight multiplicities over all simple finite-dimensional complex Lie 
superalgebras was made in 2000 in [DMP] where this classification was reduced to 
the classification of the so-called simple cuspidal modules. This result together with 
the classification result of Mathieu [Mat], for weight modules over Lie algebras, 
limited the consideration to the Lie superalgebras q(n), osp(m|n), m = 1,3, 4,5, 6, 
D(2, 1; a), and the Cartan-type series. On the other hand, with the aid of a 
twisted localization functor (introduced in [Mat] for Lie algebras and in [Gr2] 
for Lie superalgebras), the classification of the simple cuspidal modules over the 
Lie superalgebras in the latter list was reduced to the classification of all simple 
bounded highest weight modules. The simple bounded highest weight modules of 
q(n) were classified in [GGr1], of D(2, 1; w) in [Hoy], of osp(1|27) in [FGGr], and 
of osp(m|2n), for any m,n, in [GGr2]. Geometric construction of bounded weight 
sl(n|1)-modules, and more precisely of coherent families over s{(m|1) were studied 
in [Gr1]. 


8.3. Weight Modules for Root-Reductive Lie Algebras 


The theory of weight modules for root-reductive Lie algebras was first developed 
in the paper [DP1]. Below we present some highlights of the current stage of the 
theory. 


8.3.1 Main Differences from the Finite-Dimensional Case 


Let g denote a root-reductive Lie algebra. Here is a theorem that does not hold for 
infinite-dimensional g. 


Theorem 8.20 /f g is finite dimensional and M is a simple weight module, then 
either all weight spaces of M are finite dimensional or all weight spaces of M are 
infinite dimensional. 


Theorem 8.20 is a particular case of a much more general result [PS5, Lemma 6] 
for pairs (g, €), and our case is § = h. 

Probably the simplest counterexample to Theorem 8.20 for an_ infinite- 
dimensional g is the adjoint module of sl(oo). Here the zero weight space is 
infinite dimensional, while all other weight spaces have dimension one. 

Next, if g is finite dimensional, then any simple integrable module is necessarily 
finite dimensional, and hence a weight module. However, if g is infinite dimensional, 
then an integrable simple module need not be a weight module. Consider the 
following example. 


142 8 Weight Modules 


Example 8.21 Let g = sl(oo) and fix an exhaustion of g with g, ~ sl(n). Set 
My := S"—!(Vp) ® S"(Vy), and let M = lim Mn where the embeddings M, @ 
M,,+1 are given by the diagram 


S"(Vn+1) @ SV) 
S"1(V,) ics) S"(Vn) 


in which all arrows correspond to unique (up to multiplicative constants) embed- 
dings of g,-modules. Then if by C gn, 6n41 C Gn+1 are Cartan subalgebras such 
that bn C bn+1, every hy-weight space of M;, is mapped to two different hy+1- 
weight spaces of M,+1, and the reader can verify that this implies that M is not a 
weight module for any splitting Cartan subalgebra of s{(oo). On the other hand, M 
is clearly a simple integrable g-module as it is generated by any nonzero vector v and 
dim U (gn)v < oo for any n. Indeed, one verifies immediately that any 0 4 v € My, 
for no = 2 generates Mn) 4% OVEF Jng+x for any k > 0. O 


Note that the module M from Example 8.21 has another interesting feature. 
Namely, it is not locally simple. We define a g-module to be locally simple with 
respect to a fixed exhaustion g = lim gn if M = lim Mn for simple g,-modules 
M,,. Obviously, a locally simple module is necessarily simple. Moreover, if M is 
a locally simple g-module, then any v € M generates a simple g,-submodule for 
n >> 0. In Example 8.21, any nonzero vector v € M generates a g,-submodule 
of length two for n >> 0. Therefore this module M cannot be locally simple with 
respect to any fixed exhaustion. It is a bit harder, but still possible to prove that M 
is not locally simple for any exhaustion of g = s{(oo) by simple Lie algebras g,,. 

Finally, let’s discuss when a simple integrable weight module is a highest weight 
module. If g is finite dimensional, and the g-module M is simple and integrable, then 
it is a highest weight module with respect to every Borel subalgebra. This claim is 
clearly false for infinite-dimensional g, as not even the natural module of s[(oo) is 
a highest weight module with respect to every Borel subalgebra. (For the reader: 
determine for which Dynkin Borel subalgebra(s) in Example 5.6 the natural module 
has a highest weight.) 

Every tensor module of s{(oo) is a highest weight module with respect to the 
perfect Borel subalgebra (5.4). Can we have a locally simple, integrable weight 
module that has no highest weight with respect to any Borel subalgebra? This 
question was answered affirmatively in [DP1] by giving the following example. 


Example 8.22 Let V, denote the natural module of sl(m). Consider the module 
embedding S”—!(V,,) > S"(Vn41) given by the left vertical arrow in Example 8.21. 
One can check that this embedding sends the extremal weights (0,--- ,0,2 — 
1,0,--+ ,0) of S”~!(V,,) to the weights (0, --- ,0,n—1,0,--- ,0, 1) of S"(Vn41), 
which are not extremal for S” (V;,41). We let M be the module obtained by taking the 
direct limit. Then M is a locally simple, integrable weight s{(oo)-module, with one- 
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dimensional weight spaces, but it has no highest weight with respect to any Borel 
subalgebra containing h. Geometrically, this corresponds to embedding simplices in 
such a way that the vertices of the smaller simplex lie on edges of the larger simplex 
but not on the vertices. Hence, the limit of these polytopes is a geometric object with 
no vertices. O 


8.3.2. The Shadow Decomposition 


Henceforth we will restrict our attention to weight modules over a root-reductive Lie 
algebra g. By Theorem 3.1, the commutator subalgebra g’ := [g, g] is isomorphic 
to a direct sum of copies of sI(0o), 0(00), sp(cc) and finite-dimensional simple Lie 
algebras (each with at most countable multiplicity), and g is an extension of an 
abelian Lie algebra a by g’. 

We let t’ be a maximal toral subalgebra of g’ that is splitting (i.e., g’ decomposes 
into weight spaces over t’). It follows that t' is a (splitting) Cartan subalgebra of g’ 
since t! = Cg(t’). We extend t’ to a maximal toral subalgebra t of g. We fix the 
Cartan subalgebra h := C(t) of g. 

We first claim that h = t, that is h is a maximal toral subalgebra of g. Indeed, by 
the proof of [DPSn, Theorem 4.12], we have Cg(t) = t+ Cg/(t). As 


Cyc Catjat ct 


we conclude C,g(t) = t. Now we will show that h is splitting. Indeed, g decomposes 
into generalized weight spaces over h, since h is maximal toral. The nonzero weight 
spaces of g over § coincide with the nonzero weight spaces of g’ over h’ and are 
hence one dimensional by the classification of simple root-reductive Lie algebras. 
Moreover, by [DPSn, Theorem 4.12], 5 = 9. Hence, all generalized weight spaces 
are in fact weight spaces, which means that is a splitting Cartan subalgebra. 

Under the above assumptions on the Cartan subalgebra of g, the notion 
of shadow decomposition was extended to root-reductive Lie algebras in [DP1]. 
The definitions of (Ant (Agvizs (Agia (An) y are exactly the same as for 
finite-dimensional reductive Lie algebras (see Sect. 8.2.2). And just as before, the 
h-shadow decomposition of M is defined to be 


9 = (Gy +9) ® Iu OIy- (8.5) 


It is proved in [DP1] that the h-shadow decomposition of M is well defined, 
and moreover that Theorem 8.13 holds in this setting. An important corollary of 
the following theorem from [DP1] is that for every parabolic subalgebra p of g 
containing , there exists an irreducible g-module M, such that p = ae where bu 
is the parabolic subalgebra as defined in Theorem 8.13. 
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Theorem 8.23 Let g be a root-reductive Lie algebra with Cartan subalgebra b as 
above. For any given splitting 


A=AFuArUATUAT 


with AF = —AF, A! = —Al, A~ = —A?, such that its corresponding 
decomposition 


g=Qg +g) Ogi og, (8.6) 


satisfies the properties (1)-(3) of Theorem 8.13, there exists an irreducible weight 
module M for which (8.6) is the h-shadow decomposition of g with respect to M. 


Next we point out that Proposition 8.17 holds for any root-reductive Lie algebra 
g (with § as above) by the same proof as before, and this follows from the fact that 
when M has finite-dimensional weight spaces, g[M] oy = h. Indeed, for any 
irreducible weight module M (with possibly infinite-dimensional weight spaces) 
over a root-reductive Lie algebra g, the Fernando—Kac subalgebra is always given 
by the formula 


gM] = (gh ® (GIMIN gy) B gay. 


If g is simple and finite dimensional, then we cannot have g[M] = Bs (prove this!). 
However, if g = sl(oo), then it is possible that g = g[M] = oy (recall that g = 
g[M] if and only if M is integrable). In fact, if g is simple and infinite dimensional, 
then for any (irreducible) integrable weight module M, we have either g = Oy or 
g= Gs and both cases are possible [DP1, Proposition 6]. 

Recall that if g = ue then M is called cuspidal. Now if g = ne then 
we will call M finite-integrable. Question: can a finite-integrable module have 
infinite-dimensional weight spaces? Answer: yes, consider for example the adjoint 
module of s{(oo). Here the zero weight space is infinite dimensional. However, if an 
irreducible integrable (g, h)-module has finite-dimensional weight spaces, then it is 
necessarily finite-integrable (prove!). 

The following theorem is proved in [DP1]. 


Theorem 8.24 Let M be an irreducible integrable (g,h)-module with finite- 
dimensional weight spaces. Then 


(1) M is locally simple (with respect to any exhaustion of g as lim Gn where gn > 
Gn+1 are root embeddings for Cartan subalgebras §n C Gn, Gn C Gnty On C 

Hn41 such that lim Bn = h). 

(2) supp M determines M up to isomorphism. 


Note that Theorem 8.24 appears in [DP1] as Theorem 6, where it is stated under the 
weaker condition that M is finite. However, the condition that the weight spaces of 
M are finite dimensional is needed for the proof given in [DP1]. 
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8.3.3 Simple Bounded Weight Modules of s\(0co), a(00), 
sp(oo) 


Recall that a weight module is called bounded if the dimensions of all its weight 
spaces are bounded by a constant depending on the module. A classification of 
simple bounded weight modules for g = sl(oo), 0(00), sp(oo) recently appeared 
in [GrP]. Here we highlight some key results from this work. 


Theorem 8.25 Every simple bounded weight g-module is locally simple. 


The proof of this theorem given in [GrP] is a bit technical and uses essentially 
the work of Mathieu [Mat], so we will not reproduce it here. 

We first discuss the classification of integrable simple bounded weight modules. 
Let’s start with some definitions. 

A subset A of Z.9 is semi-infinite if both A and Z. \ A are infinite. For two 
semi-infinite sets A; and Az of Z.9, we write A, ~ Ag if there exist disjoint finite 
subsets F, and F’, of A; and Ag, respectively, so that Fa, and F,, are of equal 
cardinality and A; \ Fa, = Ag \ Fa,. Obviously, ~ defines an equivalence relation 
on the set of semi-infinite subsets of Z.o. 

For a semi-infinite subset A of Z.o, let k, be the number of elements in AN[1, 7]. 
Consider the k,,-th exterior power A‘(V,,41) of the natural representation V,41 of 
sl(n + 1). Since k, <n, we have A‘"(V,,41) + 0. Moreover, there is a unique up 
to a multiplicative constant monomorphism of sl(m + 1)-modules Akn (Vin+1) 


Akn+1 (Vn+2). The resulting direct limit lim Akn (Vn+1) will be denoted by Ag V, 
and we call it a semi-infinite fundamental representation of g = sl(oo). It is 


straightforward to check that Ax, Ve AK V if and only if Ay ~ Ao (the reader 
should do it!). 

Given a splitting Borel subalgebra 6 C sl(oo) corresponding to a strict linear 
order < on Zs, we say that 6 is a A-compatible for a subset A C Zso, if a < b for 
alae A,b € Zyo\A. 

Next, fix an infinite nondecreasing sequence A = {a}, a2,...|aj < aj+1} of 
positive integers with lim a, = oo. There is a unique, up to a multiplicative constant, 
monomorphism of g,-modules S$“ (V,41) — S“*+!(V,42). The resulting direct 
limit lim S“" (Vn+1) will be denoted by Si°V. This series of modules generalizes 
Example 8.22 where M = SKV with A = (1, 2, 3,...). 

For two nondecreasing sequences A; and Az as above, we write Ay ~ Az if ay, = 
by for all n greater than some no. The reader can check that there is an isomorphism 
of s{(oo)-modules Sh Ve SK V if and only if Ay ~ Ag. 

Similarly, for a sequence A as above, we introduce the s{(oo)-modules Sh V,. 

We are now ready for the following. 


Theorem 8.26 Let M be a simple integrable bounded weight module of g = sl(0o). 
Then M is isomorphic to one of the following: 


(1) Ae V for a semi-infinite subset A C Zs, 
(2) Sk°V for an infinite sequence A as above, 
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(3) Sk°V, for an infinite sequence A as above, 
(4) V;,9 or Vo,n for a partition n, 


where V,,,, denotes a simple tensor module (see Sect. 7.1), and 6 stands for 
the empty partition. All isomorphisms between modules from the above list are: 


AZV ~AZV for Ay © Ag, SEV = SRV and SPV, ~ SV, for Ay ~ Ap. 


Let’s discuss some features of the modules classified in Theorem 8.26. Our first 
observation is that the modules A, V, SV and S<°V, are multiplicity free. This 
can be checked easily by using the fact that they are direct limits of multiplicity 
free },-modules (for the reader: check that all symmetric and exterior powers of the 
natural representation of s{(m) are multiplicity free weight modules!). The modules 
in (4) are multiplicity free only in the cases where the partition 7 consists of a single 
part, all parts of n equal 1, or n = @. 

Another natural question to ask about an integrable module is whether it is a 
highest weight module with respect to some splitting Borel subalgebra. For the 
modules (/)-(4), the answer turns out to be that the modules in (/) and (4) are 
highest weight with respect to a particular choice of Borel subalgebra, while the 
modules in (2) and (3) are not highest weight modules with respect to any Borel 
subalgebra. For (2) and (3) this is more or less for the same reason as given in 
Example 8.22, and the reader could carefully check this as an exercise. In the 
case of (4), all modules are highest weight modules with respect to a perfect Borel 
subalgebra, as defined in Example 5.4. A Dynkin Borel subalgebra will also work 
but it will depend on the module, that is for V,4 we can take the strict linear order 
1 =< 2 ~ 3 ~ 4 < ---, while for Vg, we can take --- <« 4 ~« 3 ~ 2 <« 1. 
All modules from (/) are highest weight modules with respect to some Dynkin 
Borel subalgebra, whose choice depends on the module. However this linear order 
is always isomorphic to --- <6 <~4«~«2~«~1<3~<5<.-.-- (prove!). 

Next we turn to the case of 0(00). In the following discussion, either g, = 0(2n+ 
1) for all n or gy = 0(2n) for all n. 


Proposition 8.27 Let M be a nontrivial bounded simple weight 0(co)-module. 
Then M is necessarily integrable, is multiplicity free, and is isomorphic to V or 
to a direct limit of (simple) spinor modules of Gn. 


In order to make this result more explicit, we would like to construct direct limits 
of spinor modules. We fix the Borel subalgebra 6,, with positive roots 


{€; — &j, && + €0,&m |i < j,k < 8} 
if gy = 0(2n + 1), and 
{ei — €j,& +&e |i < j,k < by 


if gy = o(2n). Recall that the Lie algebra g, = 0(2n + 1) has (up to isomorphism) 
one spinor representation S,,, and it has 6,-highest weight (3. say 7 3). It is a 
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standard fact that, up to a multiplicative constant, there are exactly two weight 
embeddings of S, into Sy+41, which will be denoted by ¢ and v). Under 


the embedding 1, the vectors of weight (3. ee 5) are mapped to vectors of 


weight (3 ere 5 +}). Next, recall that the Lie algebra g, = o(2n) has (up to 


isomorphism) two spinor representations, S:* and S;, with respective b,-highest 


n? 
weights (4. ise, 7 3) and (5. cas 7 -}). In this case, it is easy to verify that 
there are unique, up to multiplicative constants, weight embeddings S* > Sas 
Sis S05, Sj and S;, <> S44. 

Recall from Proposition 7.12 that o(00) has two conjugacy classes of splitting 
Cartan subalgebras. We will denote our fixed Cartan subalgebra by hg if the 
root system A corresponding to h is of type (5.6), and by hp if the root system 
A corresponding to h is of type (5.7). 


Definition 8.28 Let A be a subset of Zio. 


°« By 83 we denote the hz-weight g-module obtained as the direct limit of the 
weight embeddings 9, : Sy > Sn41 defined by gy, = it ifn € A and g, = 1, 
ifn g A. 

e« By 5S? we denote the h p-weight g-module obtained as the direct limit of weight 
embeddings gy, : M, — M,+1 such that M, = S* ifn € Aand M, = S; if 
néA. 


To a subset A C Z. we assign weights we € by and ow? € bj, by putting 


(we x = (wx = 5 ifk eA, (wx = (wx = -5 otherwise. For two weights 
A, mW € be we write A ~g wif A; = yu; for all but finitely many indices i > 0. 
For two weights 2, “ € bb we write A ~p mw if A; ~ pw; for an even (in particular, 
finite) number of indices i > 0. 

The following theorem, together with Proposition 8.27, completes the classifica- 
tion of simple bounded 0(oo)-modules. 


Theorem 8.29 Let M be a simple weight module that is a direct limit of spinor 
modules of 0(2n + 1) or 0(2n) forn > co. Then M =~ oF orM ~ sP for some 
A C Zyo. Furthermore, SR = Se if and only if Ay ~ Ao. 


The modules S$ rn and S$ i are multiplicity free, and the reader can check that each 
of them is a highest weight module with respect to some splitting Borel subalgebra 
depending on the choice of A. In fact, in the case of o(00) the spinor modules S a 


and $ m4 are natural analogs of the semi-infinite fundamental representations ae V 
of sl(oo). 
Finally, we have the following surprisingly simple statement for sp(oo). 


Proposition 8.30 Let M be a nontrivial bounded simple integrable weight sp(oo)- 
module. Then M is isomorphic to the natural sp(oo)-module V. 
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It remains for us to give the classification of the non-integrable modules, but 
thanks to Proposition 8.27, we only need to consider g = sl(oo) and g = sp(oo). 

We start with some notation. For a finite or infinite sequence = (11, [2, ...) of 
complex numbers, by (4inz, respectively, by 44 or 4, we denote the subset of Z.o 
consisting of all i such that 4; € Z, respectively, 4; € Zo or wi € Zeo. If wis a 
finite sequence, we set || := 0 ;.9 Hi. 

Now we recall the standard homomorphisms of U(g) — D(oo), where D(oo) 
is the algebra of polynomial differential operators of C[x1, x2, ...] with infinitely 
many formal variables x1, x2 ... . For g = sl(oo), this standard homomorphism 
is given by ej +> x;0;, whereas for g = sp(0o), it is given by e,4¢, > xix; if 
i A fj, C26, 5x?, €-¢;-e; 1 —9)0; if i FA j, er, —50?, where eg € go 
are appropriate nonzero vectors. This enables us to realize D(oo)-modules as U (g)- 
modules. 

Next, we define a D(oo)-module as follows. We set x := x/'1x5?x$% --- for any 
infinite sequence jz = (41, (42, (43...) of complex numbers. For a fixed sequence jz, 
the space of shifted Laurent polynomials 


F (4) = {x"p | p € Chay, 29", -..]} 


is a D(oo)-module in a natural way, and by the above embedding, ¥ (2) is naturally 
a module over g = sl(oo) and g = sp(co). We single out an sl(oo)-submodule and 
an sp(oo)-submodule: 


Fet(u) = (x"p | p € C[xf', xF", ...1, deg p = 0) 


and 


1 


Fep(u) = {x"p | p € Clix’, xz", ...1, deg p € 2Z}. 


We first concentrate on the case of sl(oo) and consider the module ¥,,(j2); it is 
a multiplicity free sl(0o)-module. We set 


Vst(w) := Span{x* | A —  € Ogio), M+ C A+}, 


where Qgt(oo) is the root lattice of gl(oo). Then we have Vet(u’) C Ver() if and 
only if w—u’ € goo) and w4 C w!,. Furthermore, we let V;i(j2)* := 0 whenever 
b+ = Mint. If w+ © Mint, we define 


Veit)? = = > Vatu’). 


Vat(H’) C Vet (te) 


Finally, we define the sl(oo)-module X, (jz) by setting 


X s(t) = Vst(e)/ Vst(H1)* 
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In order to state the classification theorem for simple bounded non-integrable 
weight sl(co)-modules, we need one more definition. If 42 and yw’ are infinite 
sequences of complex numbers, then we write “w ~s mw’ if w— mw’ € Agyoo) and 
be = fs where Qgi(o0) denotes the root lattice of gl(oo) and we consider its 
elements as infinite sequences via the identification 


n 
© bee (ety age, 00,0) 4..). 
i=l 


We reach the following. 
Theorem 8.31 


(1) Every simple bounded non-integrable s((oo)-module M is isomorphic to 
Xst() for some infinite sequence wt. In particular, M ~ lim X51(1"), where 
Me” = (M1, ws Mn): 

(2) Xet(u) ~ Xsi(W’) if and only if w ~st wl! or if u = (0,0,...) and p! = 
(—1,-—1, -1,...), or vice versa. 


Theorem 8.31 has the following striking implication. 
Corollary 8.32 Every simple bounded non-integrable g-module is multiplicity free. 


This corollary is false for s{(n). The classification of multiplicity free simple 
sl((n)-modules goes by the work of Britten and Lemire, and Mathieu’s main 
achievement in his paper [Mat] is the classification of simple bounded weight sl()- 
modules beyond the multiplicity free case. The work of Fernando [F] is foundational 
for the work of Mathieu. Soon after the preprint of Mathieu’s paper appeared in 
1998, I. Dimitrov suggested that all simple bounded non-integrable weight s[(oo)- 
modules should be multiplicity free, but the proof only appeared 20 years later in 
[GrP]. 

The modules X,;(j) have interesting structure, and are not highest weight 
modules in general. A detailed study of their structure has been initiated in [GrP] 
and further carried out in [Cal]. In particular, these modules can be cuspidal as well 
as integrable, and the latter occurs if and only if either all of the 41; are non-negative 
integers, or all jz; are strictly negative integers. 

Assume that are all jz; are non-negative. Then there are two subcases. If the sum 
of the 1; is finite, then X5;(w) is isomorphic to S”(V) form = >} p;. If the sum 
is infinite, then X.;() is isomorphic to SRV for A = {u1, “1 + bo, ...}. If all of 
the jz; are strictly negative, the respective subcases are: 4; = —1 for all but finitely 
many indices 7, or “4; < —1 for infinitely many indices 7. In the first subcase, there is 
an isomorphism X ¢{(w) ~ S”(V,.) form = )°;.9(—1—4;). In the second subcase, 
we have X5() ~ SRV, for A = {aj = —1—yy, ..., a; = —i— 1 —-- - — Mj, «.}. 

Next we want to describe the sequences yz for which X5,(jz) is a highest weight 
module. This is of course equivalent to describing all simple highest weight s{(oo)- 
modules that are bounded. 
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It turns out that a simple bounded highest weight module is always a highest 
weight module with respect to a Dynkin Borel subalgebra. The module X,,(j) is 
a highest weight module whenever jz has at most one entry a different from 0 and 
—1. More precisely, under this assumption, X5;(j) is a highest weight module with 
respect to a Borel subalgebra corresponding to a strict linear order on the indices 7 
such that all indices with 4; = —1 come first, and all indices with 4; = 0 come 
last. Moreover, X5,(’) is a highest weight module if and only if jz’ ~5 ju. 

The final point in our discussion of simple bounded weight s!(0o)-modules is that 
a module X.,;() may be a direct limit of simple highest weight sl()-modules, and 
yet not be a highest weight sl(oo)-module. Such a module is by definition a pseudo 
highest weight module. First examples of pseudo highest modules are the modules 
SR V, which are direct limits of finite-dimensional simple sl(7)-modules, and thus 
of highest weight modules. A more interesting example of a pseudo highest weight 
module with respect to the Borel subalgebra corresponding to the strict linear order 

~<6~4<2<1~3~5<-.--- is the module X,;(u), where uw; = i for 
i € 2Z.9+1, wi = —i fori € 2Z.9, and w; = z. A general criterion for a module 
to be a pseudo highest weight module is given in [GrP, Proposition 6.7 (ii)]. 

To conclude, we discuss briefly the case of non-integrable bounded weight 
sp(oo)-modules. In this case, the modules X5y (1) are defined in a similar fashion. 
They are never integrable. Every non-integrable simple bounded highest weight 
sp(oo)-module is isomorphic to Xp (44) for some w. As a corollary, every simple 
bounded highest weight sp(oo)-module is multiplicity free. An essential difference 
from the case of s[(oo) is that in the case of sp(oo) the support of a simple bounded 
highest weight module determines the module (see [GrP, Theorem 6.9 (iv)]). 


8.3.4 Simple Highest Weight Modules of s\(oo), 0(00), sp(oo) 
with Finite-Dimensional Weight Spaces 


Let b be an arbitrary splitting Borel subalgebra of g = sl(oo), 0(00), sp(oo). Then 
for any weight A € h*, the Verma module Mp(A) := U(g) @up) Cy has a unique 
maximal submodule (the proof is the same as for finite-dimensional g), and hence, 
a unique simple quotient Ly (A). If p is a splitting parabolic subalgebra and a weight 
X € b* is p-adapted, i.e., C, is a p-module, then the module Ly(A) is also well 
defined as the unique simple quotient of U(g) @u(p) Ci. 

If 6 is a Dynkin Borel subalgebra, then it is easy to check that the Verma module 
Mo (A) has finite-dimensional weight spaces for any weight A. Therefore all simple 
b highest weight modules L(A) also have finite-dimensional weight spaces. We 
show now that the simple highest weight modules with respect to Dynkin Borel 
subalgebras account (up to isomorphism) for all simple highest weight modules that 
have finite-dimensional weight spaces, with a small exception. 


Theorem 8.33 Let g = sl(0o), 0(00), sp(co). Let Lp (A) be a simple highest weight 
g-module with highest weight .. € * with respect to a splitting Borel subalgebra 
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b = h Dn. Then the weight spaces of Ly(A) are finite dimensional if and only if 
either 


(1) there exists a Dynkin Borel subalgebra 6! = h Dw such that L»(A) is a highest 
weight module with respect to b' with the same highest weight A, i.e., Ly (A) = 
Ly (A), 
or 

(2) g = 0(o), sp(co) and L(A) is isomorphic to the natural representation of g. 


This theorem is a slight modification of [DP1, Theorem 5 (iii)] in which 
statement (2) is missing. The proof of Theorem 8.33 presented here was kindly 
provided for us by I. Dimitrov. 

First, we need the following lemma. 


Lemma 8.34 Let g = gl(n + 2), let 6 C g be the Borel subalgebra consisting of 
upper triangular matrices and let XX = (do, Aq, ---;An+1) € 0%. IfAr # Ao and 
Ak A Anti for all 1 <k <n, then 


dim Ly (A)*~ 078) > 7, 


Proof Let E;,; denote the matrix with | in thei, j-position and zeros elsewhere. For 
each k = 1,...,n, we define elements X;,, Y; of the universal enveloping algebra 
U(g) by 


Xx := Ex.n+1Eo,x 
Ye := En+1,xEx,o- 
If va is the highest weight vector of L(A), then XeY,u, = aggvy, where 
(Ag — Ak)(Ak — Anti) € =k 
age = 0 L>k (8.7) 
Ax = Xe) L<k. 
Indeed, if € = k, then 


XY eV, = Exn41Eo,cEn+1,4Ex,ova = Ex.n41En41,cEo,.Ex,ova 
= Exnt1En+1.4(A0 — Ag)v, = (Ao — Ak) (Ak — An4i1) Up. 


If £2 > k, then 


XeYevy = Een+1Eo,cEn+1,4Ex,ova = Een +1En+1,<Eo,cEx,ova 


= Ee n+1En+1,ckEx,oEo,cva — Een+1En+1,4Ek,cv, = 0. 
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The case € < k is not needed here, and is left as an exercise for the reader. 
Formula (8.7) implies that if A, # Ao and Ax, A Ay+ for all 1 < k < n, then 
the (n x n)-matrix A := (agx) is invertible, which in turn implies that the vectors 
vg i= Yxv, are linearly independent vectors in Ly (A)*~“9-®+1), Indeed, suppose 
that x € C” such that aa xz Yu, = 0. Then for each £ = 1,...,n, we have 


n n 
O= So xe Xe Yes, a Yo xeaenvn, 
k=1 k=1 


implying )7;_, xcaek = 0. But then Ax = 0 and since A is invertible, we obtain 
x=0. oO 


Proof of Theorem 8.33 One direction is almost trivial: the natural representations 
clearly have finite-dimensional weight spaces, and if Lp(a) ~ Ly (A) for some 
Dynkin Borel subalgebra 6’, then the Verma module My/(A) (and hence its simple 
quotient Ly/(A)) has finite-dimensional weight spaces. Indeed, if b’ is a splitting 
Borel subalgebra, then any weight space of My(A) coincides with a weight space 
of My; (A) for sufficiently large n (prove this!) and is therefore finite dimensional. 
Note, however, that for an arbitrary (splitting) Borel subalgebra, the weight spaces of 
a Verma module can be infinite dimensional (to the reader: construct such a Verma 
module for a perfect Borel subalgebra). 

For the other direction, assume Ly (A) has finite-dimensional weight spaces. Let 
p > 6 be the stabilizer of the highest weight space of Ly (A). Then Lp(a) ~ Ly (A) 
and p is a parabolic subalgebra of g (see Sect. 5.2.3). Moreover, Ly (A) ~ Ly (A) if 
and only if b’ C p. 

We first consider the case g = sl(oo). Then the parabolic subalgebra p 
corresponds to a totally ordered partition {Iy}ye, of the set {&1, €2, €3,...},1e.,a 
partition that is indexed by a totally ordered set A. On the other hand, a totally 
ordered partition {Jg}vea defines a partial order <p on {é, €2, €3,...}, where 
€ < €; wheni € Ig, j € Ig anda < B. 

We will use the notation 44, fora € A, to denote 4; when i € Iy. This is well 
defined, since A; = 4; for any i, j € Iq. Note that ifa < £, and there does not exist 
y € Asuch thata < y < B, thendg F Ag. 

A Borel subalgebra 6’ of g is contained in p if and only if it corresponds to a 
total order on {é1, €2, €3, ...} that is a refinement of the partial order <,. Hence to 
prove the theorem, we need to show that <, admits a refinement that is isomorphic 
to Z<o, Zo or Z. This is equivalent to the following two conditions on {Iy}wea 
being satisfied (prove!): 


(Al) A is isomorphic as an ordered set to Z<o, Zyo, Z or a finite set. 
(A2) Each of the parts J, is finite, except for the possible exception of the ones 
indexed by the smallest and largest elements of A. 


To complete the proof for g = sl(oo), we will show that the partition {Ig}ye, 
satisfies conditions (A1) and (A2). 
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First, we prove (A2). Assume to the contrary, that |/,,| = oo where y is neither 
the largest, nor the smallest element of A. Then there exist a, 8 € A wherea < 
y < B such that A, A Aq and Ay F Ag. So for each n € Zso, we can fix jo € In, 
Ji € Jg and ij,...,in € J,, and then apply Lemma 8.34 to the subalgebra of 
g corresponding to the indices jo, i1,...,%n, j1 (which is isomorphic to sl(m + 2)). 
This allows us to conclude that dim Ly (ay F043 ) > n. Since n can be taken to be 
arbitrarily large, it follows that dim Ly (a)*~io-£/1) = 00, which is a contradiction. 
This proves (A2). 

Condition (A1) is equivalent to the following: for every a, B € A witha < 8, 
the interval (a, 8B) := {n € A | a < 7 < f} is a finite set. So now assume to 
the contrary that some interval (a, f) is infinite, and consider Ag, Ag and A, for 
n € (a, B). 

If there are infinitely many 7 € (a, 6) for which A, A Aq and A, ¥ Ag, then for 
each n € Zo, we can choose such 71,...,%n € (a, 8) and apply Lemma 8.34 to 
the subalgebra of g corresponding to the indices jo, i1,...,in, ji for fixed jo € Iy, 
Ji € Ip and iz € Iy,. By the same argument as before, this yields a contradiction to 
the assumption that dim Ly (A)*~ “0 ®1) < 00. 

Now we may assume, without loss of generality, that there are infinitely many 
n € (a, B) for which A, = Ag. 

Suppose first that there exists an infinite sequence 


nm <2 <3 <---, with ny, € (a, B) andAy, = Ag. (8.8) 


Since ne < ny and Ay, = Any, = Ag, there exists nx such that ne < n, < 
Nk+1 and Ant A Ag. Taking jo € In, ji € Ip and ij, i2, 13, ..., in respectively in 
Tn ‘ In .-+, In we can apply Lemma 8.34 to the subalgebra of g corresponding to 
the indices jo, 11, i2,13,..., 4, j1 to reach a contradiction. 

Suppose now that such a sequence (8.8) does not exist. Then we can choose 
B’ € (a, B) such that Ag ¥ Ag and (q, ’) contains infinitely many y with A, = Ag. 
If Aq # Ag, then we are in an earlier case: infinitely many n € (a, 6’) for which 
An # Aq and A # Agr, and so the claim follows. 

If Aw = Ag, then we have two cases to consider, namely there exists an infinite 
sequence 7; > 72 > 73 > --: with ne € (a, B’) and Ane = Aa, or there does 
not. The first case is handled by arguing as above, while in the second case we can 
choose a’ € (a, B’) such that Ay # Ay and (a’, 6’) contains infinitely many 7 with 
An = Aa. Then since Aq # Aq’, Ag’, this reduces to a previous case, and hence we 
are done. This completes the proof for g = s{(oo). 

Now we prove the case of g = 0(00) with splitting Borel subalgebra b of type B. 
The cases g = 0(00) of type D and g = sp(oo) are treated similarly, and will not 
be discussed here. As in the case of g = sl(oo), we consider a splitting parabolic 
subalgebra p > 6b (see Sect. 5.2.4). Here p corresponds to a totally ordered partition 
{lusaea Of the set {e1, +e2,..., 0} that is compatible with multiplication by —1. 
We denote by Jp the part containing 0, and can assume A = —A where J_y = —Iy. 
Note that Ag = 0 since 0 € Ip. 
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Let At = {a € A | @ > O}. For any choice of signs o, € {1}, we obtain a 
subset A’ of A: 


A’ := {oqa | a € AT}. 


Since the subalgebra of g corresponding to Uge 4’ Iq is isomorphic to s{(oo) or sl(n), 
we have by the previous case that A’ must satisfy (Al) and (A2). 

First, we claim that the ordered set A* is either finite or isomorphic to Zso. 
Indeed, if At were isomorphic to Z or Z<o, then the set A” := (AT \ {B}) U {-B}, 
obtained from AT by changing the sign of some element 6 € A‘, would not satisfy 
(Al) as—£ <0 <a for every a € At \ {PB}. This is a contradiction, so A* is either 
finite or isomorphic to Zs. 

Next, we claim that Jp is finite unless Ly (A) is a trivial module or is isomorphic 
to the natural representation of g. Suppose that /o is infinite. Then there cannot 
be two indices j} # j2 with ej, > 0, €j; > OanddA;, # 0, Aj, A 0, because we 
could consider the sl(oo)-subalgebra corresponding to {€,, —€2}U Jo \ {0} and apply 
Lemma 8.34 to reach a contradiction. This implies (without loss of generality) that 
either 


(a) At is empty, or 
(b) A* consists of a single element w and Iy = {e}, or 
(c) At = {a, B},a > B, Aq =0, €1 € Ty and Ip = {€}. 


For case (a), we get A; = O for all i, and so Ly(A) is a trivial module. In 
case (b), the highest weight of L»(A) is A,e1 with respect to the Borel subalgebra 
corresponding to the order ¢; > 2 > --- > 0. A direct calculation analogous to the 
proof of Lemma 8.34 shows that 


dim Ly (A)*77*! = 00 


unless A; = 1, and in which case L(A) is isomorphic to the natural representation 
of g. (This calculation is exactly the same as for Lemma 8.34, and is left as 
an exercise for the reader. One should prove separately for B,, C,, D, that the 
dimension of the weight space 4 — 2¢; is greater than or equal to n,n,n — 1, 
respectively.) To deal with case (c), consider the Borel subalgebra b’ corresponding 
to the order €; > €2 > --- > 0. Now A = Azéo, and by applying (b) for the 0(co)- 
subalgebra g corresponding to {&2}U Jg, we obtain A = €2. Let vg denote the highest 
weight vector with respect to b’. Then for a non-zero vector X_(¢,;—2,) © G—(e,—29)> 
the vector v; := x_(e,—e,)Vo is a singular vector for g with respect to b’ NM g because 
€1 —&2 isa simple root of g that is not a root of g. Since the weight of v; with respect 
to hg is 2&2, applying (b) for g yields a contradiction, completing the proof of this 
claim. 

Finally, we claim that if J, is infinite for some y € A*, then y is the largest 
element of At. Indeed, suppose not. Let a € At such that a > y andAg 4 A,. If 
A, = 0, then we can take B € At with B < y, Ag # 0, and reach a contradiction to 
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Lemma 8.34 using the set {B}U 1, U {a}. While if A, 4 0, then by choosing B € I, 
we reach a contradiction by using the set {—B} U (J, \ {B}) U {a}. 

Therefore if Jo is a finite set, then the partial order <p can be refined to a total 
order on {+¢1, te2,...,0} producing a Dynkin Borel subalgebra 6’ C p with 
Lo(a) = Lp(a) = Lo (A). This completes the proof of Theorem 8.33. oO 


Theorem 8.33 implies an explicit description of the simple integrable highest 
weight modules that have finite-dimensional weight spaces. Indeed, as every such 
module has a highest weight with respect to a Dynkin Borel subalgebra, it follows 
that every such module is isomorphic to L»g(A), where 6 is a Dynkin Borel 
subalgebra and A is an integral dominant weight, i.e., ee, € Zs0 for all simple 
roots a of b. 

Explicitly this means that A = }* A;¢; satisfies the following conditions: 


* if g = sl(oo), then A; — A; € Z>o0 whenever ¢; — €; is a simple root of b; 

¢ if g = o(oo) and b has simple roots {€1, €2 — €1, €3 — €2,...}, then A; € 5Z>0, 
and 4; — A; € Zso whenever i < j; 

¢ if g = o(oo) and b has simple roots {€; + €2, €2 —€1, €3 —€2,...}, then A; € 52, 
iE 5Z>0 fori = 2,3,..., |Ai] < Ag andA; — Aj; € Zso whenever i < j; 

¢ if g = sp(co) and b has simple roots {2¢,, €2 — €1, €3 — &2,...}, then A; € Zso, 
and A; — A; € Zo whenever i < j. 7 


The reader can verify that any Dynkin Borel subalgebra of g = 0(00), sp(co) 
is conjugate by the group Autg of automorphisms of g to the respective Borel 
subalgebra given in the above list. Now this list is complete. 

For a fixed Dynkin Borel subalgebra 6, the module Ly (A) is isomorphic to a 
module Ly (i) if and only if A = jz. Of course if two Dynkin Borel subalgebras 6, b’ 
are conjugate, then we can have isomorphisms between two modules Ly(A) and 
Lo (ju). For g = sl(oo), not all Dynkin Borel subalgebras are conjugate under Aut g, 
and in this case, an isomorphism of simple integrable modules Ly(A) ~ Ly (2) 
for non-conjugate Dynkin Borel subalgebras containing a fixed splitting Cartan 
subalgebra exists if and only if A = w = 0 (prove!). 


8.4 Categories of Modules over Root-Reductive Lie Algebras 


In this final section, we mention some results on categories of modules over a root- 
reductive Lie algebra g. 


8.4.1 Categories of Integrable Modules 


Consider the category Int, of all integrable g-modules. In contrast with the case of 
a finite-dimensional semisimple Lie algebra g, for which the category of integrable 
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modules is semisimple, the category Intg is a very rich category and is far from 
being semisimple. Here - some interesting subcategories of Intg: 

(1) The category Int! ah of integrable h-weight g-modules with finite- 
dimensional weight spaces. 

A theorem generalizing Weyl’s semisimplicity theorem claims that this category 
is ; ae [PS6, Theorem 3.7 ]. Clearly there are two types of simple objects of 
Int: hs : simple modules that have a highest weight with respect to some splitting 
Borel subalgebra 6, and simple modules that admit no highest weight for any 
splitting Borel subalgebra. In fact, the former type consists of modules that have 
a highest weight with respect to some Dynkin Borel subalgebra, with a small 
exception (see Theorem 8.33 (2)). Simple integrable bounded modules that have 
no highest weight (see Sect. 8.3.3) belong to the latter type, but there exist also 
unbounded simple integrable modules without a highest weight and yet with finite- 
dimensional weight spaces. 

(2) The category of tensor modules T, (see Chap. 7). 

(3) The category Tens, of all integrable modules of finite Loewy length that 
have the property that their algebraic duals are also integrable of finite Loewy 
length (recall the definition of Loewy length from Sect.7.1). 

Itis a remarkable result that the simple objects of the category Tensg are the same 
as of the category Tg [PS6, Theorem 6.4]; in fact, Ty is a full subcategory of Tensg. 
This implies that if M € Tg is any tensor module, then any finite iterated dual M*"* 
has finite Loewy length, and its simple subquotients are of the form V,,, (where A 
and jz run over some set of partitions dependent on M). Of course, unless M is a 
trivial module, M*"* is not itself an object of Ty as it has uncountable length. For 
instance, when g = sI(oo) the reader can try to verify that the module Vi ny = = g* 
has socle filtration of the following form: 


2Ro Vo 
280. V1.9 B 28 Vg (1) B 29 Vy y 
Vay.) 


Recall that V(1),g and Vg (1) are the natural and conatural s{(oo)-modules, respec- 
tively, and that Vg g is a one-dimensional trivial module. This example is discussed 
in [PS6, Example 6.2]. 

As a further exercise, the reader can determine the socle filtrations of the modules 
g* for g = o(co) and g = sp(oo). 

Extensive results on the category Tens, are presented in [PS6]. In addition, it was 
noticed in [CP1, Section 3] that Tensg is an infinite ordered tensor category (this is 
a notion that slightly generalizes the notion of ordered tensor category introduced in 
Sect. 7.3), which led to the description of arbitrary injective objects in Tg [CP1]. 
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8.4.2 Categories Containing Non-Integrable Modules 


Next we mention some categories of not necessarily integrable g-modules. In the 
finite-dimensional case, the BGG category O is a prominent such example. When 
trying to extend the definition of this category to root-reductive Lie algebras, we 
face an obvious problem: such a definition must depend heavily on a choice of a 
Borel subalgebra. In the work of T. Nampaisarn [Nam], this choice is restricted to a 
Dynkin Borel subalgebra. 

More precisely, let 6 = h D n be a Dynkin Borel subalgebra of a root-reductive 
Lie algebra g. T. Nampaisarn studies the category Op of g-modules M satisfying the 
following two conditions: 


e M is an b-weight module with finite-dimensional weight spaces; 
¢ the action of the Lie algebra n on M is locally finite. 


The fact that 6 is a Dynkin Borel subalgebra implies that all Verma modules 
with respect to b have finite-dimensional weight spaces, and hence are objects of 
Oy. In the paper [Nam], one can find a Jordan—Hoelder type theorem for Op and 
a description of the blocks of Oy. A modification of the category Op has been 
introduced and studied in [CouP]. 

Note that the category Ty is not a subcategory of the category Oy (for any 
choice of Dynkin Borel subalgebra) as most of its simple modules have infinite- 
dimensional weight spaces. It is an interesting problem to find an “O-type category” 
whose simple integrable modules would be exactly the simple tensor modules. This 
problem is solved in the work of [PS9], where the category OLA is introduced 
for g = sl(0o), 0(00), sp(co). Such a category consists of g-modules M satisfying 
the following conditions with respect to a perfect Borel subalgebra b = § Dn 
(for g = sl(oo), one can consider the Borel subalgebra from Example 5.4, and for 
g = 0(00), sp(oo), the reader can find a definition of perfect Borel subalgebra in 
[PS9]): 


¢ M isab-weight module; 
* every one-dimensional Lie subalgebra of n acts locally finitely on M; 
¢ Anng 7m is finite corank for each m € M. 


The category OLA has remarkable properties which differ essentially from the 
properties of the category Oy. For instance, every finitely generated module has 
finite length (to the reader: prove that this is false in Og), and moreover, OLA is a 
highest weight category in terms of the definition of [CPS]. 


8.5 Closing Remarks 


We conclude this chapter with a few remarks. 


1. We should point out that Yu. Drozd, S. Futorny, S. Ovsienko, V. Mazorchuk, 
et al. have developed a theory for a class of weight modules called Gelfand— 
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Tsetlin modules. This theory generalizes the finite-dimensional modules of finite- 
dimensional Lie algebras in a direction that is beyond the scope of this book. A 
short list of references on this topic is [DFO, FO, Maz, Web]. 

2. In the setting of root-reductive Lie algebras, classifying simple weight modules 
with finite-dimensional weight spaces is still an open problem. 

3. For classical simple root-reductive Lie superalgebras, including sl(oo|oo), 
L. Calixto and the first author have classified simple integrable bounded weight 
modules [CalP]. 


Chapter 9 
Generalized Harish-Chandra Modules Cheek for 


In this chapter we study a class of g-modules that generalize weight modules with 
finite-dimensional weight spaces by replacing the Cartan subalgebra h with an 
arbitrary subalgebra €. We call these modules generalized Harish-Chandra modules. 


9.1 Introduction 


Let g be a locally finite Lie algebra, let M be a g-module, and let € C g be a Lie 
subalgebra. By definition, M is a (g, €)-module if € C g[M], where g[M] denotes the 
Fernando—Kac subalgebra of g associated to M (see Theorem 8.1). In other words a 
g-module M is a (g, €)-module if and only if M is integrable over €. Consequently, 
a g-module M is integrable if and only if M is a (g, g)-module. Following [PZ4], 
we say that M is a (g, €)-module of finite type (or an admissible (g, €)-module) if 
the following two conditions hold: 


(f1) every finitely generated t-submodule M’ of M has finite length as a t-module; 

(f2) for every fixed simple integrable t-module L, the multiplicity of L as a 
subquotient of M’ is bounded when M’ runs over all finitely generated t- 
submodules of M. 


We say that M is a generalized Harish-Chandra module if M is a (g, g[M])- 
module of finite type. Any (g, €)-module of finite type is a generalized Harish- 
Chandra module since if M satisfies conditions (f1) and (f2) for the pair (g, €), then 
it automatically satisfies the same conditions for the pair (g, g[M/]). 

The study of generalized Harish-Chandra modules is still under development and 
stands on the shoulders of the theory of Harish-Chandra modules, a most celebrated 
area of representation theory. The books [Vo2] and [KnVo] can give a rough idea 
of the depth of the theory of Harish-Chandra modules. In this chapter, we briefly 
describe some landmark results concerning generalized Harish-Chandra modules. 
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An early introduction to the relevant problem setting can be found in [PZ1]. This is 
probably the most technically challenging chapter. 

In order to illustrate the notion of a generalized Harish-Chandra module, let’s 
consider the simplest case g = sI(2). It is well known that up to conjugation there 
are five possibilities for a subalgebra € of g. Let’s list them: first, € = g; second, 
€ = 6, a Borel subalgebra of g; third, € = n where n = [6, 6]; fourth, € = 5, 
a Cartan subalgebra of g; and finally € = {0}. Any simple g-module is a (g, €)- 
module for some € as above, and most of the corresponding (g, €)-modules have a 
classical name. For € = g, a simple (g, €)-module is just a simple finite-dimensional 
representation of s{(2). For € = 6, a simple (g, €)-module is a simple module with 
a highest weight with respect to b. For € = n, the simple (g, €)-modules that are 
not (g, 6)-modules are the well-known nondegenerate simple Whittaker modules. 
For € = 6, the simple (g, h)-modules are the Harish-Chandra modules of sl(2) 
(see the definition below). In this case, simple Harish-Chandra modules are nothing 
but simple weight modules, and they do not have to have a highest weight (see 
Sect. 8.2.3). Finally, simple (g, €)-modules exist also for € = {0}. A construction of 
such modules was given in 1974 by D. Arnal and G. Pinczon [AP], and later such 
modules appeared again in R. Block’s description of all simple ${(2)-modules [Bl]. 

To summarize, the following holds for g = sI(2). If € = {0} or € = n, then there 
are no infinite-dimensional simple generalized Harish-Chandra modules M with 
€ = g[M] as the condition (f2) is violated. For € = {0} this is clear, and for & = nit 
is a consequence of the structure of Whittaker modules [Ko3]. On the other hand, if 
€ = b or € = , then there exist infinite-dimensional simple (g, €)-modules of finite 
type. This follows from the description of all simple weight s{(2)-modules, as we 
know from Sect. 8.2.3. Moreover, if § = g, € = b or € = h, then every simple (g, €)- 
module is a generalized Harish-Chandra module, as every simple (g, 5)-module is a 
weight module with one-dimensional weight spaces. 

Next, we would like to point out three special classes of generalized Harish- 
Chandra modules for more general Lie algebras g. 

First, note that a weight module with finite-dimensional weight spaces is a 
generalized Harish-Chandra module. Indeed, a weight module M = @,,. px M if 
with dim M” < oo isa (g, h)-module of finite type, and hence a generalized Harish- 
Chandra module. Therefore Chap. 8 can be considered as a specific chapter in the 
theory of generalized Harish-Chandra modules. 

Second, one of the most classical cases of generalized Harish-Chandra modules 
is the case when g is a finite-dimensional semisimple Lie algebra and € is a 
symmetric subalgebra, i.e., € coincides with the fixed points of an involution i : 
g — g. Such a pair (g, €) is called a symmetric pair. Under the additional assumption 
that € acts semisimply, the corresponding generalized Harish-Chandra modules are 
called Harish-Chandra modules. (Note that this definition is more restrictive than 
the definition given in [Dix].) 

It is acelebrated theorem of Harish-Chandra that if (g, €) is a symmetric pair, then 
any simple (g, €)-module M automatically has finite type over € (in other words, M 
is admissible over €). 
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A pair (g, €) is reducible if g = 9’ @g"”, t= Bt’, & Cg’, t” Cg”. Hereisa 
list of all irreducible symmetric pairs of classical Lie algebras (where n > 2): 


¢ (s(n), sl(k) @sl(n —k) @C),0 <k <n, 

* (o(n), o(k) Bo(n—k)),0<k <n,n > 3, 

* (sp(2n), sp(2k) @ sp(2(n —k)),O<k <n, 

° (sl(7), o(n)), 

° (sl(2n), sp(2n)), 

° (o(2n), gl(x)), 

° (sp(2n), gl(n)), 

* (g @ g, diagonal g), g a classical simple Lie algebra. 


This classification is essentially equivalent to E. Cartan’s famous classification 
of symmetric spaces from 1926. Cartan’s classification covers also the case of 
exceptional Lie groups whose discussion we omit here. We refer the reader instead 
to [Hel] and [Kn]. See also [K1] for a classification of finite order automorphisms 
of semisimple finite-dimensional Lie algebras. 

A third type of generalized Harish-Chandra modules to which we pay special 
attention is the case when g is semisimple and € ~ sI(2) (see Sect. 9.2.4). A 
classification of s{(2)-subalgebras of semisimple Lie algebras has been given by 
E. Dynkin in [Dyn] based in part on the earlier work of A. Malcev [Mal]. 

Our main tool for constructing generalized Harish-Chandra modules in this 
chapter will be the Zuckerman functor. Certainly, there are other methods of 
constructing generalized Harish-Chandra modules which remain beyond the scope 
of this book, see for example [BB, E, Kn Vo]. 

Here is the definition of the Zuckerman functor. Let g be any Lie algebra and let 
t’ C g be a finite-dimensional subalgebra that acts locally finitely and semisimply 
on g. For instance, if g = U,, gn is locally reductive and t’ C g, is a reductive in g, 
subalgebra for some n, then the above condition is satisfied. 

Denote by C(g, €’) the category of all (g, €’)-modules that are semisimple over 
t’. For any reductive in ’ subalgebra m’ C f’ (m’ may equal zero), we consider the 
left exact functor 


Pe mv : Cig, m) = Cig, t’) (9.1) 


M® Tem (M) := 2 x. (9.2) 
XCM,X€C(g,t’) 


In words, Ty m(M) is the unique maximal €’-semisimple and f’-integrable g- 
submodule of M. Note that Cy yv(M) is a submodule of the g-module M@ ®) from 
Theorem 8.2. 

Moreover, the category C(g, m’) has enough injective objects [Z, Lemma 2.2], 
and hence one can introduce the right derived functor 


RT ew = QD RT em. (9.3) 
j20 
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This functor is known as the Zuckerman functor (R/V wm is the jth-Zuckerman 
functor), and is defined up to isomorphism as we do not provide a canonical injective 
resolution for its computation. Of course, RT ye wi =Te wm. 

A well-known property of the Zuckerman functor which we use below is that if 
the center Zyg) of the universal enveloping algebra U (g) acts via a fixed character 
on M, then Zy,g) acts via the same character on RT y y(M). 


9.2 The Case where g is Finite Dimensional 


Below, we review some central results in the algebraic theory of generalized Harish- 
Chandra modules due to Zuckerman, Serganova and the first author. Parts of this 
work have been inspired by the groundbreaking work of Vogan [Vo2]. Throughout 
the entire chapter, we have adapted key results from the papers [PZ2, PZ4, PSZ2], 
and some parts of the text follow closely the original sources. 

In this part of the chapter, we assume g to be finite dimensional and semisimple 
and € to be an arbitrary reductive in g algebraic subalgebra. Furthermore, by a (g, €)- 
module, we understand a (g, €)-module on which € acts semisimply. 


9.2.1 Construction of (g, €)-Modules 


Our starting question is: given a semisimple (finite-dimensional) Lie algebra g and 
a reductive in g subalgebra €, when does there exist an infinite-dimensional simple 
(g, €)-module of finite type? The answer is given in Theorem 9.7. 

We will present a construction of (g, €)-modules, but first we need to fix quite a 
bit of notation. 

A finite multiset is a function f. from a finite set D into Zso. A submultiset 
of f. is a multiset f’ defined on the same domain D such that f) < fy for any 
d € D. For any finite multiset f, defined on an additive monoid D, we can set 
pris 5 > fad. If lis a Lie algebra and M is a weight [-module with dim M < oo, 

d 


then M eae the finite multiset ch; M, which is by definition the function 
@ +> dim M® defined on supp, M. 

Fix a Cartan subalgebra t of € and a Cartan subalgebra h of g such that t C b. 
Note g is a t-weight module as € is reductive in g. Note also that the R-span of the 
roots A of § in g fixes a real structure on h*, whose projection onto t* is a well- 
defined real structure on t*. In what follows, we will denote by Red the real part 
of an element A € t*. We also fix a Borel subalgebra bg C € with bg D t. Then 
by = t D ng, where ng is the nilradical of be. By We we denote the Wey! group of 
€. Let p € t* be the half sum of roots of the Borel subalgebra by, of €. 

Let (, ) denote the unique g-invariant symmetric bilinear form on g* such that 
(a, a) = 2 for any long root of a simple component of g. The form (, ) enables us 


9.2 The Case where g is Finite Dimensional 163 


to identify g with g*. Then h is identified with h*, and ¢ is identified with &*. We 
will sometimes consider (, ) as a form on g. The superscript L indicates orthogonal 
space. Note that there is a canonical ¢-module decomposition g = ¢ @ €+. We also 
set ||K ||? := (x, «) for any x € h*. 

To any A € t* we associate the following parabolic subalgebra p, of g: 


p=be| Dot]. 


acA; 


where A, := {a € A | (Red, a) > O}. We call p, a compatible parabolic 
subalgebra. By m, and ny, we denote, respectively, the reductive part of p, 
(containing §) and the nilradical of p,. In particular, p, = m, D ny, and if A is 
b¢-dominant, then p, M € = be. A compatible parabolic subalgebra p = m D n 
(ie., p = pa for some A € t*) is minimal if it does not properly contain another 
compatible parabolic subalgebra. It is an important observation that if p = m Dn 
is minimal, then t C Z(m). (Prove!) 

A €-type is by definition a simple finite-dimensional t-module. By L(jz) we 
will denote a €-type with bg-highest weight jz (mw is then integral for € and br- 
dominant). If M is a (g, €)-module, we say that a t-type L(jz) is a t-type of M 
if dim Hom¢(L(jw), M) ¥ 0. Furthermore, a €-type L(y) of M is called minimal if 
the Vogan norm, i.e., the function px’ +> || Rey’ + 2p||? defined on the b¢-highest 
weights jz’ of all t-types of M has a minimum at yw. Any simple (g, t)-module M 
has a minimal €-type. 

Let p = m ®D n be a minimal compatible parabolic subalgebra, and let E be a 
simple finite-dimensional p-module. Set pn := Pchyn and pt := Pohy(nnety- The 
fundamental series of (g, €)-modules are the modules 


F (p, E) = RT e<4,0(Homyy)(U(g), E @ AM™*(n)))). 


We say that an element A € ¢* is (g, €)-regular if (ReA,o) 4 Oforallo € Ax. 
Let L(y) be a €-type such that yz + 29 is (g, €)-regular, and let p = m D n be the 
minimal compatible parabolic subalgebra p,,+2,. We define the t-type L(y) to be 
generic if the following two conditions hold: 


(gl) (Rew + 2p — pn, &) = 0 Va € supp, ne; 
(g2) (Rew + 2p — pa, pA) > O for every submultiset A of chy n. 


The following is the first main result in this section. It is a shortened version of 
Theorem 2 in [PZ2]. 


Theorem 9.1 Let L = L(u) be a fixed generic t-type, and let p = m BD n be 
a minimal compatible parabolic subalgebra of g such that p = Py+2. Let, in 
addition, E be any simple finite-dimensional p-module on which t acts via the weight 
br 2pt (E exists since t C Z(m)). Set s = dim ng. 
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Then F'(p,E) = 0 fori # s, and the (g,)-module F°(p, E) is of finite 
type and is nonzero. Moreover, L is the unique minimal t-type of F*(p, E) and 
dim Hom,(L, F*(p, E)) = dim E. 


Here we outline the proof of a weaker version of Theorem 9.1 in which the 
vanishing of F'(p, E) is established only for i > s. For the stronger result we refer 
the reader to [PZ2]. 

This weaker version of Theorem 9.1 is a direct corollary of the following four 
statements. 


Proposition 9.2 


(1) Let p =m BD n be any minimal compatible parabolic subalgebra, let E be any 
simple finite-dimensional p-module, and let L(5) be a t-type of F°~'(p, E) for 
some i € Z. Theni € Zs and there exists w € We of length i with respect to 
the simple roots of be, and a multiset 


n.: supp,y(n Nn t+) — Zso, 
Br> ng 


such that 


w= w(5 + p)— p— 2p, — D npB, 
B 


where w is the weight via which t acts on E. 
Furthermore, dim Home(L(é), F°~! (p, E)) is bounded by the integer 


dim E > dim(S' (nn tb F™) 
L(w)=i 


where E(w) = w(6+p)-p-a@- 25% and S'(nM t+) is considered as a 
€-weight module. 
(2) Under the assumptions of (1) 


Y* (1! dim Home(L(5), F“"(p, E)) = (9.4) 


O<i<s 


> ei e dim Hom, (H/ (nn £, L(6)), 


O<j<s m=0 


smant) @ £@ Asm an ety), 


and the inner sum on the right-hand side of (9.4) is finite. 
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Proposition 9.2 is a modification of Theorem 6.3.12 and Corollary 6.3.13 in 
[Vo2], and its proof follows exactly the same lines (an inspection of Vogan’s proofs 
reveals that the symmetry assumption on the pair (g, €) is not needed). Therefore we 
refer the reader to [Vo2]. 

Proposition 9.2(/) implies that for any minimal compatible parabolic subalgebra 
p and for any simple finite-dimensional p-module EF, the fundamental series module 
F'(p, E) (and thus F*(p, £)) is a (g, €)-module of finite type, and moreover that 
Fi(p, E) = Ofori >s. 

In the rest of this section, we assume that p and E are as in Theorem 9.1. 


Lemma 9.3 /f L = L() is a -type of F*~'(p, E), theni = 0. 


Proof Choose i € 6* so that p = pa. Then (ReA, y) > O for y € supp, n. By 
Proposition 9.2(/), there exist w € We of length 7 and a multiset 


n.: suppy(nN tt) > Z>0 


such that 


wo = w(+ p) — p — 2px — > npB. 
Besupp,(nne+) 


In addition, w = wu — 200 by hypothesis. Hence 


wutp)—(Mtp)= DI ngB. 
Besupp,(nne+) 


On the other hand since jz + ¢ is bg¢-dominant, there exists a multiset 
m.: supp, (nN €) > Zso 


such that (u+ p)-—w(u+p)= > Maa. Therefore 
aesupp,(nne) 


yma t+ = Sang =0 


aesupp, (nne) Besupp,(nne+) 


and 


Y> oma(Red,a)+ D> ng(Rea, B) =0. 


aesupp,(nne) Besupp,(nne+) 


Hence my = ng = 0 for alla, B € suppy(nn t+), and so w(w + p) = w+ :. As 
ju + pis aregular weight of &, we get w = id and hence i = 0. oO 
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The following two lemmas prove the last claim of Theorem 9.1. 
Lemma 9.4 dimHome(L, F*(p, £)) = dim E. 


Proof Lemma 9.3 enables us to rewrite (9.4) in the special case 6 = yz as 


dim Hom¢(L(), F*(p, E)) = 


y (—1)/ (>: dim Hom, (H/ (nN €, L(2)), 


O<j<s m=0 


SMONt) @E BAM ANE), 
and by a well-known theorem of Kostant [Ko1], 
supp, H'(n nt, L(w)) = {a(w+ p)—p| a € We} 
and yz appears with multiplicity 1 in {o(u +e) — p | o € We}. On the other hand, 


supp, (S' (nN €+) @ E @ AMMEN (yA EL)) = 


M+ > ng B\|ng € Zsoft.- 
Besupp,(nne+) 


Since + ¢ is be-dominant, 
(Fut p)—pleeWe}CM— YY mga | my € Zxo 
aesupp, (nne) 


This, together with the inequality (Rea, y) > 0 for all y € supp, n (see the proof 
of Lemma 9.3), allows us to conclude that 


(F(ut+p)—p|FeWe As n+ YT nphE =. 
Besupp,(nnet+) 


Consequently, 


Hom, (Hi (ne, L(u)), S™(nn t+) @ E@ AMON QA ey) 40 9.5) 
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only form = 0. Since € acts on E @ Adimane? via the weight jz, Kostant’s Theorem 
and (9.5) imply also 7 = 0. This yields 


dim Home(L(u), F°(p, E)) = dimHom,(H°(nn €, L()), E @ AMON (1 9 €4)) 
= dim E. 


Lemma 9.5 /f L(6) is a €-type of F*°(p, E) and 6 F p, then 
|| Red + 2p|] > || Rew + 2pll. 


Proof By Proposition 9.2, there exists a multiset n.: supp,(n N t+) — Zso such 
that 


db+p=utpt+ > npPp. 
Besupp,(nne+) 


Hence 


6+2p9=pu+2p+ S npB. 
Besupp,(nne+) 


Since p = p42, the inequality (Re 4+2p, 8) > Oholds for all B € supp, (nne+), 


In addition, 5 4 yz implies || Y ng B\|* > 0. Therefore 
Besupp,(nne+) 
|Red+2pl|? =||Reu+2el? +l Sd) nA? 
Besupp,(nne+) 
+2. > ng(Rew + 2p, B) > [Rew + 2pll. 
Besupp,(nne+) 


Theorem 9.1 leads to the following. 


Corollary 9.6 For any pair (g, €) and any generic €-type L, there exists a simple 
(g, €)-module of finite type with unique minimal t-type L. 


Proof The module whose existence is claimed by Corollary 9.6 can be constructed 
as any simple quotient of a g-submodule of F*(p, E) generated by the image of any 
€-module injection L > F*(p, E). Oo 
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Corollary 9.6 doesn’t quite answer our starting question for this section as it does 
not state the existence of an infinite-dimensional simple (g, €)-module of finite type. 
The answer is given by the following theorem. 


Theorem 9.7 For an algebraic reductive in g subalgebra €, there exists a simple 
infinite-dimensional (g, €)-module of finite type if and only if € is not an ideal of g. 


We briefly explain the idea of the proof and refer the reader to [PZ6] for the 
details. First, it is not difficult to prove that if € is an ideal of g, then any simple 
infinite-dimensional (g, €)-module has infinite type over €. Therefore in this case 
the module from Corollary 9.6 must be finite dimensional. 

If € is not an ideal of g, it turns out that the simple (g, €)-module F*(p, E) is 
infinite dimensional for an appropriate choice of and E. Indeed, if the central 
character of F*(p, E) can be chosen non-integral, we are done. In the case when the 
conditions of Theorem 9.1 force the central character of F'*(p, E) to be integral, it is 
shown in [PZ6] that the p-highest weight of E' can be chosen dominant and integral 
for g, and that in this case dim F*(p, E) = oo. 

Finally, we would like to point out that Corollary 9.6 is valid without the 
genericity assumption on L. This has been proved in [PZ3]. 


9.2.2. Reconstruction Theorems 


A natural next question is: do all simple (g, €)-module s arise through the construc- 
tion of Theorem 9.1? It is well known from Harish-Chandra module theory that the 
answer is “no”. Moreover, a general simple (g, €)-module of finite type may have 
several minimal €-types. This applies for instance to the Britten—Lemire modules 
(see Theorem 8.19). To the reader: please identify a simple weight s{(2)-module 
with two minimal h-types! 

For a symmetric subalgebra €, there is a celebrated classification of all simple 
(g, €)-modules (or Harish-Chandra modules) under the assumption that € is the Lie 
algebra of a symmetric subgroup K of a reductive algebraic group G with Lie 
algebra g, see [Vo2, BB]. As we already mentioned in Sect. 8.2.6 for € = 5, all 
simple (g, h)-modules of finite type, i.e., all simple weight modules with finite- 
dimensional weight spaces, have been classified (see [Mat] and the references 
therein). 

There is no general classification of (g, €)-module s of finite type beyond the 
cases when € = § or € is symmetric, and in general it is not known what are all 
(g, €)-module s with a fixed minimal €-type L. However, if one assumes that L 
is generic, one can show that any simple (g, €)-module arises in the fundamental 
series through the construction of Corollary 9.6. This result is proved in [PZ2] and 
is inspired by a result of Vogan about Harish-Chandra modules [Vo1]. 

Theorem 9.8 below provides an explicit procedure that finds the “fundamental 
series data” (p, E) corresponding to any simple generalized Harish-Chandra module 
with a minimal €-type isomorphic to L. This procedure resembles the process of 
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finding the highest weight of a simple module about which it is known that it 
has a highest weight but this weight is not given. In this latter case, the highest 
weight space of M is the space of n-coinvariants of M, i.e., H°(n, M), where n is 
the nilpotent radical of the respective Borel subalgebra. In the case of a generic 
simple (g, €)-module M, the p-module EF turns out to be a weight space in a 
higher cohomology group of the nilradical n of p with coefficients in M. In this 
sense, simple (g, €)-module s with generic minimal €-type strongly resemble highest 
weight modules (without being such). 

Let p = m BD n be a compatible parabolic subalgebra. Then we note that any 
cohomology space H'(n, M) for a (g, £)-module M is an m-module and a t-weight 
module. In what follows, we write H’(n, M)” for the respective weight space of 
net. 

We are now able to state two reconstruction theorems proved in [PZ2]. 


Theorem 9.8 (First Reconstruction Theorem) Let M be a simple (g, €)-module 
of finite type with a minimal €-type L() that is generic. Then ~ := Pyi2p = M D 
n is a minimal compatible parabolic subalgebra. Let w := fb — 2px (recall that 
pt = Pohy(nnet)) and let E be the p-module H" (n, M)® with trivial n-action, where 
r = dim(nn ¢+). 

Then E is a simple p-module and M is isomorphic to the (g, €)-submodule 
FS (p, E) of F°(p, E) for s = dim(nf €), generated by the isotypic component 
of the unique minimal t-type of F* (p, E). 


Theorem 9.9 (Second Reconstruction Theorem) Assume that € C g is a reduc- 
tive in g subalgebra that contains a regular element of g. Let M be a simple 
(g, €)-module (a priori of infinite type) with a minimal t-type L(\2) that is generic. 
Then M has finite t-type, and hence Theorem 9.8 applies to M. 


Theorem 9.8 is based on the following. 
Theorem 9.10 Let M be a finite-length (g, €)-module that has a generic minimal 
€-type L(t). There exists a vector space isomorphism 
(Mm) @ ATA et)* & AT (n, My?Pe, (9.6) 
where 0 := Ny+429. Moreover, 


Hi (n, My! = 0 


forif#r. 


In order to outline the proof of Theorem 9.10, we first present some results on 
n-cohomology. For an introduction to Lie algebra cohomology, see [Wei]. 

Let p = m BD n be a compatible parabolic subalgebra corresponding to an 
element 2 € * (i.e., p = p,) which we assume €-regular, and let M be a finite- 
length (g, €)-module. 
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Proposition 9.11 In the category of t-weight modules, there exists a bounded 
(not necessarily first quadrant) cohomology spectral sequence that converges to 
H(n, M), with 


Et? = Ht FO nt, M)@ Vz, 


where a runs over {0,...,n} for some n, R is a monotonic function on {0,...,n} 
with values in Zs such that R(a) < a and R(n) = r, Vg is a t-submodule of 
AR @ (nn €+) for every a, and V, = A" (nn t+). 


The spectral sequence whose existence is claimed in Proposition 9.11 is a version 
of the Hochschild—Serre spectral sequence and is constructed explicitly by Vogan 
in [Vo2, Theorem 5.2.2] under the assumption that the pair (g, €) is symmetric. 
However, as this assumption is not used in the construction, we refer the reader 
directly to [Vo2]. 

Proposition 9.11 has the following corollary. 


Corollary 9.12 For each k € t*, we have a spectral sequence of vector spaces 
that converges to H'(n, M)* and whose E\-term is (ees where ag is as in 
Proposition 9.11. Moreover, there are (edge) homomorphisms 


K+2pt 
i 


a » Hi(nn et, M)Kt2P" @ AT(nne+)* > H+" (n, MY, (9.7) 


wherei =n+b—r. 


Proof The fact that the spectral sequence of Proposition 9.11 is a spectral sequence 

in the category of weight t-modules implies that it has a well-defined direct sum- 

mand consisting of «-weight vectors. Its corresponding E*? term equals (Eo? ; 
In [Vo2, 5.2], Vogan constructs (under the assumption that the pair (g, €) is sym- 

metric) linear maps (E nye — (E%)« which in turn yield edge homomorphisms 

for the spectral sequence with term (E ovr ; 

lt A é 
mes Hat, My @ ATA ey > Hn, My = QD (Ee. 
a+b=i+r 
This construction extends to the more general case we consider, and we refer the 
reader to [Vo2]. oO 


Proposition 9.13. Under the hypothesis of Theorem 9.10, (EO?) H- 20% = 0 for 
(a,b) A (n,r — n); therefore the spectral sequence from Corollary 9.12 fork = 
be dp. collapses at the level E\. 


Proof Let L(6) be a €-type such that 


(Hi (ane, L(8)) @ Man et y*yH-2FH 0 
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for some (i, 7) ~ (0,7). Then according to [Vo2, 5.4], there exist o € We anda 
submultiset A of chy(nM +) such that o (5+ p)—p = u—2p,. Hence ao (+2) = 
U+p-—2p,atop = u+2p-—(2p4+p—o0P) = 4+2e —2pp for an appropriate 
submultiset B of chy n. Furthermore, as L (jz) is generic, (Re 4+ 2 — pg, pp) > 0 
by condition (g2), and thus 


|| Red + 2pl|? = |lo (Red + 2p)|| 
= || Rew + 2p|? — 4(Re uw + 2 — pg, pg) < ||Reu + 2pll’. 
Since L(j2) is minimal in M, L(6) is not a €-type of M, and hence 
(Hi(n nt, M) @ AJ (nn tt)*)#-2m = 0 


for (i, j) # (0,7). Since (Eq'”)"-2°" c (Hint, M) @ Al (nn et)*)#—2Pe for 
i=a+b-— R(a) and j = R(a), we obtain 


(E40? yH- 2p —0 


for (a,b) A (n,r —7n). oO 


Proof of Theorem 9.10 Theorem 9.10 follows from Proposition 9.13 via two obser- 
vations: first, 


Hi(n, Myh-2e & D (E&P E208 = fam) (EX? e268 
a+b=i a+b=i 


and hence H ‘(n, M ye 2 = 0 fori # r, and second, the desired isomorphism 


(9.6) is nothing but the edge isomorphism ty ‘ Oo 


We are now ready to prove Theorem 9.8. 


Proof of Theorem 9.8 We first need to refer to Corollary 3 in [PZ2] to claim 
that H’(n, M) is a finite-dimensional t-weight m-module. By Theorem 9.10, 
H'(n, M)® # 0. Let E be any simple quotient of the m-module H’(n, M)°. 
Consider E asa simple p-module by letting n act trivially on E, 

The fact that jz is generic implies that the pair (p, E) satisfies the hypotheses of 
Theorem 9.8. Thus F*(p, E) # 0 and there is a canonical isomorphism 


Hom,(M, F*(p, E)) = Hom, (H" (n, M), E). (9.8) 


Hence the surjection H’(n, M) > E determines via (9.8) a canonical g-module 
isomorphism 


M = F*(p, E). (9.9) 
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Therefore by Theorem 9.1 E is isomorphic to H’(n, M)®, and the surjection 
H'(n, M)® — E can be chosen as the identity map. This implies finally that the 
isomorphism (9.9) is a canonical isomorphism 


M = F*(p, E) 


for E = H'(n, M)®, as required. oO 


As a simple illustration of the first and second reconstruction theorems, we briefly 
discuss the case when € is an sI(2)-subalgebra. 


If ¢ ~ s{(2), then dim t = 1, and for any w € Ay, a = ap, where a := ae > 0. 


Moreover = w+ 2p. = mp form € Zso, and the genericity condition is 
equivalent to the single inequality 


(u+2p — pn, p) > 9, 
or to the inequality 
dim L(u) =m+1> ph), 


where h is the semisimple element of the canonical s{(2)-basis e, f,h in € with 
h € b, and p := Pchy b- The integer p(h) depends on the pair (g, €) and can be 
computed in the following way. 

Write 0 = >; rjaj;, Where a; € h* are the simple roots of b. The non-negative 
half-integers r; are well known, see [B]. Furthermore, a result of E. Dynkin [Dyn], 
states that a;(h) € {0, 1, 2}, and that € is a principal s{(2)-subalgebra if a;(h) = 2 
for all i. The final inequality which is equivalent to the genericity of L(jz) becomes 


dim L(u) =m +1 >) ai(h)r;. (9.10) 


L 


In particular, for a principal s{(2)-subalgebra it reads 


m122(Dn), (9.11) 


i 


Theorem 9.9 implies, in particular, that any simple (g, €)-module with minimal €- 
type L(y) satisfying (9.10) automatically has finite type, or in other words, that if 
L(2) is the minimal €-type of a simple (g, €)-module of infinite type, then dim L(jz) 
does not exceed the right-hand side of (9.10). Note however, that (9.10) is only a 
sufficient but not a necessary condition for every simple infinite-dimensional (g, €)- 
module with minimal €-type L(jz) to necessarily be of finite type. O 
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If g = sl(3) and € is a principal sl(2)-subalgebra, then the pair (g, €) is simply 
the symmetric pair (sI(3), 0(3)), and so any simple (g, €)-module has finite type. 
Moreover, inequality (9.11) which in this case is nothing but 


m > 3, 


is the necessary and sufficient condition for the first reconstruction theorem to hold. 
If g = o(5) and € is a principal s!(2)-subalgebra, (9.11) is equivalent to 


m> 6. 


Nevertheless, one can show (unpublished work of the first author with Zuckerman) 
that for m = 5 the claims of both Theorem 9.8 and Theorem 9.9 still hold. In this 
way, Theorem 9.8 describes all simple (g, €)-modules with minimal t-types L(rp) 
for r > 5. In particular, the multiplicity of the minimal €-type of such a module 
necessarily equals 1. The case when m < 4 is the “smallest” case when the problem 
of classifying all simple (g, €)- modules of finite type is still open. 

In the paper [PS7], all (0(5), s{(2))-modules with bounded sI(2)-multiplicities 
are classified. It turns out that the minimal sl(2)-type of such a module is L(0), 
L(p), L(2p), L(3p) or L(4p) and that its multiplicity can be higher than one 
(except for L(4¢)). Hence no such module is generic, or equivalently, every generic 
(0(5), sl(2))-modules has unbounded s[(2)-multiplicities. 


9.2.3 Fernando—Kac Subalgebra of a Fundamental Series 
Module 


Next, we would like to address briefly one more natural direction of study 
of generalized Harish-Chandra modules in the finite-dimensional case. This is 
generally speaking the relation between € and g[M] for a simple (g, €)-module. 
Clearly, € C g[M], but how large is g[M]? A closely related question is the 
following modification of our starting question in this chapter: given a semisimple 
Lie algebra g and a reductive in g Lie subalgebra s C g, does there necessarily 
exist a simple (g, s)-module M of finite type such that 5 is the reductive part of 
g[M], i-e., gi M] = n € 5, where n is the nilpotent radical of g[M]? The answer 
to this question is “no”. In fact, in [PSZ1] a reductive in g subalgebra s C g is 
defined to be primal if a (g, s)-module M as above does exist. More generally, a 
Lie subalgebra [ C g is a Fernando—Kac subalgebra of finite type if g admits an 
irreducible g-module M with g[M] = [ that is of finite type over [. 

In what follows, we call a (g, €)-module strict if § = g[M]. 

Some main results of [PSZ1] are summarized in the following. 
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Theorem 9.14 Let g be a (finite-dimensional) reductive Lie algebra. 


(1) Ifa subalgebra \ C g is a Fernando—Kac subalgebra of finite type, then lis self- 
normalizing (and hence \-algebraic) and admits a decomposition ni € Cred, 
where 1, is the nilradical of | and l,eq is a reductive in g subalgebra. 

(2) A reductive in g subalgebra s C g is primal if and only if it is self-normalizing. 
This is equivalent to the condition Cg(s) = Zs, where Cq(S) is the centralizer 
of s in g and Z, is the center of s. 


Comment on the Proof We will prove (/) and the easier direction of (2). 


(1) Let M be a strict simple (g, !)-module and let My C M be a simple (finite- 
dimensional) [-submodule. Assume, to the contrary, that Ng(l) # lt. Then one 
can choose x € Ng(f)\l such that [x, l;;] = O for a fixed Levi decomposition 
(= ls, D ty. Since x ¢ I, x acts freely on M. Set 


My := Mo t+x-Mo+---+x"- Mo. 


A simple calculation using [x, [;;] = 0 and [x, t;] C t; shows that M,, is |-stable 
and M,,/M,_1 is isomorphic to Mo as a |-module. Therefore the multiplicity of 
Mo in M is infinite. Since this is a contradiction, we have Ng() = [. 

By [B, Ch.VII, §5, Cor.1], any self-normalizing subalgebra is splittable, 
and by [B, Ch.VII, §5, Prop.7] any splittable subalgebra [ of g admits a 
decomposition [ = [eg D ny as required. This proves (J). 

(2) If = leq D ny and Ng(l) = I, it is easy to see that Ng(l-eq) = lea. Therefore 
a primal in g subalgebra s = [,.q is self-normalizing, and (as s is reductive in 
g), Ng(s) = Cg(s) + 5 = 5, hence Cg(s) = Ze. 

To finish the proof of (2), one needs to show that for any s as above, there 
is a simple (g, )-module M of finite type such that g/M] = 5 D ngryy. The 
construction of M uses Z-modules and we refer the reader to the original article 
[PSZ1]. 

oO 


Let’s now briefly discuss the Fernando—Kac subalgebra of an_ infinite- 
dimensional simple (g, €)-module M with generic minimal €-type L(j). If € is 
a maximal proper subalgebra of g, then clearly g[M] = € as g[M] contains € by 
definition, and g[M] ¥ g by assumption. For instance, a principal s{(2)-subalgebra 
is maximal in o(k) fork > 5, k ~ 7, and in sp(2k) for k > 2, see [Dyn, Theorem 
1.5]. The principal s{(2)-subalgebra is never maximal in sl(m) for n > 3, however 
the only intermediate subalgebra is either o(m) or sp(2n), depending on whether n 
is even or odd. (To the reader: prove this claim!) Furthermore, J. Willenbring and 
G. Zuckerman have proved the following remarkable result. 


Theorem 9.15 ((WZ]) Let g = o(n), sp(2n) and let € ~ s\(2) be a principal s\(2)- 
subalgebra of g. Then there are finitely many €-types such that any g-type must 
contain one of these €-types. 
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Theorem 9.15 implies that any simple (sl(m), 0(m))-module or (sl(1), sp(2n))- 
module of finite type is a (sl(n), s{(2))-module of infinite type, s{(2) being a 
principal s{(2)-subalgebra of o(m) or sp(2n) (i.e., in particular a principal s{(2)- 
subalgebra of s{(7)). Prove this claim! Therefore we have the following. 


Corollary 9.16 [f€ ~ s{(2) is a principal s\(2)-subalgebra of g = s\(n), o(n) (here 
n #7), sp(2n) and M is a simple (g, €)-module of finite type, then g[M] = €. 


For a general reductive in g subalgebra €, Zuckerman and the first author have the 
following conjecture. 


Conjecture 9.17 Let M = F*(p, E) be as in Theorem 9.8. If M is a simple g- 
module, then 


gM] = ts; D Pred,t, 


where );-¢q,¢ is the maximal €-stable subspace of peg. 


The claim of this conjecture could follow from an appropriate comparison theorem 
between the Zuckerman functor and the Y-module construction of [PSZ1] (see 
Theorem 4.3 in [PSZ1]), but no proof has been given so far. 


9.2.4 The Case € ~ s\{(2) 


The existence of the reconstruction procedure from Sect. 9.2.2 suggests that there 
may be a close relationship between the parabolic category O for a minimal 
compatible parabolic subalgebra p of g and a certain subcategory of admissible 
(g, €)-modules (i.e., (g, €)-modules of finite type). This is in general not an 
equivalence of categories, but becomes such after a suitable modification of the 
parabolic category O. The appropriate modification has been carried out in [PSZ2] 
for the case € ~ sl(2), and we present (without proof) the result in this section. 

Let g be a finite-dimensional semisimple Lie algebra and € be an arbitrary sI(2)- 
subalgebra of g. Fix a standard sl(2)-basis {e, f, h} of €, and note that h is a semi- 
simple element of g. Let t = Ch be the toral subalgebra of g spanned by h, and let 
C(t) be the centralizer of h in g. We consider the following parabolic subalgebra p 
and its opposite parabolic subalgebra p: 


p=c®=a|( @ a}. p=cOD| DB v& 


a(h)>0 a(h)<0 


Clearly p and p are minimal compatible parabolic subalgebras for any nonzero 
weight yu € t* (see Sect. 9.2.1). 

Define Cj, ¢ to be the category of finite-length g-modules that are p-locally finite, 
t-semisimple and t-integral (i.e., h acts with integer eigenvalues). In particular, the 
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€-finite part of the parabolic category O for g determined by p is a full subcategory of 
the category Cp 4. By Cpt, for € Zso0, we denote the n-truncated category C5 +, 
Le., the full subcategory of Cj 4 consisting of objects all t-weights yu of that satisfy 
iL(h) => n. We also assign an integer A := 5 (A; + Az) to the pair (g, €), where A 
(respectively, A2) is the maximum (resp., submaximum) weight of t in g/t. In this 
subsection, we identify t-weights with integers via the correspondence jz ~» (fh). 

Denote by Cy the category of admissible (g, €)-modules of finite length. By C¢.y, 
for n € Zo, we denote the full subcategory of C¢ consisting of g-modules M such 
that Home(L, M) 4 O implies dim LZ > n. 

We now consider two functors: ['/ and B j- The functor Ig ¢ was defined in (9.1) 
in Sect. 9.1. In what follows, we set  := Ig ¢ and denote the right derived functors 
(Zuckerman functors) R/ T¢.4 by I’/. For each j, the restriction of TJ to Ch t.n+2 
isa well-defined functor from Ch ¢.n42 to Cen (see [PZ5]), which we also denote 
by I. 

Next we define a functor 


(BY)? : (g, t)'®-mod ~ Cp. t.n42 5 


where (g, t)'8-mod stands for the category of finitely generated (g, t)-modules and 
0 : Zug) > C denotes a fixed central character. If M is a g-module, then M ® stands 
for the vectors in M on which z —@(z) acts locally nilpotently for any z € Zy(g). By 


Cy n+2 for a variable € € Z>0, we denote the subcategory of Cj ¢.n42 consisting 


of modules M with M = M® and such that h acts via Jordan blocks of size at most 


6,£ : ; eae 
£. We note that C ptnq2 8a finite-length category that has an injective cogenerator 
0,€ 
I > 


n+2° 
Following [PSZ2], we set 


(Be) X= x / () kerg 


0,t 
eHome(X, 1435) 


for X € (g, t)'8-mod. Then we have (Bet)? Xe cee which shows that 


(Bet) is the “largest quotient” of X lying in Co 


It is essential to notice that there is a canonical surjective homomorphism 


6. ¢,€-1 
(BS) xs (BM) x, 


i.e., that | (Bet)? x} is an inverse system of p-locally finite (g, t)-modules. We set 


6 6,£ 
(BS) x =lim(B) x, 
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It is easy to see that (BE*)” is a right-exact functor from (g, t)'8-mod to g-mod, and 
we denote by (BE)! its left derived functors, that is (BE)! X= 1; (BE)? X for 
X € (g, t)'8-mod. 


Let CG , and ce be the respective subcategories of Ce, and Cj ¢n42 


p,tn+2 
consisting of g-modules M with M = M®, Corollary 18 in [PSZ2] states that in 
fact (Be)! is a well-defined functor from CG , tO Ce tn42" Since € and t are fixed, 


0,£ 6 6 
we may set B?“ := (BE), B? := (BE)”, and BY i= (Bot) .. By the same 
letters we also denote the restrictions of these functors to the category Ci na We call 


the functor B; := QB, BS the jth-Serganova functor. 
The main result from [PSZ2] is the following. 


Theorem 9.18 For any n > A, the \st-Zuckerman functor 
Fo 3 Cp tnt+2 ~~ Cen 

and the \st-Serganova functor 
By: Cen ~ Cp.tn42 


are mutually inverse equivalences of categories. 


In [PSZ2], also some applications of Theorem 9.18 are indicated. We conclude 
this section by noting that for the Lorentz pair (s1(2) ® sl(2), diagonal sl(2)), a 
description of the category Ce was given by I. Gelfand and V. Ponomarev in [GelP] 
already in 1967. 


9.3. The Case when g is Infinite Dimensional 


We can finally turn our attention to the general case of an infinite-dimensional Lie 
algebra g. Let’s assume for concreteness that g is locally reductive, g = L; gi, and 
let € be the union U; €; of reductive in g; subalgebras €; C g;. Then we can ask 
the same question as in Sect. 9.2.1, namely: does there exist an infinite-dimensional 
simple (g, €)-module of finite type in this setting? (Note that we no longer assume 
€ to act semisimply when we say (g, €)-module.) In almost all cases these questions 
are wide open. 

In fact, one may wish to state the question a bit more carefully in this case by 
asking that the (g, €)-module in question be non-integrable, as integrable modules 
are analogs of finite-dimensional modules. In Theorem 9.22, we will answer this 
question positively for a special class of subalgebras €. 

Before we do this, let us look at an example of an integrable (g, €)-module of 
finite type that is very easy to construct. We start with an important preliminary 
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proposition. Its proof is presented in [PZ4] and is based on earlier results from 
[HTW]. 


Proposition 9.19 Let 5, be a sequence of classical finite-dimensional simple Lie 
algebras of rank n and of fixed type A, B,C or D. Denote by Vy the natural s,- 
module. Then for any fixed a, b,c,k € Zso the length of the $,-module ye @ 
(vxye ® C°) stabilizes when n — oo (here C stands for the trivial one-dimensional 
S,-module). 


Recall the definition of the diagonal Lie algebra sl(ig []; 0;) from Sect. 4.2. In the 
present chapter, we set p := i9 ,O = TI 6;, where 6), 02, ... is an infinite sequence 
of elements of Zo, and write p© instead of ig [], 6. We consider g = gl(pO) 
instead of sl(p®), i.e., the union of the chain of diagonal inclusions 


gl(p) C gl(p61) C gl(p61@2) C--- 


where, for n > 0, gl(p6)62---6,) is embedded into gl(p@, --- 6,41) by placing 
a matrix A € gl(p0,---6,) repeatedly 6,4; times along the main diagonal in 
gl(pO -+-O,41). The reader will verify immediately that gl(p©) = Zgipo) G 
sl(p©), where the center Zg1()@) is one-dimensional. 

We define € as follows. Let ) := g; = gl(p). Set & := € + Cg, (to) where 
Gn = gl(p0, ---O,—-1), and let € := UneZo €,,. Then, as it is easy to check, we have 
Cg, (€o) = gl) ---@,—1), and the inclusion Cg, (€9) C Cg,,,, (&) is nothing but the 
6,41-diagonal inclusion. Hence € ~ gl(p) @ gl(O). 


Proposition 9.20 The adjoint representation of gl(p®) is a Cg(to)-module of finite 
length and thus, in particular, is a (gl(p®), €)-module of finite type. 


Proof The statement follows from the observation that for each n, the adjoint 
representation of gl(p0 - - -@,-1) considered as a Cg, (fo) = gl(@1 - - - O,-1)-module 
is a submodule of T?(V,? @ (V,*)?), where V, is the natural gl(0, - - - ,)-module. 
By Proposition 9.19, the length of T*(V,? ® (V,*)?) as an s[() -- + A,—1)-module 
stabilizes for n — oo, hence the length of gl(p@ --- ©,,) considered as a Cg, (€0)- 
module is bounded for 7 — oo. The reader will check immediately that this implies 
that the adjoint module of gl(p©) has finite length as a Cg (€)-module. oO 


Now we outline a construction from [PZ4] of a generalization of the fundamental 
series to a locally reductive Lie algebra g. Let g = U,, gn and let €9 C gi be a finite- 
dimensional subalgebra reductive in g (equivalently, in g;). Fix a Cartan subalgebra 
to in €9. For any gn, we have the notion of a to-compatible parabolic subalgebra of 
Gn: by definition this is a parabolic subalgebra p, C gy of the form © (nh, 

o,Reao>0 
where h,, is a semisimple element of tg, the variable o runs over the eigenvalues 
of hy in gy, and (Gn)i, are the corresponding eigenspaces. We call a subalgebra 
p C ga to-compatible parabolic subalgebra if, for all n, pM gy is a to-compatible 
parabolic subalgebra of g, and n, = 1y,41 M gn, where n, is the nilradical of p,. 
It is possible (but not required) that there is a semisimple element h € to such that 


p= @® g;- 
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One can always choose decompositions p, = m, D n, where, for eachn, my, is a 
reductive in g, subalgebra such that mp4). gn = My. This yields a decomposition 
p =m 2 n, where m = U,, m, and LU, m. By definition, n is the nilradical of 
p and m is a locally reductive subalgebra of g. In what follows, we consider the 
decomposition p = m > n fixed and define n as the union U, n,, where for each n, 
Gn = Ny, © m, © ny, is the canonical m,-module decomposition. In this way, n is of 
course an integrable m-module. 

Let € := € + Cg(€o). Then t, = € + Cg, (0) is reductive in g for each n. Note 
that €A m = mo + Cg (to), where mo := fo N m. Our goal is to construct nontrivial 
(g, €)-modules by starting with a nontrivial (m, €M m)-module £ and then applying 
a Zuckerman functor. 

We first extend E to a p-module by setting n- E = 0. We then consider the 
induced module M(p, E) := indy E. This is an integrable m M €-module. Indeed, 
the equality of m-modules g = n @ m @ n implies via the Poincaré—Birkhoff—Witt 
Theorem that M(p, E) has an m-module filtration with associated graded module 
Gr M(p, E) equal to S'\(n) ® E. Both S'(n) and E are integrable m N €-modules, 
thus M(p, E) is also (mM €)-integrable. 

We now set A(p,E) := R°P¢mo(M(p, E)), where R°T¢o.m, is the sth- 
Zuckerman functor with s := 5 dim(€o/mo). By definition A(p, E) is a (g, €)- 
module with semisimple action of €, but in fact A(p, E) is a (g, €)-module (see 
Theorem 9.22 below). We also set A(po, E) := R°Tt,mo (ind, E), where po := 


€9 1 p and we regard E as a module over mo + Cg(€o) and ind,® E as a fg + Cg(€o) 
module. It is easy to see that there is a functorial morphism of 9-modules 


Wr: A(po, E) —. A(p, E). 


Knapp and Vogan [KnVo] call We the bottom layer map. Following [PZ4], we 
call any g-subquotient of A(p, E) generated by vectors in imW¢ a bottom layer 
subquotient of A(p, E). 

Note that mo 1 Cg(€o) = Ze. Therefore if bm, is a fixed Borel subalgebra of mo, 
we can decompose E as 


BD Vino (v) Bu (Ze) Ev 
v 


where we consider EY := Hommy (Vimy (Vv), E) as a C g(€9)-module and v runs over 
all b,-dominant integral weights of mo. 

Now fix a Borel subalgebra bo of €) such that bp) N mp = bym,. This defines two 
Weyl group elements: the element wy, € We, of maximal length with respect to bo, 
and the element wm, € Wm, of maximal length with respect to by N mo. For any 
bm,-dominant €p-integral weight v, we set 


Vv, =1 
v= Wey Wing (Y Se Pb) — Pbo> 


where (5, is the half-sum of the bo-positive roots of €o. 
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Lemma 9.21 The €-module A(po, E) is t-integrable and is isomorphic to 


BD Veo(v") Bu (ze) EY, 
Vv 


where as above v runs over all dominant integral weights of mo, and where 
Veo (vY) = 0 whenever vY is not bo-dominant and integral for to. 


Proof This statement is a direct corollary of Proposition 6.3 in [EW], which is an 
analog of the Bott-Borel—Weil Theorem. Oo 


The main result of this section is the following theorem from [PZ4] about 
constructing (g, €)-modules of finite type for a locally reductive Lie algebra g. For 
its proof we refer the reader to [PZ4]. 


Theorem 9.22 The following statements hold. 


(1) A(p, E) is a (g, €)-module. 

(2) If M(p, E) is an (m, €Nm)-module of finite type, then A(p, E) is a (g, €)-module 
of finite type. 

(3) Assume E = U, Ey where each Ey is an (My, € 1 mn)-module on which Zm,, 
acts via a one-dimensional representation. Then the bottom layer map Vr, is 
an injection. Assume that for some v, E'’ # 0 and vY is dominant integral for 
€0. Then Home, (Le, (vY), A(p, E)) = EY. Hence A(p, E) has a simple bottom 
layer subquotient. 

(4) Assume E = U, Ey where each En is an (My, €M m,)-module with Zu(m,)- 

character, and that E satisfies: A(p, E) # 0 and for some N, the Zuvgy)- 

character of tide. Ey is not regular integral. Then some bottom layer subquo- 
tient of A(p, E) is not an integrable g-module. If, in addition, € is a maximal 

subalgebra of g, then some simple bottom layer subquotient of A(p, E) is a 

strict (g, €)-module. 

Under the assumptions of (3) assume further that m = Cg(to) and that E is 

simple. Then to acts via weight 1 € t) on E, is a dominant integral weight 

for €o, and there is an isomorphism of € = &) + Cg(o)-modules 


(5 


SY 


A(po, E) = Ley (HY) Bu (z_,) E”. 


where E" equals E considered as a Cg(€o)-module. Furthermore, Vg yields an 
isomorphism between the t-modules L¢, (UY) ® Home, (Leo (u’), A(p, E)) and 
A(po, E). 

(6) If, under the assumptions of (5), im Wg is a simple t-submodule of A(p, E), then 
A(p, E) has a unique simple bottom layer subquotient. A sufficient condition for 
the simplicity of im VF, is the inclusion m C €. 


In the remainder of this chapter, we illustrate Theorem 9.22 in the specific 
case of the diagonal Lie algebra g = gl(p@©). The (g, €)-modules A(p, FE) 
in Theorem 9.22(/) form a series that generalizes the fundamental series from 
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Sect. 9.2.1 to a locally reductive Lie algebra g for subalgebras € C g of the form 
€ = fo + Cg(€o). Part (2) from Theorem 9.22 shows that the (g, #)-module A(p, FE) 
has finite type if M(p, EF) is an (m, €M m)-module of finite type. Our first step in 
the particular case g = gl(p@) is to construct “input data”, namely, to construct 
modules M(p, E) that are (m, €M m)-modules of finite type, see Proposition 9.27 
below. 

Fix the exhaustion g = ),, gl(p61--+@,—1) as above. Let t C gi = gl(p) be 
any reductive in g; subalgebra that contains a g\-regular element h, and such that 
the p-dimensional natural gl(p)-module C? is simple as a €9-module. For instance, 
€ may equal gl(p), sl(p) or a principal sl(2)-subalgebra of sI(p). Let to := Ce, (A). 
We define p as the to-compatible parabolic subalgebra @_ gj. 


o,Rea>0 
Lemma 9.23 
(1) MN gn = gl(@1 ---@n—-1)?. 
(2) Cg, (€0) ~ gl(O1 +++ @n—-1) is the diagonal subalgebra in gl, ---@n—1)”. 
Proof As a Cg,(h)-module, the natural representation V, of gl(p01---@n—1) 
decomposes as a direct sum of p isotypic components each of dimension 6] - - - 6,—1. 
This yields (/). 

As a €g-module V,, decomposes as a direct sum of 0; - - -@,—1 copies of the simple 
€o-module C?. This implies (2). oO 
Corollary 9.24 
(1) m= Cg(to) = gl(©)?; 

(2) €= €& + gl(O), &M gl(O) C Zgu@); 
(3) if & = gl(p), then € ~ gl(p) + gl() is a maximal proper subalgebra of 
gl(pe). 

We now construct a class of simple gl(@)-modules. Let V, denote the 
natural representation of gl(@;---6,-1). Fix no > 1 and let L(A,,) be the 
simple finite-dimensional gl(@; ---6,,—1)-module with highest weight A,. = 
(at, .. 2, Abt Omo-1), n! > YI+1, Define n’ = n'(Ang—1) as the largest index for 
which the entry r” is non-negative; if ae 0, we set n’ = 0. To Ano We assign the 
following highest weight of gl(@ --- On): 


Ang+1 = Odea: 0, 0,...,0, yntd 291mg), 


al Ang (Ong +1 —1)times 
Lemma 9.25 There is a natural injection of g((0, - - - Any —1) "0 -modules 


LGiig) > LOcngtt)s 
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and hence a diagonal injection of g\(0 - - - @,—1)-modules 
Lan) > L(An+1) 


for any n > no. 
Proof The natural injection V,,° —> Vno+1 induces an injection of gl(@,--- 
Ono—1 )%0 -modules 


T’ (Vao ® ve 


no 


ono > T’ (Vao+1 ® Ve ids 
which in turn induces an injection 
Lng)" > LOng+1)s 


as required. Oo 


Corollary 9.26 For every no > 1 and for any dominant integral weight Ano 
of gO, +--+ On -1), L(Ang) is a simple gl(@)-module defined as the direct limit 
lim L(An), where L(An) is embedded diagonally into L(An+1) according to 


n>ng 


Lemma 9.25. 

Now let i, a Ane be p dominant weights as in Corollary 9.26. Assume that the 
ordering of the weights is compatible with n, i.e., that the A value of any root ¢; —¢;, 
i < j,of gj = gl(p) has a non-negative real part. Define EF as LQ, 1): . -RLO,P) 
with trivial action of n. 


Proposition 9.27 M(p, E) = ind} E is an (m, €M m)-module of finite type. 


Proof It suffices to show that Gr M(p, E) is an (m, £M m)-module of finite type. As 
a m-module, Gr M(p, E) is isomorphic to S'(n) @ E, and is in particular a weight 
module over the Cartan subalgebra to of &. This subalgebra acts via a single weight 
on E and via arbitrary sums of p-negative to-weights on S'(n). Since each to-weight 
of S'(n) occurs only in finitely many symmetric powers of n, it suffices to show that 
each fixed tensor product S' (i) @ E is a Mm-module of finite length. Notice that E 
is a direct limit lim En, such that each E, is a Cg, (€o) ~ gl(O1 --- On-1)- 
n>max(nj,...n)) 
submodule of a fixed tensor power T*(V,? © (V,*)?). Hence S' (fin) @ En is also 
contained in a fixed tensor power Tk (v,P ® (V,*)?). Proposition 9.19 now implies 
that for each n, S(t) ® Ep is a Cg (€0) 1 gn-module of finite length, hence S‘(n)@ E 
is a€M m-module of finite length. The proposition follows. Oo 


It will follow from Proposition 9.27 and Theorem 9.22(2) that A(p, £) is a (g, €)- 
module of finite type. However, we must first ensure that A(p, E) is nonzero. For 
this, it suffices, by Theorem 9.22(5), to ensure that the weight jz is integral &o- 
dominant. An easy computation shows that the weight jz is nothing but the weight 
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ee aie 2 hie ee a hie) of gj, restricted to to. Let 9 = gl(p). So the regularity 


and 9-dominancy condition on jz” are equivalent to the condition 
by we re i 
Ding S Like SS Daag 
l L l 


Note furthermore that our choice of weights nyrce LA, nb allows for the possi- 
bility that the Zy(g,)-character of indsy " En be non-regular fon some N, and hence 
in the latter case, no irreducible item layer quotient of A(p, E) is g-integrable. 
Since & = gl(p), € is a maximal proper subalgebra of gl(p©). This implies (via 
Theorem 9.22(6)) that whenever A(p, EF’) is not integrable, any irreducible bottom 
layer quotient of A(p, £) is a strict (g, )-module. In particular, € = gl(p) + gl(@) 
is a primal subalgebra of gl(pO). 

Finally, Lemma 9.23 implies that the condition m C € from Theorem 9.22(6) 
holds only when p = 1. However in this case s = 0, hence the claim of (6) is 
trivial. Nevertheless, there is an ag nontrivial case in which Theorem 9.22(6) 
applies: this is when 4 gS =A ad = OandA,, P # 0. In this latter case E” 


is clearly a simple Cg(€o)-module. Fniemnors, as it is easy to see, for large n 
the Zu (g,,)-character of ind” E,, is integral but not regular, hence the (g, €)-module 
A(p, &) has a unique strict simple subquotient. 


9.4 Closing Remarks 


We now conclude this chapter with a few remarks. 


1. We did not discuss applications of Theorem 9.14 in the case of a root-reductive 
Lie algebra g, since this would make a long chapter even longer. For a root- 
reductive Lie algebra, Theorem 9.14 constructs interesting (g, €)-module s that 
certainly deserve further study. For a discussion of these modules, see Section 5 
in [PZA4]. 

2. The following natural question arises: what is an analog of the first reconstruction 
theorem (Theorem 9.8) for an infinite-dimensional g? We do not know the 
answer, since the genericity condition “gets lost at infinity”. In other words, 
if L(u) is a €-type, uw = lim Lin, then for large N, we cannot guarantee that 
L(y) is a generic €y-type. “(Check this in examples!) Therefore we do not know 
whether one can prove an analog of Theorem 9.8 in the infinite-dimensional case. 

3. Finding analogs of Theorems 9.7, 9.14, 9.18 in the infinite-dimensional setting 
are wide open problems. 
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4. Let g = sl(oo), 0(00), sp(co) and let € be a symmetric subalgebra (i.e., let € 
equal the fixed points of an involution of g) that is not of the form considered in 
Theorem 9.22. For instance, if g = sl(oo), then the reader can check that € could 
be isomorphic to (sl(oco) @ sl(oo)) € C. Does there exist an irreducible strict 
(g, €)-module of finite type? Can one say something about the case when € is not 
symmetric? 


Part II 
Geometric Aspects 


In this final part of the book, we establish a connection of the representation theory 
of Lie groups and Lie algebras to geometry. We start with a review of the famous 
Bott—Borel—Weil Theorem and recall our favorite proof of this theorem due to 
Michel Demazure. We then discuss an extension of Bott—Borel—Weil’s Theorem 
to the classical Lie supergroups GL(m|n), SOSp(m|2n), P(n), Q(n). After a short 
review of necessary preliminaries, we reproduce some work on this topic of the 
first author and Igor Skornyakov from the 1980s. A main difference from the case 
of ordinary Lie groups is that new difficulties arise when a relevant weight is not 
regular (or not typical) with respect to odd roots. In this special case, the Bott— 
Borel—Weil theory for Lie supergroups is still unfinished. 

The third part of Chap. 10 is devoted to an extension of the Bott—Borel—Weil 
Theorem to locally reductive ind-groups. We start with the case of a line bundle 
where we reproduce a result of Ivan Dimitrov, the first author and Joseph A. Wolf. 
We then present some partial results in the case of an inverse limit of bundles of 
growing rank, and conclude the book with some open problems. 


Chapter 10 Mm) 
The Bott—Borel—Weil Theorem Cheek for 


The previous nine chapters were pure algebra. In this chapter, we give a glimpse into 
the interaction between algebra and geometry in representation theory. The Bott— 
Borel—Weil Theorem is one of the origins of geometric representation theory, which 
is currently a leading branch of representation theory. From now on we assume some 
basic knowledge of algebraic geometry. 


10.1. The Classical Bott-Borel—Weil Theorem 


Let G be a connected reductive algebraic group. By definition, this means that G 
is a connected complex linear algebraic group whose Lie algebra g is reductive. For 
instance, G may equal one of the classical complex groups GL(n), SL(n), SO(n), 
Sp(2k). The famous Bott-Borel—Weil Theorem establishes a fundamental bridge 
between finite-dimensional irreducible representations of G and cohomology of G- 
linearized vector bundles on the compact homogeneous spaces of G. The classical 
references for this theorem are [BW] and [Bo]. Here we follow the well-known 
algebraic proof given by M. Demazure in [Del]. See [De2] for a shorter proof also 
given by Demazure. For our presentation below, we prefer the proof given in [De1] 
as it generalizes beautifully to both Lie supergroups and ind-groups. 

Recall that a Borel subgroup B of G is a maximal connected closed solvable 
algebraic subgroup of G. More generally, a parabolic subgroup P of G is a 
connected closed algebraic subgroup of G containing a Borel subgroup. It is a 
classical result that if Q is a connected closed algebraic subgroup of G, the 
homogeneous space G/Q is compact (or equivalently projective) if and only if Q is 
a parabolic subgroup of G. 

Recall also that if U is a vector space, then the projective space P(U), called the 
projectivization of U, is the set of all 1-dimensional subspaces of U. We write P” 
for P(U) for an unspecified vector space U of dimension r + 1, for instance C’*!, 
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10.1.1 Introductory Considerations 


We now start to introduce the main players. Let us consider the case of G = GL(n) 
in more detail. In what follows, we fix a vector space V of dimension n and consider 
the group GL(V) of invertible linear operators on V. We identify GL(n) with 
GL(V). Each Borel subgroup of GL (7) is the stabilizer of a unique flag of maximal 
length 


Vi C V2 C-++C Vy-1 CV. 


We discussed this topic in Chap. 5 in the language of the Lie algebra gl(n), and the 
result about the group GL(n) follows immediately from the well-known canonical 
1-1 correspondence between parabolics subgroups of GL(n) and parabolic sub- 
algebras of gl(n). Fix a Borel subgroup B C G. Each (closed) point of the projective 
algebraic variety G/B corresponds to a Borel subgroup conjugate to B via the action 
of G on G/B, and it is a fundamental result that all Borel subgroups of G are 
conjugate. Therefore the points of G/B are precisely all the Borel subgroups of G, 
and moreover the variety G/B is identified with the variety of maximal flags in V. 
Under this correspondence a maximal flag F€(1,2,...,n — 1, V) in V is assigned 
to its stabilizer in GL(V). One can think of Fé(1,2,...,n — 1, V) as a “tower of 
projective spaces", as there is the sequence of canonical projections 


FC, 2,...,0-1, V) —> F&Q,...,0— 1, V) —> ++ 
la Fé(n—1, V) = P(V*), (10.1) 
where F£(i;, i2,..., is, V) stands for the variety of all flags 
VicCW CCV CV 


with dim V, = i;, dim V2 = ig, ..., dimV,; = i;. The variety F@(n — 1, V) is 
naturally identified with the projectivization P(V*) of the dual space V*, as any (n— 
1)-dimensional subspace of V determines a one-dimensional subspace of V*, and 
vice versa. Furthermore, each projection 7; is a fiber bundle with fiber the projective 
space Pp (prove this!), and thus F€(1,2,...,n — 1, V) is a “tower of projective 
spaces” with dimensions decreasing from n — 1 (the dimension of the base P(V*)) 
down to | (the dimension of the fiber of 77,). 

In fact, there are many different ways to present Ff(1,2,...,n — 1,V) asa 
“tower of projective spaces”. Instead of (10.1), one can consider any chain of natural 
projections of the form 


FID 2. K-V)  PO.. f ie lc V5 
> Ftd,2,...c-—2,i+1,...,n-1,V)7>...7 (10.2) 
FeG+1,...,.n—-1,V)—> FG +2,...,n-1,V) > --- > P(V*), 


and the reader will easily show that this is also a “tower of projective spaces”. 
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It is time to introduce the next player, the line bundles on G/P. Before we do 
this, let us recall some basic facts about the line bundles on a projective space P” 
and their cohomology. By definition, a line bundle on any (algebraic) variety X is a 
vector bundle £ of rank 1 on X. In what follows we write L* := £°* fork € Z>0, 
L£° := Ox, and LE = (L£*)®~* fork € Zeo where L* := Homo, (L, Ox) is the 
dual bundle. The isomorphism classes of line bundles on a fixed variety X form a 
group under tensor multiplication of line bundles: this is the Picard group Pic X 
of X. 

Describing the elements of Pic P” is easy. On P” there is an obvious line bundle: 
the tautological bundle. The (geometric) fiber of this bundle at a (closed) point x of 
P’ is the one-dimensional subspace x C C’*!. Denote the tautological bundle by S). 
In algebraic geometry, the standard notation for S; is O(—1) as the first Chern class 
of S; equals —1. It is a classical fact that every invertible sheaf on P” is isomorphic 
to O(€) for some £ € Z, and Pic P” ~ Z [Har, Ch.II, Corollary 6.17]. 

If X is a variety and E is a vector bundle on X, by H*(X, E) we denote the s-th 
cohomology group of the sheaf of regular local sections of E. We write H'(X, E) 
for the Z-graded vector space Q, H*(X, E). 

The computation of the cohomology groups of the bundles S*, i.e., of 
AS (P(V), St) (or, in standard notations, H*(P(V), O(—&))) for all s € Zso is 
an important basic result of algebraic geometry, see [Har, Ch.III, Theorem 5.1]. We 
will state the result in functorial form. 


Proposition 10.1 There are canonical isomorphisms 


HRV), Ss 8 "WV jork 30, 
Hh ey), 58) = 8" "(V) @ AMV) fork=n, (10.3) 
AS (P(V), SF) = 0 for other pairs (k, s) 


where dim V = n. 

Theorem 5.1 in Chapter II of [Har] implies a slightly weaker result, namely 
that dim H’(P(V), Sf) is as in (10.3). The fact that the isomorphisms of (10.3) are 
canonical follows from the existence of the following canonical exact sequence of 
vector bundles on P(V): 

0> Si: > V Gc Opcy) > (V ®c Opyvy)/S1 —> 0. 
Indeed, the dual exact sequence 
0 > (VV @c Opyy)/S1)* > V* @c Opy) > ST > 0 


yields the canonical homomorphism 


V* = H°(P(V), V* @c Opyy) > H°(P(V), S*), 
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which can be shown to be an isomorphism. If k < 0, the —kth symmetric power of 
the morphism 


V* @c Opy) > S{ > 0 
then yields an isomorphism 
S*(V*) = H°(P(V), S*(V* @c Opvy)) > H°PCV), St) 


as in the top row of (10.3). Finally the isomorphism of the middle row of (10.3) is 
obtained from the top row by Serre duality. 

The isomorphisms (10.3) are a very special case of the Bott—Borel—Weil Theo- 
rem. In fact, the theorem is first stated and proved for the variety of maximal flags 
Fl, 2,...,n — 1, V) (or more generally for G/B, where G is an arbitrary con- 
nected reductive algebraic group), and then it allows a non-difficult generalization 
for any flag variety Fl(i1,..., is, V) (more generally to G/P). This more general 
result yields (10.3) as a very special case. 

As a next step, let’s discuss the line bundles on F£(1, 2,...,2—1, V). It is easy 
to see that any such line bundle L£ is isomorphic to a tensor product of the form 
St! @ ($2/S81)% @ +++ ® (Sn—1/Sn—2)*"-! for (ki, .-.,kn—1) € Z"!, where S; is 
the tautological bundle of rank j on Fé(1,2,...,n — 1, V); the fiber of S; at the 
point V} C V2 C--- C Vn-1 C V of FEC, 2,...,n — 1, V) is the space Vj. 

Moreover, for every | < m < n — 1, any line bundle on F¢(1,2,...,m, V) is 
isomorphic to ® (S2/S,)” Q---® (Sm /Sm—1)*" for some (k,,...,km) € Z”. 
This can be proved by induction on m, using a standard fact in algebraic geometry. 
Indeed, if m = 1, F£(1, V) = P(V) and the statement is already known. Assume 
that the statement holds for m — 1, and let £ be a line bundle on F£(1,2,...,m,V). 
Consider the fibration 


Fe(,2,...,m,V) > Fed, 2,...,m—1,V) (10.4) 


with fiber P@i™Y)—” | and restrict £ to each fiber. On each fiber, the restriction of 
£ is isomorphic to Opvimv)—m(s) for some s, and as it turns out, s does not depend 
on the choice of fiber. This follows for instance from the semicontinuity theorem 
[Har, Ch.III, Theorem 12.8 (see also Exercise 9)]. Therefore, £® (Sin /Sm—1)* isa 
line bundle on F'€(1, 2,..., m, V) that is trivial on each fiber of the fibration (10.4), 
and is hence the pull-back of a line bundle on F£(1, 2,...,m — 1, V). Since the 
latter is isomorphic to oF ® (S2/S1)” @---® (Sin—1/Sm—2)km-! by the induction 
assumption, L itself is isomorphic to sc) ® (82/81) ® +--+ ® (Sm/Sm—1)* for 
km = —S. 

For a line bundle £ on F¢(1,...,m, V), we denote by Ly the restriction of the 
pull-back of £on GL(V) x Fé(1,2,...,m, V) to the subvariety 


gx F€(,2,...,m,V), 
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via the group action projection 
GL(V) x Fé, 2,...,m,V) > Fe, 2,...,m,V). 


A line bundle £ is called GL(V)-linearized, if for every g, g’, g” € GL(V), there 
are isomorphisms 


Lg(g!)-! : Lo = Le! 


such that Eg(g!)-lgt(g)-l = Lg(g)-1 andi; = Id. 

Now we note that any line bundle £ on F€(1,2,...,m,V) admits a GL(V)- 
linearization. This is because the bundles S;/S;—1, and the tensor products of the 
form sh @---@(Sm/ Sim—1)™ are equipped with an obvious GL(V)-linearization. 
However, such a GL(V)-linearization is not unique. Indeed, let £ = O be the trivial 
line bundle on F£(1, 2,...,m, V). Then L is isomorphic to the bundle 


(S1)* @ (S1/S1)* @ ++» @ (Sin/Sm—1)¥ @ (A"—"(V/Sm))*, 


where from now on V stands for the G-linearized bundle V @O and k is an arbitrary 
integer. For each k, the latter bundle has a distinct GL(V)-linearization, and hence 
O has GL(V)-linearizations parameterized by an arbitrary integer. It is not difficult 
to see that these are all GL(V)-linearizations of O (prove it!) and that moreover, 
any line bundle on F£(1, 2,...,m, V) admits exactly as many G-linearizations as 
O. This discussion is an informal preparation for the following proposition. 


Proposition 10.2. For any connected reductive group G and any connected sub- 
group P C G, the G-linearized line bundles on G/P are in a natural bijection with 
the group Hom(P, C*) of characters of P, where C* stands for the multiplicative 
group of C. 


We will not give a formal proof of the proposition, but we will only indicate how 
one obtains the bijection. Given a G-linearized line bundle, its fiber over the point 
P is a P-module. Since this P-module is one-dimensional, it is in fact a character 
of P. Conversely, given a character A of P and the corresponding one-dimensional 
P-module C,,, the respective bundle is constructed as the fibered product G x p Cy, 
and has a natural projection onto G/P. The reader should try now to reconstruct the 
proof of Proposition 10.2 or to read it in the literature. 

More generally, one can consider G-linearized vector bundles of arbitrary length, 
and these of course form a natural category. We leave it to the reader to define 
morphisms of G-linearized bundles and moreover to prove that the category of G- 
linearized vector bundles on G/P is equivalent to the category of finite-dimensional 
P-modules. This equivalence extends the bijection from Proposition 10.2. 

Back in the case when G = GL(V) and P is the stabilizer of a flag of subspaces 
of V of respective dimensions 1, 2, ..., m, the line bundle 


S1 @ (S2/S1) @ +++ @ Sm/Sm-1 @ A” (V/Sm) (10.5) 
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corresponds to the character det : P —> C%* which extends to a character of G 
(check this!). That’s why (10.5) is the pull-back on G/P of a G-linearized bundle on 
G/G, and is hence trivial as a line bundle. The corresponding G-linearized bundle 
on G/G is not trivial as a G-bundle (since det : G + C% does not equal the trivial 
homomorphism), and (10.5) is also not trivial as a G-bundle on G/P. 

Now consider in more detail the case when m = n — | and P = B is the 
Borel subgroup of upper-triangular matrices in GL(V) for V = C”. Here the 
correspondence from Proposition 10.2 has the following explicit form. Order the 
basis of C” as e),..., @,. Then the group of characters Hom(B, C%) is identified 
with Z”. The G-linearized line bundle corresponding to (Aj, ...,A,) € Z” is simply 


St! ® (S2/S1)*? @ ++» @ (C"/Sp—1)"". 


Verifying this is a non-difficult but essential computation. The simplest case is n = 
2: here one needs to check that the B-character in the fiber of the bundle s ® 
(C? /S\)*2 at the point B € G/B is precisely the character (A1, A2) € Z*. We hope 
that the reader will verify this explicitly. 

For a general connected reductive group G and a Borel subgroup B C G, we 
denote by O(A) the G-linearized line bundle on G/B corresponding to a character 
A: B— C%,i.e., such that B acts via 4 in the fiber of O(A) at the point B € G/B. 
If we choose G to be SL(V), then every line bundle on G/B admits a unique G- 
linearization and the bijection of Proposition 10.2 induces an equality PicG/B = 
Hom(B, C*), where B is now a Borel subgroup of SL(V). 

The isomorphisms (10.3) enable us to compute explicitly the cohomology of any 
GL(2)-linearized line bundle on GL(2)/P = P(V) for V = C?. Indeed, notice that 
in this case 


O(A) = St! @ (V/S1)? = SP” @ (A2(V))®2, 


where (A2(V)) 22 is a trivial bundle on P(V) with a nontrivial G-linearization. 
Hence (10.3) implies for Az — A; => 0, 


H°(P(V), St! @ (V/S1)*2) = S*2-*(V*) @ (A2(V))®2, (10.6) 


H'(P(V), St! @ (V/S1)2) = 0; 


for Az — A, < —2, 


H°(P(V), St! @ (V/S1)*2) = 0, (10.7) 


H'(P(V), St’ @ (V/S1)%) = S12 (V) @ (A2(V)) OR, 
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and for A2 — A; = —1, 


H°(P(V), St! ® (V/S1)*2) = 0, (10.8) 


H'(P(V), SY @ (V/S1)") = 0. 


10.1.2. The Main Result 


Let g be a reductive Lie algebra, let 6 C g be a Borel subalgebra, and let jz be 
a weight, ie., 46 € 6* for some Cartan subalgebra h C 6. We say that pw is b- 
dominant if oR) € Rso where (., -) is the Killing form on g. By definition a 
weight ju is b-antidominant if — ju is b-dominant. When we consider a connected 
reductive algebraic group G with Lie algebra g, we call a character yw of a Borel 
subgroup B C G, B-dominant or B-antidominant if 1, considered as a weight, is 
b-dominant or b-antidominant where b = Lie B. By Lg (2), we denote the simple 
finite-dimensional G-module with B-highest weight jz. This module is well defined 
for a B-dominant character ju of B. 
We are now ready to state the general Bott-Borel—Weil Theorem. 


Theorem 10.3 Let G be a connected reductive algebraic group, let B C G bea 
Borel subgroup, and let : B — C* be acharacter of B. Let p denote the half-sum 
of roots of 6 = Lie B, and let w(— + p) be a b-dominant weight for some Weyl 
group element w € W, where W is the Weyl group of the Lie algebra g of G. Then 
if w is not unique 


H(G/B,O(A)) = 90, 
while if w is unique 


H*(G/B, O()) = | EBA + 0) — OY fork = E(w) 


0 fork ~ €Ww) 


where €(w) denotes the length of w with respective to the simple roots of b. 


In what follows we present a sketch of Demazure’s proof of this theorem. For 
explicitness, we assume that G = GL(n). Then A = ey i; for some A; € Z, 
and W is the symmetric group on n letters. The reader should then read Demazure’s 
paper [De1] and realize that everything we are saying about GL(n) can in fact be 
easily said more abstractly for any connected reductive algebraic group G. We will 
comment on this after we finish the proof. 
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Sketch of Proof of Theorem 10.3 Let B be the group of upper triangular matrices, 
set X = G/B and let p; : X — X; denote the projection 


Féd,2,...,n—1,C") > Fed, 2,...i-1i41,...,2—-1,C"). 


Note that p; realizes X as a relative projective line X;. We will compute 
H'(X,O(A)) by using the Leray spectral sequence of each projection p;. For 
an introduction to spectral sequences the reader can consult [GH] or [Wei]. In 
the case of O(A) and p;, the Leray spectral sequence is a spectral sequence with 
E}*? term H?(X;, R4(p;)xO(A)) and it converges to H’'(X,O(A)). Here (p;)x 
stands for the direct image of O-modules along p; and R4(p;)x denotes the qth 
right derived functor of (p;)x. Since the dimension of the fiber of p; equals 1, 
R4(p;)xO(A) = 0 for g > 1, so there can be no more than two nonvanishing direct 
image sheaves. In fact, a crucial observation is that for each pair (A, i), there is at 
most one nonvanishing direct image sheaf among R°( Di)xO(A) and R 1( Di)xO(A). 
Indeed, 


O(A) = Si @ (82/81)? @--- @ C"/Sp—1)™ 
= pi (S}! ® +++ @ (Si-1/S;-2)"" ® (Si42/Sin:1)*? @---® 
(C°/Sn—1)"") @ (S/S) ® (Si / Si". 


Moreover, the bundles $;/S;—; and S;+1/5S; are the relative analogs (along the 
relative projective line p;) of the line bundles S$; and C?/S; on P!, and using 
some standard tools of algebraic geometry, it is not difficult to show that relative 
versions of the isomorphisms (10.6), (10.7), (10.8) hold. More precisely, we have 
for Aj41 — Ai = O, 


RO(p;)xO(A) = SH ((Si41/S;-1)*) ® (A%(Si41/S:-D) 
@(St! @ +++ @ (Sj-1/S;-2)*"! ® 
(Si42/Sit1)*#? @--- @ (C"/Sp—1)**), 
R'(pj)xO(A) = 0; 
for Aj41 — Ai < —2, 
R°(pj).O() = 0, 
Ri(pi)xOQ) = S214 1/1) B (a%(S1/5-) 
@(st @ +++ @ (Si-1/8;_-2)*! ® 
(S;42/Si41)*#2 @ «++ @ (€" /Sp_1)**); 
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for Aja. —Aj = —-1, 
R°(pi)xO(A) = R'(pi)xO) = 0. 


This implies immediately that the Leray spectral sequence of O(A) degenerates 
and that 


H*(X, O(A)) = H*(X;, R°(pj)xO(A)) for Aiz1 — Ai = 0, 
H*(X,O(A)) = H*'(X;, R'(pi)¥O(A)) for Aig — Ai < —2, 
and 
H*(X,O(A)) = 0 for all k > O when Aj41 — Aj =-l. (10.9) 
Consider the case when Aj+; — A; > 0. Let w; denote the permutation that 
interchanges the ith and (i + 1)th coordinate of a weight. Then w;(A — op) + p = 
Ai. Ai—1, Ait + 1,44 — 1, Aj4e2,..-, An, and we claim that 
R°(pi)xO(A) = R'(pi)xO(wi (A — p) + p). (10.10) 


Indeed, the two visually different factors of the left- and right-hand side of (10.10) 
are respectively 


Ai 
Sk (8344/81) @ (A?(Si41/5i-1)) ° 


and 


SMM (Si41/Si-1) ® (A°(Sis1/S:1))” : 
However these G-linearized bundles are canonically isomorphic as 
(Si41/Si-1)* = (Si41/Si-1) @ A*(Si41/Si-1)"). 
The isomorphism (10.10) now allows us to conclude that for Aj; — A; => 0, 
H*(X, O(A)) = H*+!(X, O(wi(A — p) + p)) for all k > 0. (10.11) 


Since the Borel subgroup B is fixed throughout the proof, in what follows we 
refer to weights just as dominant or antidominant. 

Now let A be antidominant, i.e., Aj4; — A; > O for 1 < i < n. Consider the 
permutation of maximal length wmax that sends {1,2,...,2} to {n,n —1,..., Ll}, 
and decompose it aS Wy—1 0 Wy—2 0 Wn] O° OW20+++0 Wy] OW] OW2O---0 
Wn—1. By a truncation of Wmax, we mean the application of consecutive reflections 
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w; Starting with the rightmost one up to some w ;. Then for each truncation w of 
Wmax Of the form w = wz o--: 0 Wp_} for some 1 < k < n — 1, it is true that 
(we o W(A — p=) + P)e+1 — (WR o W(A — p) + p)x = O. (Check this!) Therefore we 
can iterate the isomorphism (10.11), and this yields 


H*(X, O(a) = H*teMm=) (X, O(wmax(A — p) + p)), (10.12) 


mined) = dim X. The isomor- 


where /(Wmax) 1s the length of Wmax which equals 
phism (10.12) implies immediately that 


H*(X, O(A)) = 0 fork > 1 


whenever A is antidominant. 

If A is not antidominant, then there is always an antidominant weight py in the 
set {w(A — p) | w € Wh. If yw is regular, i.e., w is unique with the property that 
w(A—p) is antidominant, we notice that A’ := w(A—/)+ ¢ is also antidominant. By 
decomposing w~! into a product of simple transpositions w; and iterating (10.11), 
we obtain 


H(X, O(W)) = HY")(X, 0), 
H*(X, O(A)) = 0 fork 4 &(w7!). 


Since w(A — p) is antidominant if and only if w(—A + p) is dominant, we have now 
shown that if w is the unique permutation for which w(—A + p) — p is dominant, 
then 


0 fork £1(w) 


HY(X,0Q)) =) 
H°(X, O(w(A — p) + p)) for k = 1(w). 


(10.13) 


The antidominant representative in the set {w(A — ep) | w € W} is not regular if 
and only if Aj4; —A; = —j for some i and j. Choose j minimal for a given i. Then 
we have 


(w'(A — p) + p)i41 — (w'(A- p) +); =-1 
where w’ = wj+j-1 0--- 0 wj+1. By using the fact 
(w'(A — p) + itr — (W'(A— p) + p)i A -1 
for 2 <t <i+ j, we see, via an iteration of the isomorphism (10.11), that 


H*(G/B, O(a) = H**5(G/B, O(w'(a — p) + p)) 
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for some s. However, we already know by (10.9) that 
H (G/B, O(w'(A — p) + p)) = 9, 
hence also 
H (G/B, O(A)) =0. 


It remains to show that H°(X,O(A)) = Lg(—A)* for an antidominant A. Note 
that if H°(X, O(A)) ¥ 0, the canonical isomorphism of evaluating a global section 
at a closed point induces a morphism of G-linearized bundles 


H(X, O(A)) ® Ox > OA). (10.14) 
This morphism induces a morphism of B-modules 
H°(X,O()) > Cy, (10.15) 


whose kernel contains a G-submodule L’, unless A(X, O(A)) = Lp(—aA)* and 
the morphism (10.13) maps L_g(—A)* to its B-lowest weight 4. (Please prove this!) 
However the existence of a simple G-constituent L’ of H od , O(A)) which maps to 
zero via (10.13) is contradictory, as the global sections of O(A) lying in L’ would 
have zero values at all closed points of X, and hence would be zero. Therefore 
H(X, O(A)) 0 implies H°(X, O(A)) = Lg(—A)*. g 


The isomorphism (10.11) is probably the most important ingredient of the above 
proof. In the case of a general reductive algebraic group, it is replaced by the 
isomorphism 


H*(G/B, O(a) = H**!(G/B, O(wa(A — p) + p)) (10.16) 


for any simple root a of B such that ee) < 0 and any k € Zs o. To prove 


(10.16), one applies arguments similar to the above, to the P!-fibration 
Pa: G/B > G/ Pa 


where P, is the parabolic subgroup of G obtained from B via inverting the root a. 

We complete this section with an even more general version of the Bott-Borel— 
Weil Theorem which applies to any simple G-linearized bundle on G/P. Let G be 
a connected reductive algebraic group and let P be any parabolic subgroup. If E is 
a G-linearized vector bundle on G/P of rank r, where r is possibly greater than 1, 
we call E simple if E has no proper G-linearized subbundle. The correspondence 
of Proposition 10.2 can be extended to arbitrary finite-dimensional P-modules. We 
state this fact as a proposition whose proof we leave to the reader. 
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Proposition 10.4 For any connected algebraic group G and any parabolic sub- 
group P C G, the isomorphism classes of G-linearized vector bundles E on 
G/P are in bijection with the isomorphism classes of finite-dimensional P -modules. 
Simple G-linearized bundles correspond to simple P-modules. 


Given a simple finite-dimensional P-module, let Og, p(£) denote the respective 
G-linearized bundle on G/P. The following theorem reduces the computation of 
H'(G/P,Og/p(E)) to Theorem 10.3. 


Theorem 10.5 Let G be a connected reductive algebraic group, let P be a 
parabolic subgroup, and let B C P be a Borel subgroup. Let E be a simple finite- 
dimensional P-module with B-lowest weight i (i.e., the 1-dimensional B-module 
C,, is a quotient of E considered as a B-module). Then 


H (G/P, Og/p(E)) = H (G/B, O(A)). 
Proof The key idea is that 
OG/P(E) = pO), (10.17) 


where p : G/B —> G/P is the canonical surjective morphism. Indeed, there is a 
natural epimorphism of G-linearized vector bundles on G/B 


x : p*Og/p(E) > O(a), (10.18) 


which corresponds to the surjection of B-modules E — Cy, at the point B € G/B. 
This yields a morphism of sheaves of Og/p-modules 


m' : Og/p(E) = pxp*OG/p(E) > pxO(A). 


By a well-known theorem of Grauert [Har, Ch.III, Corollary 12.9], p,O(A) is a 
vector bundle of rank equal to dim E. Therefore z’ is a morphism of vector bundles 
which is an isomorphism on each fiber, and hence is itself an isomorphism. Thus 
(10.17) holds as claimed. 

The proof is completed by one more straightforward application of the Bott— 
Borel—Weil theorem and the Leray spectral sequence. Indeed, all we have to check 
is that 


H (G/P, pxO(A)) = H (G/B, O()), (10.19) 


and it follows from the Leray spectral sequence that a sufficient condition for (10.19) 
to hold is the vanishing of all higher direct image sheaves R! p,O(A) fori > 0. As 
R° p,.O(A) is nonzero by definition, the vanishing of R! p,O(A) for i > 0 follows 
again from Grauert’s Theorem and from the Bott-Borel—Weil Theorem applied to 
the restriction O(A) p/p’ to the fibers P’/B’ of the surjective morphism p. This 
completes the proof. oO 
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10.2. Toward a Bott-—Borel—Weil Theorem for Lie 
Supergroups 


In this section we present a Bott—Borel—Weil Theorem for finite-dimensional 
classical Lie supergroups in the special case that the weights under consideration 
are typical. The condition of typicality is an “odd counterpart” to the condition 
of regularity for a weight of a reductive algebraic group. The finite-dimensional 
representations with typical highest weights are precisely the representations that 
admit a Kac—Weyl character formula similar to the classical Wey] character formula 
for Lie algebras. Generalizing the Bott-Borel—Weil Theorem to arbitrary weights 
remains an open problem. 


10.2.1 Preliminaries on Lie Supergroups and Flag 
Supermanifolds 


In what follows we work with Z2-graded vector spaces L = La ® Lj and write their 
dimensions as m|n where m = dim Lo, n = dim Lj. The same convention applies 
to the rank of Z2-graded vector bundles E = E% @ Fj on algebraic varieties. By IT, 
we denote the parity changing functor: if L = Lo ®Lj, then (IIL)g = Lj, (IIL); = 
Lj. Clearly, the parity changing functor is defined also on arbitrary sheaves of Z- 
graded abelian groups. A superalgebra simply means a Z2-graded algebra. 

A supermanifold M of dimension m|n can be defined as a ringed space 
(M;+ea,Om) where M;eq is a manifold of dimension m and Oy is a sheaf of 
superalgebras on M,¢q that is locally isomorphic as a sheaf of superalgebras to the 
Grassmann algebra of a vector bundle of rank n on M,¢q, see [Be, Ko2, L, Man] 
and the references therein. In what follows we work in the category of algebraic 
supermanifolds, or more generally in the category of superschemes as introduced 
by Yu. Manin in [Man]. For a true understanding of the material of this section, the 
readers should familiarize themselves with some main results of [Man]. 

By definition, the manifold M,.¢q is the underlying manifold or reduced manifold 
of M, and is recovered from M as the ringed space (M;eq, Om,.4 = Om/N), 
where WN is the subsheaf of nilpotent local sections in Oy. Clearly, M;eq is a closed 
subsupermanifold of M of dimension m|0. 

A vector bundle E on a supermanifold M can be defined as a locally free 
sheaf of Oy-modules of rank kl, ie., as a Zo-graded sheaf locally isomorphic 
to oy ® (1O0y)®". The restriction Eyeq = E/NE of E to Mreq is a Zo- 
graded usual vector bundle on M;eq of rank k|l. If M has dimension m|n, then 
the sheaf N/N 2 is a vector bundle on Meg of rank O|n (odd vector bundle) and 
is by definition the conormal bundle Nine Mt of M;eq in M. The structure sheaf 


Ow is locally isomorphic to the sheaf of superalgebras A’(N/N7), but there need 
not be a global isomorphism. In the case that a global isomorphism exists, we call 
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the supermanifold splitting, and otherwise non-splitting. In the category of C®- 
supermanifolds, which we do not consider here, any supermanifold is splitting. 

One of the reasons why algebraic supermanifolds are interesting and quite 
difficult to study is that they are in general non-splitting. This applies in particular 
to the flag supermanifolds discussed below. 

An (algebraic) Lie supergroup G is a group object in the category of superman- 
ifolds, that is G is an (algebraic) supermanifold with a multiplication morphism 
fu: Gx G => G, an inversion morphism i : G — G and a unit morphism 
e: 1 — G that make G a group object in the category of supermanifolds. 

An equivalent definition of a Lie supergroup is sometimes handier to work with. 
Namely, one can consider pairs (G’, g) where G’ is an ordinary (algebraic) Lie 
group, g is a finite-dimensional Lie superalgebra such that gj = Lie G’ (ie., gg is 
the Lie algebra of G’) and g is endowed with the structure of a G’-module which 
induces the adjoint gg-module structure on g. 

It is a theorem that the category of (algebraic) Lie supergroups is canonically 
equivalent to the category of pairs as above [S1, Vi]. In particular, one can 
define classical Lie supergroups GL(m|n), SOSp(m|2n), P(n), O(n), as respective 
pairs (GL(m) x GL(n), gl(m|n)), (SO(m) x SpQ2n), osp(m|2n)), (GL(n), pin), 
(GL(n), q(n)), and in each case the G’-module structure on g is obvious from the 
structure of the roots of g. 

Moreover this approach allows us to easily define Borel and parabolic subsuper- 
groups of the classical Lie supergroups. By definition, a parabolic subsupergroup of 
G is a supergroup of the form P = (Prea, p), where P,eqg is a parabolic subgroup of 
G;eq and p is a parabolic subsuperalgebra of g. In particular, a Borel subsupergroup 
B = (Bred, 6) is a subsupergroup B of G, where B,eg is a Borel subgroup of Gyeg 
and 6 is a Borel subsuperalgebra of g. 

Recall that a Cartan subsuperalgebra § of a classical Lie superalgebra g can be 
described as the centralizer of a Cartan subalgebra 69 of gj (see Theorem 2.7). 
For g # q(n), a Cartan subsuperalgebra of g is simply a Cartan subalgebra of 
go. In the rest of this section, we consider only Borel subsuperalgebras b C g 
containing a fixed Borel subalgebra bp and a fixed Cartan subsuperalgebra ) such 
that 55 C 65. Concerning Borel and parabolic subsupergroups, we only consider 
such subsupergroups of G whose reduced manifold G,¢q contains a fixed maximal 
torus H;eq and a fixed Borel subgroup B;eq with Bred D Area. 

Two Borel subsupergroups B,, Bz of G are connected by an odd reflection 
(or more generally, adjacent) if the respective Borel subsuperalgebras 61, b2 are 
connected by an odd reflection (respectively, adjacent). By applying Lemma 2.11, 
we see that any two Borel subsupergroups that we consider can be connected by a 
chain of odd reflections (possibly degenerate for G = P(n)). 

Recall that for g = gl(m|n), osp(m|2n), p(n) every root space g® has dimension 
10 or O|1, allowing us to call the roots even or respectively odd. For osp(m|2n), 
there are odd roots such that 2a is an even root: a = 4; in the notation of Sect. 2.5. 
For g = q(n), all root spaces have dimension 1|1, and we do not refer to the roots 
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as even or odd. Given a Borel subsuperalgebra b C g, we set 


1 
po i= = as —— yi a for g = gl(m|n), osp(m|2n), p(n), 


: 2 
even roots of 6 odd roots of 6 


such that — @ 


is a root of 
po :=0 for g = q(n). 


By definition the weights of g are elements 1 of 05> and we can express a weight 
X as 


k n 
A=) aies + >> b;6; (10.20) 
j=l 


i=1 


in the notation of Sect. 2.5, where k = m for gl(m|n) andk = |m/2] for osp(m|2n). 
The coordinates a;, b; are the marks of 4. Note that the vector pp is a weight, 
ie., Pp € 05: 

For g = q(n), dimb = n|n. For g ¥ q(n), any weight 0 € 06 defines a h-module 
C,, of dimension 1|0, and C, can be made into a b = h D n-module by putting 
n-C, = 0. For g = q(n) and every weight A, the algebra U (§)/(ker A) is a Clifford 
algebra, and one can check that for each A, there is an irreducible h-module 2 such 
that hg acts by A. The dimension of A is given by 


1]0 or O|1 if #A =O 
dima = { 24-!|24-! if #. = 2d andd > 0 (10.21) 
24 \94 if#. =2d+1 


where #A is the number of nonzero marks of 4 [PI]. The representation A is 
determined up to parity change, and for our purposes this is sufficient (we leave 
it to the reader to determine for which weights 4 the representation A is unique up 
to isomorphism). 

For any b and any weight A, the g-module L(A) is defined to be the unique 
(up to isomorphism) simple g-module with b-highest weight 7. We choose to define 
L(A) up to parity change. This means that for g ~ q(7), we allow the highest 
weight space of L(A) to be 1|0-dimensional or 0|1-dimensional. For g = q(n), the 
b-highest weight space of Lg (A) is the h-module 2, which we defined up to parity 
change anyway. If L,(A) is finite-dimensional, then Ly(A) is a G-module, i.e., a 
(G;ea, g)-module, and in this case we also write Lp (A). As we will now see for the 
g-module Ly (A) to be finite-dimensional, it is in general not sufficient for the simple 
gg-module Ly, (A) with bp highest weight A to be finite dimensional. 
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Assume that the weight (10.20) is a gg-integral weight, i.e., that A € b5 arises 
from a homomorphism of algebraic groups B;eq — C*. In terms of the marks 
a;, b;, this integrality condition is equivalent to the requirement that all a;, b; be 
integers. Now let 6 be the standard Borel subsuperalgebra from Definition 2.12. For 
any integral weight A, we set #A, := #{i | a; ~ O}. Here are the necessary and 
sufficient conditions on A for the module L(A) to be finite dimensional: 


gl(m|n), a 20+ 2am, by >-++ > by (10.22) 
osp(2k + 1|2n), ay Sev SES 0, by Se Sb, Sy (10.23) 
osp(2|2n), by >-+->bn>O (10.24) 
osp(2k|2n),k>1, ap >---> ae-1 > lal, b> +> > bn = H#Aq — (10.25) 
p(n), aj>-->a, (10.26) 
q(n), a >-+-2>a,, andifa; =aj;, thena; = a; = 0. (10.27) 


These conditions should be credited to Kac [K2] for g = gl(m|n), osp(m|2n), and 
to the first author [P2] for g = q(n). For the cases, g = gl(m|n), osp(2|2n), p(n) 
the fact that the conditions (10.22), (10.23), (10.24) are necessary and sufficient is 
rather obvious. Indeed, note that here the conditions (10.22), (10.23), (10.24) are 
precisely the conditions for finite-dimensionality of the module Ly, (A). Moreover, 
in these cases there is a natural Z-grading g = g_1 ® gg © gi such that 6; = gj. 
Therefore the induced module U (g) @geg: Lo; (A) where 6; - Lo, (A) = 0, called 
a Kac module, is finite dimensional if and only if dim Lp, (A) < oo. This shows 
that dim Ly (A) < oo if and only if dim Lp, (A) < oo, since Ly (A) is isomorphic to 
a quotient of the Kac module. In the other cases, ie., g = osp(m|2n) form # 2, 
g = q(n), the respective conditions (10.23), (10.25), (10.27) are stronger than the 
condition that Ly 5 (A) be finite dimensional. 

Next, recall from Sect. 2.2.2 that there is an even nondegenerate supersymmetric 
invariant bilinear form (-,-) on h* of g = gl(m|n), osp(m|2n). In these cases, a 
weight pu is typical if (u,a) # O for any odd root a of g such that 2a is not a 
root. Explicitly, for w= a ciéi + D0 _1 dj5j, this condition for g = gl(m|n) 
is c; # —dj; for any i, j, while for g = osp(m|2n), it is c; # +d; for any i, j. 
For g = q(n), a weight uw = 77, cig; is typical if cy) A —c; for any i # j. 
(Equivalently, one can define typicality of a weight for g = q(n) by using an odd 
bilinear form on h*, see [P2].) 

Let W denote the Wey] group of gj. We call a weight jz regular (or g-regular) if it 
is typical and, in addition, no element of W fixes jz. Explicitly, for uw = ae 1cieit 
pee dj6;, this condition for g = gl(m|n) is c; A cj, cj A —dj, dj A dj, for any 
i, j, while for g = osp(m|2n), itis c; A cj, cj A dj, dj # +d; for any i, j. 
Explicitly, for g = q(n) and w = )*;_, cjg, this condition is c; # +c; for any i, j. 


For g = gl(m|n), osp(m|2n), we call a weight 2 bp-dominant (or Byed- 
dominant) if oReua) > 0 for all roots of bj. For g = q(n), a weight yw is 
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2 Re(w,a)p 
(a1,00)6 
h* induced by the bilinear form tr(AB) on q(n)g = gl(n). A weight pw is b5- 

antidominant (or B;eq-antidominant) if the weight —j is bj-dominant. 
The following is a technical lemma which is convenient to have in the proof of 
Theorem 10.7 below. 


b5-dominant if = 0 for all roots of bj, where (-,-)g is the form on 


Lemma 10.6 Let g = gl(m|n), osp(m|2n), q(n). If X is an integral weight and 
A + pp is bj-dominant and regular, then dim L»(A) < oo. 


Recall that 6g is by assumption the standard Borel subalgebra of gj. Nevertheless, 
it is clear that Lemma 10.6 is valid for any Borel subsuperalgebra of g without this 
assumption. Indeed, all Cartan subalgebras of gj are conjugate, and the claim of 
the lemma is compatible with the action of the Weyl group on the set of Borel 
subalgebras. 


Proof of Lemma 10.6 \f 6 is not the standard Borel subsuperalgebra, then we 
connect 6 to the standard Borel subalgebra b’ by a chain of odd reflections (see 
Lemma 2.11). It is a well-known fact that if ZL is a finite-dimensional simple g- 
module with b; highest weight 7; and A; + / is typical, then the b2-highest weight 
Az of L equals 4.1 + pp, — Pp,, and hence A; + pp, = Az + Pp,. This fact is a direct 
consequence of the Kac—Weyl character formula for the typical finite-dimensional 
g-modules [K3]. Therefore in the rest of the proof we assume b = 6’ is the standard 
Borel subsuperalgebra. 

We will handle this case by explicitly deriving the necessary and sufficient 
conditions (given above) on 4 for the module L(A) to be finite dimensional from 
the regularity and 6j-dominance of the weight 4 + py. For q(7) the statement is 
obvious, since in this case the weight A is assumed to be bj-dominant. Hence, in the 
remainder of the proof, we suppose that g = gl(m|n), osp(m|2n). 

The vector py for the standard Borel subsuperalgebra 6 of g is given as follows: 


m 1 n 1 
gl(m|n) p= (50m n+1) i) s (5 tn +1) i)3 


i=l 


1 1 
osp(2k + 1|2n) p= (k i+ 5)e (x > k i)8 


osp(2|2n) Pp = —ne\ 4 iG t1l— 7); 


osp(2k|2n) pe => k-ieat+ > +1—k— jf) sj. 
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Regularity implies (A + pp,a@) 4 O for any a € A, so this together with the 
bo-dominancy of 4 + pp» shows that 


2(A + Po, &) 


Ea >0 (10.28) 


for all roots a of 66. 

For each g, substituting aw = ¢; — €;41, 6; —5;41 into (10.28) yields the conditions 
ai > ai+1, bj = bj+1, respectively. Indeed, we obtain (A, €; — €141) + (Pb, & — 
€i41) > 0, —(C, 6; — 5341) — (06, 6; — 6341) > O yielding aj — aj4; +1 > 0, 
bj — bi41 +1 > 0. Hence, aj > aj41, bj => bj+1 since A is an integral weight. 

Now for g = osp(m|2n) with m ¥ 2 substituting « = 26, yields b, > LF]. 
Indeed, we obtain —(A, 6n) — (06, 6n) = O which reduces to by, + 5 —-k>0 
and b, + 1—k > 0 in the two respective cases. Then since b,,k € Z, we get 
b, > k= LF]: Hence, by, > #{i | aj 4 O}. 

When g = osp(2|2n), substituting a = 26, yields b, > 0. Indeed, we obtain 
—(A, 6n) — (06, 6n) = O which reduces to b, + 1 > 0. Then since b,, k € Z, we get 
b, = 0. 

If g = osp(2k + 1|2n), substituting a = &, yields a, > 0. Indeed, we obtain 
(A, €n) + (Pb, En) > O which reduces to a, + 5 > 0. Thus, ad, > 0 since ay € Z. 

Finally, for g = osp(2k|2n), substituting @ = &,-1 + & yields dnp_; > —ap. 
Indeed, we obtain (A, €n—1 + €n) + (Pb, En—1 + En) > O which reduces to dy—; + 
an +1 > 0. Hence, an; > —dy since an—1, da, € Z. Combining with the above 
condition yields aj—1 > |an|. oO 


We now turn our attention to supergeometry. In the late nineteen seventies Manin 
constructed flag supermanifolds. Given a finite-dimensional superspace V = Vo ® 
Vj, and a sequence of increasing dimensions 


0 <a,|b, < +--+ <anj|bn < dim V, 


Manin constructs the flag supermanifold X = F£(a,|bj,..., dy|bn, V). Its reduced 
manifold X,¢q equals the direct product 


Fe(aqy,...,dn, Vo) x Fe(b4,..., bn, Vi) 


of usual flag manifolds, and the conormal bundle NY x in X is an GL(n) x 
GL(m)-linearized bundle of rank equal to dim(g7/b; a "Manin constructs X as the 
representing object of a flag functor, and the uniqueness of such a representing 
object determines the structure of the sheaf Oxas a sheaf of Z2-graded rings. An 
important result of Skornyakov implies that Ox ~ A‘ (NX ai x) only for very 
special sequences of dimensions a1|b1, ..., @n|by, [P2]. In fact, "Skornyakov showed 
that already if dim V = 2|2, then F£(1|1, Vi is a nonsplit supermanifold [Man]. 
The flag supermanifold X = F€(a,|bj,..., an|bn, V) is naturally endowed with 
a transitive action of the supergroup GL(V) (the reader could give a definition of 
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such an action in the language of superschemes!), and moreover, the stabilizer in G 
of any point in X;¢q is a parabolic subsupergroup P of G. In fact, as it was noticed 
in [P2], the supermanifold X is the universal categorical quotient G/P. 

For the Lie supergroups G = SOSp(m|2n), P(n), Q(n), the situation is similar. 
Following Manin, one considers flags of superspaces in a Z2-graded space V 
and defines flag supermanifolds of respectively isotropic (with respect to an even 
nondegenerate form on V for SOSp(m|2n) and an odd nondegenerate form on V 
for P(n)) flags, or -symmetric flags for G = Q(n)), see [Man, P2]. 

We now describe the connection of parabolic subsupergroups of G to flags of 
the natural representation V of G. First of all, a representation or a module of a Lie 
supergroup G = (G’, g) isa g-module M that is also a G’-module such that both the 
induced structures of a gj-module on M coincide. Next, the supergroups GL(m|n), 
SOSp(m|2n), P(n), Q(n) come equipped with a defining or natural representation 
V of respective dimension m|n, m|2n, n|n, n|n. Given a parabolic subsupergroup 
P Cc G, we can consider the socle filtration of V as a P-module, and this defines 
a Zo-graded flag in V which we associate to P. Conversely, given any Z2-graded 
flag F of V, we take p in g to be the (maximal) stabilizer of F', and P,eq to be the 
parabolic subgroup of G;eq corresponding to po. The subsupergroup (P;ed, P) is by 
definition the stabilizer of F. 

In all cases, the data defining the flag supermanifolds are in 1-1 correspondence 
with conjugacy classes of parabolic subsupergroups P of G, and in what follows we 
write G/P for a flag supermanifold X such that P is the stabilizer of a point on X. 

The definition of a G-linearized vector bundle on G/P is the same as in the case 
of a Lie group, see Sect. 10.1. We concentrate on such bundles of minimal rank. For 
P= BandG ¥ Q(n) (i.e., for supermanifolds of maximal flags), this rank equals 
1|O or O|1. Moreover, a G-linearized bundle £ on G/B is determined uniquely by 
its restriction £L,eq to (G/B),;ea, which in turn is determined by a finite-dimensional 
Byeq-module. If A : B-eq — C% is a character, then there is a G;eq-linearized 
bundle O,ea(A) on (G/B)rea, and it defines a unique G-linearized vector bundle 
on G/B of rank 1|0. In this presentation, we will identify £ with IIL, since the 
information we provide about the cohomology of £ and ITZ is essentially the same. 
For G = Q(n), the situation is different as any character 2 : Beg > C%* determines 
a unique representation 4 of B defined up to parity change. The dimension of i is 
given by (10.21). In all cases, there are uniquely defined G-linearized bundles O(A) 
on G/B, which we choose to define here up to parity change. Finally, the reader may 
like to prove that the category of G-linearized vector bundles on G/P is canonically 
equivalent to the category of finite-dimensional P-modules. 


10.2.2 Bott-Borel-Weil Theorem for Typical Weights 


Theorem 10.7 ({P2]) Let G = GL(m|n), SOSp(m|2n), Q(n). Let B be a Borel 
subsupergroup of G and let ..: Byeq > C* be acharacter of B,eq such that . — pp 
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is a typical weight. If X — pp» is not regular, then 
H*(G/B, O(A)) = 0 forall k > 0. 


If X — pp is regular, we have 


Lp(w(—A + pp) — Po)” fork = &(w) 


H*(G/B,O()) = 
0 fork ~ €(w) 
where €(w) is the length, with respect to the simple roots of Byea, of the unique 
element w € W for which the weight w(—A + pp) is Byea-dominant. 


Our proof follows in general the same idea as Demazure’s proof from Sect. 10.1 
but uses essential new ingredients. In the rest of this section A is an integral weight. 
We start with the following. 


Lemma 10.8 (Demazure’s Lemma) Let G = GL(m|n), SOSp(m|2n), P(n). Let 
B a Borel subsupergroup and let a be a simple even root of B such that 5a is not a 


root of g. Assume that 24 Hue) < 0, then for any k > 0 


H*(G/B,O(A)) = H**! (G/B, Owe — pv) + po), 


where Wy € W is the reflection at a. 


Proof The proof is essentially the same as the proof of the isomorphism (10.12) 
since G/B is a P!-fibration over G/ P where P is generated by B and by the SL(2)- 
subgroup corresponding to the root a. Oo 


An obvious problem however is that for a given B as above, there may not be 
sufficiently many simple even roots as in Lemma 10.8 in order to extend the proof 
of Theorem 10.3 to Lie supergroups in a straightforward way. In fact, B may not 
have any even simple roots; therefore one may not even manage to get started. 

The key remedy for this problem is the following. 


Lemma 10.9 (Skornyakov’s Odd Reflection Lemma) Let G = GL(m|n), 
SOSp(m|2n), P(n). Let B, and Bz be Borel subsupergroups of G connected by a 
nondegenerate odd reflection corresponding to an odd root a. Under the assumption 
that (A. — Pp,, a) #0, there is a canonical isomorphism of G-modules 


H* (G/B, O(A)) = H*(G/B2, O(A — pp, + Poy)) 


for any k > 0. 


After reading the proof of Theorem 10.7 below, the reader will notice that 
Skornyakov’s Lemma and Demazure’s Lemma are sufficient to prove Theorem 10.7 
for G = GL(m|n). For G = SOSp(m|2n), we need also the following analog of 
Lemma 10.8. 
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Lemma 10.10 Let G = SOSp(m|2n). Suppose a is a simple odd root of a Borel 
subsupergroup B of G such that 2a is a root. If HA Best) <2 (), then for k > 0 


(aa) 
H* (G/B, O()) = H**'(G/B, O(wra( — po) + po), 


where W2q € W is the reflection at 2a. 
Finally, for G = Q(n) we have the following. 


Lemma 10.11 Let G = Q(n), and let B be the Borel subsupergroup of G 
corresponding to the standard Borel subsuperalgebra from Definition 2.12. If = 
(At, -+-, Ais Ait, «++ Ak) Satisfies Aj < Airy, A +Av41 FO for some i’, then 


H*(G/B,O(A)) = H**'(G/B,O(’)) 


for N = (Aq, . 0. Aires Airs ey Ak): 


Lemmas 10.9-10.11 are proved with full detail in [P2]. The language used there 
is the language of the flag realizations of G/B, and it may take some time for the 
interested reader to compare the statements of Lemmas 10.9, 10.10 and 10.11 with 
Propositions 1, 3 and 4 in [P2], respectively. 


Corollary 10.12 Under the respective assumptions of Lemmas 10.8, 10.10, 10.11, 
suppose that 


© Wal(A — po) =A — Pp in Lemma 10.8; 
© Wre(A — Pp) = 4 — Pp in Lemma 10.10 
© Ay = Ajay in Lemma 10.11. 


Then 
H (G/B, O(A)) = 0. 


Proof In each case by iterating the shift in cohomology claimed by the respective 
lemma, we see that 


H* (G/B, O(A)) = H&™G/B)rea+l (G/B, O(A)) = 0. 


We are now ready for 
Proof of Theorem 10.7 It suffices to show four facts: 


(1) if A— pp is not regular, equivalently, if wy (A — pp) = A— Pp for some reflection 
Wa € W, then H'(G/B, O(A)) = 0; 
(2) if A — pg is regular, then 


H* (G/B, O()) = Hk" (G/B', O(w(a — po) + pw’) 


208 10 The Bott—Borel—Weil Theorem 


for a unique w € W determined by the condition that the weight w(A — pp) is 
B,eq-antidominant; 
(3) if A — pp is regular and B,¢g-antidominant, then 


H*(G/B,O(A)) =0 


fork > 0; 
(4) if A — pp is regular and B,-g-antidominant, then 


H°(G/B, O(A)) = La(-A)*. 


To prove (1), we fix a root a which is not odd and that corresponds to a reflection 
Wa € W such that we (A — pp) = A4— Pp. Then we choose a chain of odd reflections 
B= B,..., B, where B, is a Borel subsupergroup for which a or —a is a simple 
root of B, in the case G = GL(m|n), O(n), and respectively 7 or == is a simple 
root of B, in the case G = SOSp(m|2n). Such a chain exists by Lemma 2.11. Then 


by applying Lemma 10.9 to all pairs B;, Bj+1, we conclude that 
H (G/B, O(A)) = H (G/B;, O(A — po + o,)) 
where b and 6, are the Lie superalgebras of B and B,. Now Corollary 10.12 yields 
H '(G/B,,O( — pw + pv,)) =0. 


Consequently, H'(G/B, O(A)) = 0. 

Next we prove (3). Consider all Borel subsupergroups B’ with BY, = Byea, and 
recall that for any such B’, there exists a chain of odd reflections B = Bj, ..., By = 
B’. Moreover, 


H (G/B, O(A)) = H (G/B', O(A — pp + po’)). 


Now we represent the element wo € W, which is the longest with respect to the 
simple roots a,..., 0; Of Bed, aS a product of simple reflections wg,,..., Wa, 
For each of these simple roots a;, there is B’ such that either a; or a; /2 is a simple 
root of B’. Application of the appropriate choice among Lemmas 10.8, 10.10, 10.11 
yields 


H* (G/B, O(A)) = H*(G/B', O( — po + pw’)) 
= H'*!(G/B',O(wa; (A — pw) + Po’)) 
= H**!(G/B,O(wa; (A — pp) + Pp). 
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The B,eq-antidominancy of 24 — pp» allows us to iterate this isomorphism along the 
decomposition of wo as a product of reflections, and obtain at the end 


H* (G/B, O(a)) = H*") (G/B, O(wo(A — po) + Pv). 
Since /(wo) = dim(G/B);eg, we conclude that 
H* (G/B, O(A)) =0 


fork > 0. 

We now turn to (2). Here A — py is regular but without the assumption of 
antidominancy on A — py. We consider a chain of adjacent Borel subsupergroups 
B= Bj,..., Bq, such that the pair B,;-1, Bg corresponds to a root a which is not 
odd and such that the weight wy(—A + pp) is in a chamber closer to the B,eg- 
antidominant chamber in h*. 

Then by Lemma 10.9 and the appropriate choice of Lemmas 10.8, 10.10, 10.11, 
we have 


H* (G/B, O(a)) = H*| (G/B), O(wa(d — py) + Pb,): 


and a straightforward induction argument on the length of w implies our conclusion 
(3). The case when A — pg is B,eg-antidominant is the base of induction. 

It remains to show (4), i.e., that H°(G/B, O(A)) = Lg(—A)* holds whenever 4— 
Pv is regular and B,-¢-antidominant. Note that under these assumptions, L g(—A) is 
a simple finite dimensional G-module by Lemma 10.6 applied to —A. We now need 
to refer to the Kac—Wey] character formula from [K3] for g = gl(m|n), osp(m|2n), 
as well as to a character formula proved by the first author in [P1], which give the 
formal character of Lg(—A) under the assumption that —A + pp» is B,eq-dominant 
and regular. Indeed, using the dimension formula for Lg(—A) resulting from these 
character formulas, one can check that the Euler characteristic of O(A) coincides 
with dim L g(—A). Next, the homomorphism dual to the injective homomorphism 
of B-modules C_, — Lg(—A) shows that there is a surjective homomorphism of 
B-modules Lg (—A)* — Cy, i-e., that 2 is the B-lowest weight of Lg (—A)*. 

On the other hand, H°(G /B,O(A)) 4 0 due to the Euler characteristic argument 
and the vanishing of the higher cohomology of O(A). Therefore the evaluation 
morphism of G-bundles 


H°(G/B,O(A)) ® Oc/p > O(A) (10.29) 
induces a surjective homomorphism of B-modules 
H°(G/B, O(A)) > Cy. (10.30) 


Since A is the B-lowest weight of Lg(—A)*, we conclude via Frobenius reciprocity 
(which remains valid in our setting!) that the simple module L g(—A)* is isomorphic 
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to a quotient of H°(G/B, O(A)). Finally, the equality 
dim H°(G/B, O(A)) = dim Lg (—A)* 


implies H°(G/B, O(A)) and Lg(—A)* are canonically isomorphic. oO 


Next, let’s discuss briefly the case G = P(n). If B C P(n) is the standard Borel 
subsupergroup, the result for H'(G/B, O(A)) is simply that 


H') (G/B, O(A)) = Lp(w(—A + po) — po)* (10.31) 


under the assumption that there is a unique w € W such that the weight w(—A-+ pp») 
is B,-q-dominant, and that 


H* (G/B, O(A)) =0 


for all other choices of k and 4. Note that here the g5-regularity of A — py is sufficient 
for (10.31). If B’ is an arbitrary Borel subsupergroup such that B),, = Brea, then 
B’ has a well-defined height hg: this is the number of indices / for which 2¢; is not 
a root of B’. It is proved in [P2] that under the stronger assumption that |; — j| 7 
0, 1,2, 3 for wu = A — py’, the only nonzero cohomology group of O(A) on G/B’ is 
H!@) (G/B', O(A)) for the unique element w € W such that the weight w(A — pp’) 
1s B’. : q dominant. However, a major difference from all cases considered above is 
that this cohomology group is no longer an irreducible G-module and has length 
2's’, The simple constituents of H!“”) (G/B’, O(A)) are isomorphic to Ly (w(-A+ 
ye F(b’) 2¢; + Py’) — Po’)*, where Fb’) runs over all finite subsets of roots of the 
form 2¢; that are not roots of B’. This new effect is the result of the existence of 
degenerate odd reflections. For details and a proof of the result, see [P2]. 

The reduction from G/B to G/P doesn’t work in the case of supergroups 
for the simple reason that if a G-linearized bundle E on G/P has the form 
pxO(4) where p : G/B — G/P is the natural morphism, then the higher direct 
images R'z,,O(A) no longer have to vanish. Therefore the Leray spectral sequence 
argument from Theorem 10.5 does not apply [PSI]. Nevertheless, in [PS1] the 
cohomology of a generic bundle Og/p(A) has been computed. Let B C P be 
respectively a fixed Borel subsupergroup and a parabolic subsupergroup of G = 
GL(m|n), OSp(m|2n), Q(n). We consider only P-adapted weights A, 1.e., integral 
weights for which C,, or A for G = Q(n) is a P-module. Then the G-linearized 
bundle Og p(A) = pxOG /B(A) is well defined. The main result of [PS1] claims that 
for a Zariski open set of P-adapted weights A, the cohomology H*(G/P, Og /p(a)) 
vanishes unless k = /(w) where w € W is the unique element for which the weight 
w(—A + /Pp,) is B-eq-dominant. Moreover, H')(G/P, Og p(A)) is a simple G- 
module whose highest weight is computed in [PS1]. For G = P(n), the situation 
is similar to the case P = B. Namely, if hp is the number of weights of the form 
2e, that are not roots of P(n), then H!)(G/P, Og/p(A)) has length 2'P while 
HEG/P, Og/p(A)) vanishes for k 4 I(w), see [PS1]. 
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Some further results of Bott-Borel—Weil type for Lie supergroups can be found 
in [PS2] and in the work of K. Coulembier [Cou]. 


10.3. Toward a Bott-Borel-Weil Theorem for Locally 
Reductive Ind-Groups 


Similar to the case of Lie supergroups, for ind-groups G, the classical Bott—Borel— 
Weil Theorem motivates a study of the relationship between rational G-modules 
and the cohomology of G-linearized sheaves of the homogeneous spaces of G. In 
the case of ind-groups, such sheaves can be vector bundles of finite rank or they can 
be projective limits of vector bundles of growing rank. 

In [DPW], both of the above cases have been studied, and this section can serve 
as an introduction to the ideas of this work. For the technical parts, we refer the 
reader to [DPW]. The theory cannot yet be considered complete, and at the end of 
the section we discuss some open problems. 


10.3.1 The Case of a Line Bundle 


Let G be a connected locally reductive ind-group, i.e., an inductive limit of 
connected reductive algebraic groups G, forn € Zso. Without loss of generality, 
we can assume that the defining morphisms g, : Gn — Gy+1 are injective, hence 
from now on we suppose that we have fixed inclusions Gy C Gy+1. Let Ph C Gn 
be parabolic subgroups with the property that P,+1.M Gn = P,, and let P be the 
direct limit, or union of the groups P,. Then the Lie algebra p = Lie P is a splitting 
parabolic subalgebra of g, i.e., it contains a splitting Cartan subalgebra 6 of g of the 
form h = U, Hn, Where hy, C py, are Cartan subalgebras. In the rest of this chapter 
we assume the exhaustion G = (),, Gn to be fixed, and we refer to an ind-subgroup 
P of the form [),, Pn as above as to a splitting parabolic subgroup. If each Py = Bn 
is a Borel subgroup of G,, then P = B = \J By is by definition a splitting Borel 
subgroup of G. If P = U,, Pn is a splitting parabolic subgroup, we have closed 
embeddings of homogeneous spaces 


Gn/Pn CG Gn4i/Pn+4i- (10.32) 


We denote the union U,, Gn/ Pn (via the embeddings (10.32)) by G/P, or by G/B 
if P = B isa splitting Borel subgroup of G. 

If G is one of the classical ind-groups, for instance if G = GL(oo), the 
interpretation of a splitting parabolic subgroup P C G as the stabilizer of a 
generalized flag Fp, compatible with a fixed basis, enables us to give an explicit 
interpretation of G/P in this case. More precisely, if Fp is the unique p-stable 
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generalized flag in the natural g-module (here g = Lie G, p = Lie P), then G/P 
is identified with the G-orbit G - Fp. The structure of an ind-variety on G - Fp 
comes from presenting G - fp as a union U, Gn/ Pn, and in [DP2] an explicit 
presentation of G - Fp as a union of usual flag varieties is given. The same applies 
to the classical ind-groups SO(oo), Sp(co) where one has to consider isotropic 
generalized flags compatible with the basis of respective type B, D or C, see 
Sect. 5.2.4. We recommend the reader to look up the details in [DP2]. 

Now let more generally, X = ),, Xn be any ind-variety defined via a system of 
inclusions X; C Xn+1 of algebraic varieties. A (finite-rank) vector bundle E on X 
is by definition a system of vector bundles E, on X, such that Ey+ x, = E,, for 
alln € Z.o. This implies that all E,, have equal finite rank, called the rank of E. In 
particular, a line bundle & on X is a vector bundle on X of rank 1. 

We start our generalization of the Bott-Borel—Weil Theorem by considering line 
bundles on the ind-varieties G/P. Note that by Proposition 10.2 each line bundle 
on G,,/P, admits a G,-linearization. It is therefore clear that any line bundle Y on 
G/P admits a G-linearization corresponding to a character A: P — C%*, which is 
nothing but a projective system of characters 4” : P, — C%* (note that A” is not 
the n-th power of 1). We write & = Og p(A). In what follows, we will consider 
a projective system of characters 4 = {A”} as a projective system of G,,-integral 
weights {A” € h*}, where h,, are fixed nested Cartan subalgebras of gy. 

We are interested in computing the total cohomology H'(G/P, Og p(A)) for 
any A, in particular H'(G/P,£) for any line bundle 2 on G/P. This problem 
has two aspects: one is to prove a vanishing theorem for all cohomology groups 
HK(G /P,OG/p(A)) except for possibly one value of k, and the second is to then 
compute the single nonvanishing cohomology group H(G/P, Og /P(A)) as a “G- 
module”. Strictly speaking, by a (rational) G-module we mean a direct limit lim Mn 
of rational finite-dimensional G,-modules M,. Clearly, any G-module is countable 
dimensional, and it turns out that a cohomology group H*(G/P, Og /p(A)) is never 
a G-module unless 4 = 0. However, such a cohomology group is a pro-rational G- 
module, which by definition is the (projective) limit lim N,, of a projective system 


> Ny > Nn-1 > ++: 20 


of finite-dimensional rational G,,-modules. 

A (rational) G-module is locally simple if it is the direct limit of simple G,,- 
modules M,, under injective maps M, — M,1. In what follows, we will assume 
that the maps M, — M,+1 are fixed inclusions M, C Myj+1, and we write M = 
U,, Mn for a locally simple G-module. 

In a similar way we define a P-module, a locally simple P-module and a pro- 
rational P-module. 

Recall now that Og/p(A) = lim OG,, /p,(X"), and moreover that the Bott— 
Borel—Weil Theorem (more precisely Theorem 10.5) enables us to compute 
H*(G/P, OG,/P,(A")) for any k,n and A”. Therefore in order to compute 
H*(G/P, OG p()), we need to compare H*‘(G/P, limOG,/p, (A")) with the 
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projective limit of cohomologies lim H K (Gn/ Pn, OG, /Py (A”)) for a fixed k € Zso. 
There is a rather general statement which implies that in fact these two vector spaces 
are always equal. Indeed, we can consider each sheaf Og,,/p,(4”) as a sheaf on the 
topological space G/P = lim G,/P, just by extending Og,,/p, (A”) by zero outside 
of G,/ Pn. Then the universality of the projective limit 


: k n 
lim H"(G/P, 0G, /P,(2")) 
implies the existence of a natural morphism of G-modules 
. ok * n : k n 
y : H(G/P, limOG,/p,(2")) > lim H*(G/P, Oc,/p,A")). 


Moreover, a general result, see [Har, Theorem 4.5], [GD, O7;7, 13.3.1], implies 
that y is an isomorphism for any k and any choice of 4”. More precisely, this 
result applies to an inverse limit lim A, of arbitrary sheaves A,, of Ox-modules 
(where in our case X = G/P) and claims that a sufficient condition for y 
to be an isomorphism is that the vector space H K(X, An) be finite dimensional 
for each n. In our case this condition is satisfied as H*(G/P, OG,/P, (A")) = 
H*(G, /Pn, OG, /p,(A")) is a finite-dimensional space (G,/P, is compact and 
OG,,/P, (A") is a coherent Og,,/p,-module). In this way we have sketched the proof 
of the following more general result. 


Proposition 10.13 Let {A,} be a projective system of coherent OG,,/p,-modules on 
the direct limit G/P = limG,,/Ph, i.e., An+1\Gy/ Pr = A,. In particular, A := 
lim A, may be a vector bundle of finite rank on G/P or simply a line bundle. Then 
there is a natural isomorphism 


y : HK(G/P,A) > lim H*(Gy)/ Pn, An)- (10.33) 


Tf each Ay is Gy-linearized, the right-hand side of (10.33) (and hence also its left- 
hand side) is a pro-rational G-module. 


We recommend the reader to reconstruct the complete proof of Proposition 10.13 
by using the original sources [Har] and EGA [GD]. 

Our next observation is that lim H* (Gn/Pn, OG,,/P,(A")) # 0 if and only there 
exists w € W with k = /(w) and such that w(—A” + p”) — p” is B,-dominant 
for sufficiently large n (here p” stands here for the half-sum of the roots of a fixed 
Borel subgroup B, C Py, cf. Theorem 10.5, and the condition of B,-dominancy 
was introduced in Sect. 10.1.2). Then H!(G,,/ Py, OG,,/P,(4")) = 0 for all] F k, 
and this implies immediately that 


H‘(G/P, Ogjp(a)) = lim H*(Gn/ Pn, OG,/P,(2")) 


is nonzero for at most one k (A being fixed). Therefore the problem of computing the 
cohomology H'(G/P,Og/p(A)) reduces to finding, for each k € Zo, an explicit 
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criterion in terms of P and A for the nonvanishing of H k (G/P, Og/p(A)), and then 
computing H k (G/P, OG /p(A)) as a pro-rational G-module. We will discuss this 
problem in more detail below. 

In what follows, given a splitting Borel subgroup B = UL, Bn, we call a 
character 4 = {A”} B-dominant (respectively, B-antidominant) if X” is By- 
dominant (respectively, B,-antidominant) for alln € Zso. 

Let us first consider the case when A is antidominant with respect to any splitting 
Borel subgroup B C P. This is equivalent to saying that there is a unique locally 
simple G-module L(A) (respectively Lg(—A)) such that the 1-dimensional B- 
module C, (respectively C_,) is a B-submodule of L(A) (respectively, Lp (—A)). 
It is easy to prove that as a module over the Lie algebra of G, Lg (A) is the unique 
simple quotient of U(g) ®ue) Ca (respectively, Lg(—A) is the unique simple 
quotient of U(g) @u() C_y). 

We claim now that if the character 2 of P is B-antidominant for some splitting 
Borel subgroup B C P (equivalently, for any splitting Borel subgroup of P), 
there is a canonical isomorphism of pro-rational P-modules H CG /P,OG/P(A)) = 
Lg(—A)*. Recall that H°(G/P, OG/p(A)) is equal to the projective limit 


+++ > H°(Gn/ Pa, OGy/P,(A")) > H°(Gn—1/Pa—1,OG,_4/P,_, A” ')) > ++. 
(10.34) 


Moreover, the restriction maps 
H°(Gn/ Pas OG,/P,(A")) > H° (Pn, OG, /P, A")|P,) = C—a" 
together with the maps (10.34) form a commutative diagram 


... > H°(Gn/Pn,OG,/p,(A")) > H?(Gn1/Pn—1,0G,;/P, (A) >. 


_| | 


.—— Cp, — SE pn-1 ————— ....., 


(10.35) 


where the map Ca +C ,n-1 in the lower row is an isomorphism of 1-dimensional 
P,—,-modules (recall that the character 4” of P, restricts to the character r-! of 
P,—1). The dual diagram 


.. = H°(Gn/Pn,OG,/P,(A"))* < H°(Gn-1/Pn-1,OG,-1/P, A" !))* < ... 


Io 


.. ——— C_yn —_— ii —. C_ an —___—_—_—_—_—_..., 


(10.36) 
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together with the Bott-Borel—Weil Theorem (Theorem 10.5) yields a commutative 
diagram 


..<—— Lz, (-A") <— Lz, , (-A""!) ——_.... 


| | 


Le << C_ gn = C_ pr <—_...... (10.37) 


This latter diagram shows that the direct limit lim L g(—A") in the upper row of 
(10.37) is isomorphic to the highest weight G-module Lg (—A); hence the inverse 
limit H°(G/P, Og/p(a)) of the upper row of the original diagram (10.35) is 
nothing but Lg(—A)*. 

In this way we sketched the proof of the following proposition. 


Proposition 10.14 If G = L,, Gn is a connected locally reductive ind-group, P C 
G is a splitting parabolic subgroup, B C G is a splitting Borel subgroup, and the 
projective system of weights 4 = {i} defines a 1-dimensional P-module, then 


H‘(G/P,Og/p(a)) #0 


for at most one value of k € Zs. Furthermore, H°(G/P, OG /p(A)) 0 ifand only 
if X. is B-antidominant. In the latter case there is an isomorphism of pro-rational G- 
modules 


H®°(G/P, Og/p(a)) = La(-a)*. (10.38) 


oO 


We now come to the interesting problem of computing the potentially nonzero 
higher cohomology group H«(G/P, Og /p(A)) in the case when 


H°(G/P, Og/p(a)) = 0. 


We start with a key special case which suggests the answer in greater generality. 
More specifically, we assume that G is root-reductive. By definition this means that 
the embeddings of Lie algebras gy, C gy+1 induced by our fixed embeddings of 
algebraic groups Gy C Gn+1 are root embeddings. Next, we assume that P = B is 
aunion of Borel subgroups B, such that every simple root of B,, is also a simple root 
of B,+1, Le., the corresponding Borel subalgebra 6 is Dynkin (see Example 5.6). 
In this case we have a well-defined Weyl group W, which is simply the inductive 
limit of the Weyl groups W,, under the root embeddings g, C gn+1 induced by the 
embeddings G, C G,+1. Moreover, each element w € W has a well-defined length 
defined in terms of the simple roots of 6 = Lie B. 

Note that if H*(G/B, Og /p(A)) # O then, for large enough n, we have k = 
[(wy) where w,(—A” + p”) is b,-dominant. This yields well-defined elements wy, € 
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W,, with 1, (wy) = 1(wn) = k (here /,(-) stands for length with respect to the simple 
roots of 6, and /(-) denotes length with respect to the simple roots of 6). The equality 
[(wn) = [(wn+1) (holding for n >> 0) implies that for some no € Zs, all simple 
reflections which enter the respective decompositions of w, for n > no are among a 
finite number of simple reflections wa,,k = 1,..., s for some s. Now fix n such that 
Q1,..., @s are simple roots of B, and consider the four regular weights —2” + p”, 
= Nett ep) on (=A + p™), want (—a" + p"*"). By definition, 


oy ae a pig =)" a p" 

and, according to the Bott-Borel—Weil Theorem, the weights w,41(—A"+! + p”*!) 
and wy, (—A” + p”) are nothing but respective dominant representatives of —A”+! + 
p+! and —A” + p”. Therefore, 

Wrei(—A"t! + p™*) ig = Wa(—A" + p”). (10.39) 
Since in addition wy+1 € Wy, the Eq. (10.39) implies immediately that wyj+1 = wy 
as elements of W,. This yields the conclusion that w, = wy+1 for any n > no, 
1.e., the elements w, determine a well-defined element w € W. 


Furthermore, it is easy to check (the reader should do this in full detail) that for 
any n > no and Qn := OG,,/B, (w(A” — p”) + p”), there is a commutative diagram 


H( Givi Bats Qnit) = A" (Grail BytsOG ih l™) 


H"(Gx/ By: Qn) 


I 


H* (Gn/Bn,OG,/B,(A")) (10.40) 


where the rows of (10.40) are the Demazure isomorphisms (10.13) established in 
Sect. 10.1 and the columns are the morphisms on cohomology induced by the 
restriction morphisms 


OG /Bryi art!) > OG, /B, (A), 
Qn+1 = OGna1/Byx WA"! — pt!) + p"*!) > OG, 7p, (WA" — 0") +p") = Qn. 


Let A* denote the set of roots of 6. The diagram (10.40) implies the existence of a 
canonical isomorphism 


H*(G/B, Og/p(a)) = H® | G/B, OG p | wa) — a a 
acAt,w(a)¢gAt 
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(note that the projective system of weights —w(p”t!) + p”*! corresponds to the 
weight — cA wi ekt a considered as a weight of g). Since 


* 


H® | G/B, Og/p(w) — » a) | ~Lg | —wa)+ > a 


acAt,w(ay¢At acAt w(ay¢gAt 


by (10.40), we obtain finally that H kG /B,OG/p(A)) ¢ 0 implies the existence of 
a unique w € W such that w(A) — Ded pieieat a is a B-antidominant regular 
weight of g, and the existence of a G-module isomorphism 


* 


H'(G/B,OgjaQ)=Le{-vw@®+ Yo a 
acAt,w(a)¢éAt 


Conversely, given a line bundle Og/g (A) and an element w € W such that w(A)— 
SU aeA+apinleat a is a B-antidominant weight, by using the diagram (10.40), we 
show that 


* 


H!') (G/B, Og/p(a)) = Lp | —w(a) + ya] 40. 
acAt,w(a)¢gAt 


In order to state a more general result, we need to introduce another notion. Let 
B be any splitting Borel subgroup of a connected root-reductive ind-group G and 
let b C g be its Lie algebra. Then, according to Chap. 5, 6 has a set of simple roots 
which in general will not span the root lattice A. Nevertheless, if an element w © W 
can be decomposed as a product of simple reflections, it has a well-defined length: 
this is the length of the shortest such expression, or equivalently the length of w as 
an element of W,, for n >> 0. In what follows we will simply say that w has a 
well-defined length with respect to B. 

We come to the first central result in this section. 


Theorem 10.15 Let G = U,, Gn be a connected root-reductive ind-group, let P 
be a splitting parabolic subgroup, let B C P be a splitting Borel subgroup and let 
A = {A"} be a character of P. Then 

H(G/P,Og/p(A)) #0 
if and only if 


H(Gy/ Pn, OG,/P,(A")) # 0 
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for some fixed ky € Zs9 and n >> 0. This condition is equivalent to the existence 
of w € W of well-defined length |(w) with respect to B, and such that w(A) — 
Seer a is a B-antidominant weight. Furthermore, in the latter case we 
have l(w) = ko, 


H*(G/P, OG/p (a) =Ofork £l(w), (10.41) 


and there is an isomorphism of pro-rational G-modules 


* 


H'™(G/P,Ogjp())~La}|-wa&+ Yo a]. (10.42) 


acAt,w(ay¢At 


Sketch of Proof We have already outlined the proof of this theorem in the special 
case when the Lie algebra 6 is a Dynkin Borel subalgebra. Consider now the case 
when P = B is an arbitrary splitting Borel subgroup. Here we need the following 
crucial statement which is a particular case of the main combinatorial result in 
[DPW] (see Proposition 9.7). For the proof, we refer the reader to [DPW] and 
recommend that the reader attempts to do at least some special cases on his/her 
own. 


Lemma 10.16 Denote by 1,(-) the length function on W, corresponding to the 
Borel subgroup By, C Gn. Assume X. = {X"} satisfies 1,(Wn) = k for a fixed k 
and forn >> 0, where wy is the unique element in W such that w,(A" — p”) is 
B,-antidominant. Then for n >> 0, the elements w,, define an element w € W of 
well-defined length k with respect to B, such that w(A) — Dae tent aisa 
well-defined B-antidominant weight. 


The assumption of Lemma 10.16 is equivalent to the condition 
H*(Gn/Bn,OG,/B,(X")) #0 


for n >> 0. Moreover, Lemma 10.16 allows us to extend the above argument 
from the case when 6 is a Dynkin Borel subalgebra to the case of any splitting 
Borel subgroup B, establishing in this way the isomorphism (10.42). The vanishing 
statement (10.41) follows then immediately from Proposition 10.14. 

Conversely, if we are given w € W as in the statement of Theorem 10.15, the 
above argument applies and again yields (10.42) and (10.41). 

In the case of a general splitting parabolic subgroup P, we notice that the 
nonvanishing of H*(Gy /Pn,OG,/P,(2")) for n >> O is equivalent to that of 
H* (Gh /Bn, OG, /B,(4")) (Theorem 10.5). Therefore we can apply the Theorem to 
G/B and obtain in particular an isomorphism of pro-rational G-modules 


* 


H* (G/B, Oc/p(a)) & Le | —w(a) + ye) (10.43) 


acAt,w(a)¢gAt 
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Note however that for each n, there is a canonical isomorphism 
H*(Gn/Bn,OG,/B,(A)) = H*(Gn/Pn, OG, /P, (A)) (10.44) 


induced by the projection pp : Gn/Bn — Gy/ Pn, see (10.19). Since the following 
diagram 


(10.45) 


Pn-1 


Gy—1/Bn-1 == Gp—1/Pn-1 


ul U 


is commutative, we see immediately that the isomorphisms (10.43) and (10.44) yield 
(10.42). The vanishing statement (10.41) is now also obvious. oO 


10.3.2 The Case of Growing Rank 


Theorem 10.15 extends the classical Bott-Borel—Weil Theorem concerning line 
bundles to root-reductive ind-groups. A next natural task is to find an analog 
of Theorem 10.5 for root-reductive ind-groups. Here the situation is much more 
complicated and is not yet completely understood. 

We start by defining analogs of the bundles Og, p(E) from Sect. 10.1. In the case 
of an ind-group, the natural choice is to fix a generally infinite-dimensional locally 
simple (rational) P-module E = (,, En, and then consider the G-linearized sheaf 
OG p(E*). Now by definition, Og, p(E*) is the inverse limit of the obvious diagram 
of restriction maps of vector bundles 


ars OGns1/ Pat (Ex) > 0G,,/P, (En) ae aa (10.46) 
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and in this sense resembles a vector bundle. In particular, Proposition 10.13 applies 
to any sheaf of the form Og/p(E*) and yields isomorphisms 


H*(G/P, Og/p(E*)) > lim H*(Gn/ Pn, OG,/P, (En) (10.47) 


for all k. 
In principle it would be interesting to consider also the G-linearized sheaf 
OG /p(E) defined as the inverse limit of the diagram of restriction maps 


pe OG / P(E) > OG, jp (E> > 


where Og,/p,(E) are reducible G-linearized vector bundles of infinite rank on 
G,/ Pn. However, Proposition 10.13 does not apply to Og/p(E) (a concrete 
example can be found in [DPW]), and in general the structure of the cohomology 
H'(G/P,Og/p(E)) is not understood. 

In the rest of this chapter, we study the sheaves Og/p(E*). The relation to the 
line bundles studied so far is obvious: OG/p (4) = OG/p ((C_,)*), where C_, is the 
1-dimensional P-module of weight —A (or equivalently the P-module dual to the 
P-module C,). 

We start with the observation that since each vector bundle Og,/p,(E;,) has at 
most one nonzero cohomology group (Theorem 10.5), the projective limit 


H*(G/P, Ogjp(E*)) = lim H*(Gn/ Pn, O6,/P, (En)) 


is nonzero for at most one value of k € Z.o. Furthermore, the isomorphism (10.47) 
has also a general analog in our setting. To see this, we first need a definition. We call 
the simple P-module E = ),, En dominant, if for every n >> 0 there is a simple 
finite-dimensional G,-module L, such that E, is a simple P,-submodule of Ly. 
Note that L,, is determined up to isomorphism, since L,, is isomorphic to the unique 
simple quotient of the induced module U(gn) ®@u(p,) En for pp = Lie Py. In what 
follows we denote L, by Lp,(E,). If each E, is 1-dimensional, ie., E, = Cyr, 
then E is dominant if and only if the projective system of weights {A”} yields a 
P-dominant character (weight). 

Note now that if H°(G/P, OG/p(E*)) = lim H°(Gn/Pn, OG,,/P,(En)) # 0, 
then the sequence (10.46), together with the isomorphism (10.47) for each n, yields 
a commutative diagram 


ad H®(Gn/Pn,OG,,/P, (E*)) —— BG il PatsOe. 4 4 (Et) Fee 


> Lp, (En)* > Lp,,(En1)* ————>-... 


| | 


(10.48) 
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By dualizing (10.48), we obtain 


1 H°(G,,/Pn,Oc,jp,(E1))" = B( G44) Pets 06 h(E ay <_ee 


$6 Lp, (En) oe Lp, (En-1) O_o tt 
.< E, < E,-1 < ss 
(10.49) 


The middle row of (10.49) determines a (rational) G-module of the form 
lim Lp, (En), and the lowest row shows the existence of an injection of P-modules 


E> lim Lp, (E)). 
As there is clearly a unique (up to isomorphism) G-module L p(£) with the above 


properties, we obtain that E is dominant and that there is an isomorphism of pro- 
rational G-modules 


H°(G/P, Og/p(E*)) = lim H°(Gy/Pn,OG,/P, (En) ~ Lp(E)*. (10.50) 
Conversely, if E is dominant, we reverse the argument and show that 
H°(G/P, Ogjp(E*)) #0 


and that there is an isomorphism (10.50). 
In this way we arrive at the following analog of Proposition 10.14. 


Proposition 10.17 For any connected locally reductive ind-group G = J, Gn, 
for any splitting parabolic subgroup P C G, and for any (rational) locally simple 
P-module E, we have 


H*(G/P, Og/p(E*)) #0 
for at most one value of k € Zs. Furthermore, 

H°(G/P, Og/p(E*)) #0 
if and only if H°(Gn/ Pn; O0G,,/P,(E;)) # 0 for alln > 0, or equivalently, if and 
only if E is dominant. In the latter case there is an isomorphism of pro-rational 


G-modules 


H°(G/P, Og/p(E*)) = Lp(E)*. 
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We ask next what is the analog of the isomorphism (10.41) in our setting. First 
of all, we have to assume again that G is root-reductive. Then the situation is as 
follows: there is a particular case for E in which the answer is quite easy and natural, 
and there is the general case in which the answer is quite remarkable but less easy. 
Understanding the latter case is the main achievement of the paper [DPW], and here 
we will only sketch the result. 

Recall that in the finite-dimensional case, Og/p(E*) ~ pxOG/B(—A), where A 
is the B-highest weight of FE. In the infinite-dimensional case, the same holds under 
the assumption that FE has a highest weight. More precisely, assume that there is a 
splitting Borel subgroup B of G with B C P and such that E is a B-highest weight 
module. (This holds automatically if EF is finite dimensional.) Let the highest weight 
of E be 2X. As it is easy to check, this means that 


Og;p(E*) = p.OG/B(—A), (10.51) 
where 
p:G/B—>G/P 


is the natural projection of ind-varieties, i.e., the commutative diagram (10.51) 
of natural projections and closed embeddings which we discussed above. Indeed, 
Og p(E*) is defined by the projective system {Og,,/p,(E;)}, and pxOG/B(—A) is 
defined by the projective system {(pn)«OG,,/B, (—A”)}. However, according to the 
proof of Theorem 10.5, there are natural isomorphisms 


(Pn)*xOG,/B,(—A") = OG, /P, (En) (10.52) 
and these isomorphisms are clearly compatible with the projective systems 
p»xOG/p(—A) and Og/p(E*) (to the reader: prove this latter statement). Hence 
(10.51) induces a natural isomorphism (10.52) as claimed. 

The isomorphism (10.51) enables us to immediately compute the cohomology 
H'(G/P,Og/p(E*)). Indeed, first of all we note that 
H (G/P, Og;p(E*)) = H (G/B, OG/B(-A)). (10.53) 
The canonical isomorphism (10.53) is a direct corollary of the fact that 
H(G/P,Og/p(E*)) = lim H(Gn/ Pn, OG,/P, (En): 
H (G/B, Og/p(—A)) = lim H(Gn/Bn, OG, /8,(-A")), 


and that the Leray spectral sequence applied to the horizontal arrows in (10.45) 
yields a system of canonical isomorphisms 


H(Gn/ Pn, 06 ,,/P; (EF)) _ H(Gn/Bn, OG n/Bn (—2")) 
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compatible with the vertical arrows in (10.45). Therefore, computing the cohomol- 
ogy H’'(G/P,OG/p(E*)) is the same as computing H'(G/B, OG/g(—A)), and the 
latter is given by Theorem 10.15. 

In this way we atrive at the following analog of Theorem 10.15. 


Proposition 10.18 Let G, B and P be as in Theorem 10.15. Assume in addition 
that E = U, E,, is a locally simple rational P-module such that the inclusions 
En C En+1 map the By,-highest weight space of Ey into the Bn+4\-highest weight 
space of Ey+1. Then, if = {X"} is the corresponding projective system of highest 
weights, we have 


H (G/P, OG /p(E*)) £0 


if and only if there is w € W = such that w(A) — won mien’ & is a B- 
antidominant weight. Furthermore, in the latter case, 


H'(G/P,Og)p(E*)) =0  forl #l(w) 
and there is an isomorphism of pro-rational G-modules 


H!'™)(G/P, Og /p(E*)) ~ La(—w(a) + yy wo 
aeAt,w(a)¢At 


We now come to the problem of computing H'(G/P,Og/p(E*)) under the 
assumption that the P-module E has no highest weight with respect to any splitting 
Borel subgroup B C P. In this case we can ask whether the unique nonvanish- 
ing cohomology group H*(G/P, Oc /p(E*)) (in case it exists) is isomorphic to 
Lp(F)* for some simple P-module F’. As the following example shows, the answer 
to this question is “no”. 


Example 10.19 Let G = GL(oo) with the standard upper left-hand corner exhaus- 
tion GL(oo) = U,, GL(n), g = gl(oo), let h be the diagonal Cartan subalgebra and 
let p C § be the maximal parabolic subalgebra with roots {e1—¢; | 2 < i}U{e;—e; | 
2 <i 4 j}. Let P be the corresponding parabolic subgroup, let B be the upper 
triangular Borel subgroup, and let E;, be the simple finite-dimensional P,,-module 
with B,-highest weight A” = —e, + né2. The branching rule for the inclusion 
gl(n) C gl(n + 1) ensures that E,4) has a unique gl(m)-submodule isomorphic 
to E,, (to the reader: recall the Gelfand—Zetlin branching rule [Zh], and verify this 
claim). Therefore the union (J E,, is a well-defined simple P-module. By applying 
Theorem 10.5 to OG,,/p, (E;), we compute that 


H'(Gn/ Pn, OG,/P,(E%)) = L* 
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where L,, is the simple finite-dimensional GL(n)-module with B,-highest weight 
(n — 1)e,. This makes it clear that 


H'(G/P, Og /p(E*)) ~ L* 


where L is the simple module Sm V defined by the sequence A = {1, 2,3, ...}, see 
Sect. 8.3.3. 

Let us show that L has no simple P-submodule, and in fact no simple P’- 
submodule for any proper splitting parabolic subgroup P’ whose Lie algebra p’ 
contains h. It suffices to consider L as a module over g = gl(oo). Recall that as 
a gl(m)-module, L, is nothing but the (n — 1)th symmetric power of the natural 
representation V,, of gl(n). Fix a parabolic subalgebra p’ D 6, and let b’ Cc p’ bea 
Borel subalgebra corresponding to a strict linear order < on Z.9. Any nonzero zero 
p’-submodule of ZL contains the 6/,-highest vectors 1, of Ly: this follows from the 
observation that the socle of Ly as a b/,-module is spanned by /,. The b-weight of 
1, has the form 


Ln = es Ek + (n — 2)Ej(n) = Ekin) — +++ — Eky_a(n) 
keZso 
for some j(n) ~ k;(n) where ki (1), ..., Kn—2(n) are pairwise distinct. In addition, 


if ny < nz, then j(n2) ~ j(m) or j(m1) = j (v2). Note that for any fixed j(7) all 
possible indices k with j(n) ~ k will appear as k;(n) for a suitable n. Therefore, 
having fixed n; we can choose nz so that ky,—2(71) ~ kn —2(n2). 

Now if L’ is a simple p’-submodule of L, then the weights tn, — [4n, for any 
n, < nz have to be weights of U(p’). Thus, with a choice of n1, nz as above, we 
see that —e, + Ekyy—2(n2) Must be a root of p’ for some r < kn —2(n2), for arbitrarily 
large kn,—2(n2) in terms of the strict linear ordering <. However, if p’ 4 g, there 
will always be a ko such that no roots of the form —é; + &x. for r < ko are roots 
of p’. Therefore the condition that L admits a proper simple p’-submodule L’ Cc L 
implies p’ = g. Consequently, L has no simple p’-submodule for a proper parabolic 
subalgebra p’ > bh. O 


It might appear that we have arrived at a dead-end as the G-module L in the above 
example seems to have little to do with the parabolic subgroup P, and hence in 
general we would have no control over the higher cohomology groups of Og/p(E*). 
However, the main result of [DPW] proposes a way out of this seeming dead-end 
and explains the new infinite-dimensional phenomenon we are encountering. More 
precisely, it is proved in [DPW] that if H*(G,/Py, OG,,/P, (E;)) # 0 for some 
fixed k and all n >> 0, then there is a splitting Borel subgroup B = ),, Bn and an 
element w € W of length k with respect to B such that 


H*(G/P, Og/p(E*)) = Lwp(“ EY" (10.54) 
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for a certain parabolic subgroup “ P and for some unique simple ” P-module ” E. 
To define ’ P it suffices to define its Lie algebra “p := Lie” P. We fix a splitting 
Cartan subalgebra § of g such that h C p, and define “’p to be the minimal parabolic 
subalgebra of g containing p and all root spaces of the form g’ where both g’ |B) 
and gv) are root spaces of p. Clearly, in general the inclusion P Cc “P is 
proper while the inclusion “ P C G is not always proper. For instance, if P is the 
parabolic subalgebra from the above example, one checks immediately that ’P = 
G. Therefore in this particular example ” E = L. 

The least obvious part in the above statement is the existence of w. After 
that, the construction of “F is clear in principle as each simple g,-module 
Hk (Gn/Pn,OG,/p,(E*))* contains a unique simple (“p) M gn-submodule ” Ey. 
We leave it to the reader to verify that” E, C ”En+1 (one can also look it up in 
[DPW]). Therefore we have a well-defined simple ” P-module ” E such that (10.54) 
holds. To summarize, we give a formal statement of the main result. A more general 
statement is proved in [DPW]. 


Theorem 10.20 Let G and P be as in Theorem 10.15 and let E = U,, En be any 
locally simple rational P-module. Then Og/p(E*) has at most one nonvanishing 
cohomology group. If 


H*(G/P, Og /p(E*)) £0, 


there is a splitting Borel subgroup B C P, and a unique element w € W of length 
k with respect to B, and a unique locally simple ” P-module “ E. such that there is 
an isomorphism of pro-rational G-modules 


H*(G/P, Og/p(E*)) = Lwp(“E)*. 


Clearly, Theorem 10.20 is a direct generalization of Theorem 10.5, but there is 
no highest weight in its statement as the G-module Lw p(” E) is in general not a 
highest weight module. 

Let’s mention that the main result of [DPW], and in particular Theorem 10.20, 
was extended from root-reductive ind-groups to diagonal ind-groups in [DP5]. In 
addition, we would like to point out that an analytic approach to the Bott—Borel— 
Weil Theorem for direct limit groups was developed in [NRW]. 


10.4 Open Problems 


Here are three suggestions for further exploration. 


1. Extend Theorem 10.15 to arbitrary locally reductive ind-groups. The main 
statement here would be that if G is not diagonal, then generically Og/g(A) has 
no nonzero cohomology groups. The challenge is to describe the exceptional 
weights A for which H'(G/B, OG p(A)) F 0. 


226 10 The Bott—Borel—Weil Theorem 


2. Describe intrinsically the class of rational G-modules appearing as the direct 
limit lim(H* (Gp / Pry, OG,,/P, (E;)))* in the context of Theorem 10.20. In partic- 
ular, is it true that any locally simple weight G-module appears in this way (here 
G is root-reductive)? 

3. Study the homogeneous ind-spaces G/P (in particular G/B) where G is root- 
reductive but P is a parabolic subgroup which is no longer splitting. A new 
phenomenon here is that these ind-spaces are no longer locally proper. Find 
interesting phenomena related to these ind-spaces. 
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